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Ed i t o r s '  Preface 
The l ec tu res  by Marten Landahl, recorded i n  the  f i r s t  p a r t  o f  
t h i s  r e p o r t ,  served as the  i n t r o d u c t i o n  t o  the  study o f  t u rbu lence  which 
was t h e  p r i n c i p a l  theme o f  t h e  n i ne teen th  summer program i n  Geophysical  
F l u i d  Dynamics a t  t h e  Woods Hole Oceanographic I n s t i t u t i o n .  The r e p o r t s  
o f  the  l e c t u r e s  by the  s tudents  were reworked by Pro fessor  Landahl so 
t h a t  they  serve as a c a r e f u l  record  o f  h i s  p resen ta t i on .  
The abs t rac t s  o f  t he  seminars by i n v i t e d  speakers cover  a broad 
range o f  t op i cs ,  f rom as t rophys i cs  t o  exper imenta l ,  l a b o r a t o r y  f l u i d  
dynamics. The seminars served, t o  in t roduce  the  s tuden t  f e l l o w s  t o  t h e  
tremendous d i v e r s i t y  o f  s t ud ies  t h a t  f a l l  w i t h i n  the scope o f  geophys ica l  
f l u i d  dynamics. Inc luded among the  a b s t r a c t s  a r e  the  seminars presented 
d u r i n g  t h e  one-week symposium on geos t roph ic  tu rbu lence .  Pe te r  Rhines 
organized the  symposium and i n v i t e d  many o f  t he  p r i n c i p a l  c o n t r i b u t o r s  
t o  t h i s  impor tant ,  develop ing t o p i c .  
The twelve s tuden t  l e c t u r e s  summarize the most c r e a t i v e  p roduc t  
o f  the  summer program. These r e p o r t s  a r e  necessa r i l y  p r e l i m i n a r y  because 
the s h o r t  t ime a v a i l a b l e  t o  t h e  s tudents  does no t  admi t  a c a r e f u l l w  
worked, f i n i s h e d  product .  Some o f  the  r e p o r t s  w i l l  appear l a t e r  as 
pub l i shed  a r t i c l e s  and w i l l  represen t  more e f f e c t i v e l y  t h e  p roduc t  o f  
the  summer a c t i v i t y .  
I t  i s  a p leasure  t o  acknowledge the  f i n a n c i a l  suppor t  t h a t  was 
arranged by Ralph Cooper o f  t he  F l u i d  Dynamics D i v i s i o n  o f  t h e  O f f i c e  o f  
Naval Research. I n  an emergency s i t u a t i o n  he contacted s i x  agencies,  
t h ree  ONR, one NSF and two A i r  Force, and assembled t h e  necessary funds 
f o r  our  opera t ion .  We a re  deeply  indebted t o  him f o r  h i s  f a i t h  i n  t he  
program and f o r  h i s  eagerness t o  he lp .  
" b y  Tzxwp,/ 
Mary Thayer 
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COURSE LECTURES 
by 
~zrten Landahl 
Massachusetts lnstitute of Technology 
and 
The Royal Institute of Technology, Stockholm, Sweden 
TURBULENCE 
Lecture #l. 
1. NATURE OF TURBULENCE 
1.1 Characteristics of turbulent flows 
This lecture is an introduction into the subject of turbulence, a 
field that is very old but still far from being well understood. A 1514 
drawing by da Vinci showing the discharge from a sewage outfall in Milan 
indicates both the age of practical interest in turbulent flows and some of 
the important features of turbulence. Among the latter are the sharp bound 
ary between the turbulent and nonturbulent regions, the presence of both 
large and small-scale eddies in the flow, and the strong mixing. 
It is difficult to give a precise definition of turbulence; this is 
perhaps partly due to the incomplete understanding of the flow phenomena 
involved. Turbulent flows generally exhibit fluctuations which are random 
in space and time. An important characteristic of turbulence is the large 
range of scales of eddies present in the flow. This can be illustrated, 
for example, in photographs of jets with and without asbestos fibers sus- 
pended in the fluids. (~ilipsson et aZ., 1977). In the jet with fibers, 
small-scale eddies are inhibited, leaving only the large-scale eddies, which 
are seen to be fairly we1 1 organized. In the jet without fibers, the large 
scales are still there, but are obscured by the small-scale eddies. 
The Reynolds number, Re=.-!~,/u gives a ratio of a typical viscous 
diffusion time in the fluid to a typical convection time. Here, Uo is a 
typical velocity in the fluid,R a reference length, and V is the kinematic 
viscosity. While turbulent flows are usually characterized by high Reynolds 
number, indicating that viscous effects are small, it should be noted that 
a turbulent flow will always create a range of scales for which viscosity 
is important. 
1.2 Brief historical review 
We give here a brief review of some of the early important work in 
turbulence. 
Reynolds (1883) carried out experiments with flow in a straight cy- 
lindrical pipe and found that there were basically three regimes of flow, 
namely, laminar and turbulent flows (termed by him "sinuous" flows), and a 
transition state between the two. The latter shows laminar and turbulent 
regions alternately. Reynolds was the first to point out that the dimen- 
sionless combination X U . / $  (later to be named the Reynolds number) is an 
important quantity in describing the flow regimes. For small values of Re, 
I the flow is laminar, at higher values, the flow may become turbulent. Tur- 
bulence cannot be maintained for Re c-  2000. He also examined the Navier- 
Stokes equat ions and introduced the concept o f  t u rbu len t  s t resses 
Boussinesq (1877) was the f i r s t  t o  suggest the use o f  an eddy v i  s- 
c o s i t y  i n  t u rbu len t  f l ow  problems which he assumed t o  be a constant .  Th is  
assumption, however, was soon found t o  be inadequate f o r  f l ow  near a s o l i d  
boundary . 
Prandt l  (1925) and Taylor  (1915, 1922) in t roduced the m ix ing  l eng th  
hypothesis f o r  boundary layer  f lows. The spec t ra l  theory o f  tu rbu lence was 
i n i t i a t e d  by Taylor  (1935, 1938). Major advances i n  t h i s  f i e l d  were made 
i n  the Russian school by Kolmogorov (1941), Obukhov (1941), and M i l l i o n s h i k o v  
(1939, 1941). Other important con t r i bu t i ons  t o  the theory o f  homogeneous 
turbulence were those by Hei senberg (1948) and Batchelor  (1951, 1953). 
One problem area which i s  c l o s e l y  re la ted  t o  turbulence i s  t h a t  o f  
f l ow  i n s t a b i l i t y  and t r a n s i t i o n .  Substant ia l  advances have been made i n  
t h i s  f i e l d  over the years. Rayleigh (1880) found t h a t  a necessary c o n d i t i o n  
f o r  f l ow  i n s t a b i l i t y  i s  an i n f l e c t i o n  i n  the  v e l o c i t y  p r o f i l e .  Orr (1907) 
and Sommerfeld (1908) independently developed equat ions governing the  s ta-  
b i l i t y  o f  f l u i d s .  Some so lu t i ons  o f  the eigenvalue problem were prov ided 
by T i e t j e n s  (1925), To1 lmien (1933) and Schl i c h t  i ng  (1935). Experimental 
v e r i f i c a t i o n  o f  the To l lm ien- Sch l ich t ing  waves was prov ided by Schubauer 
and Skramstad (1947). 
1 .3  Scal ing considerat ions 
We now consider  the s c a l i n g  r e l a t i o n s  appropr ia te  t o  some t u r b u l e n t  
flows (see ~ i g .  1) .  Large scales are  o f t e n  determined by the p h y s i c a l  con- 
s t r a i n t s  o f  the f low.  I n  p ipe  o r  channel f lows,  the l a rge  scales a r e  s e t  
by the c ross- sec t iona l  dimensions o f  the p ipe  o r  channel. I n  j e t s ,  o r  wakes, 
the l a rge  scales are  determined by the w id th  o f  the j e t  o r  wake, which i s  a 
func t i on  o f  downstream dis tance.  Close t o  the j e t  source, o r  f l o w  obs t ruc-  
t i o n ,  the  w id th  o f  the tu rbu len t  f l ow  region,  as w e l l  as the l a r g e  scale,  
are s t r o n g l y  dependent upon the s i z e  o f  the source, o r  obs t ruc t i on .  I n  a 
f ree shear layer ,  there  i s  no e x t e r n a l l y  imposed length  scale,  so the  sca le  
fo r  the la rge  s t r c c t u r e s  i s  p r i m a r i l y  s e t  by the w id th  o f  the  t u r b u l e n t  r e -  
g ion which depends on the downstream dis tance.  
I n  order  t o  est imate the s i z e  o f  the l a rge  scale v e l o c i t y  f l u c t u a -  
t i o n s  f o r  a f ree  shear layer ,  we consider  the f o l l o w i n g :  the average t ime 
f o r  the f l u i d  t o  reach a l o c a t i o n  x i s  g iven by 
where Uo i s  the mean v e l o c i t y  i n  the downstream d i r e c t i o n .  I f  the  r.m.s. 
v e l o c i t y  f l u c t u a t i o n  i s  u ' ,  then the sideways excurs ion and consequently 
the w id th  d o f  the tu rbu len t  l aye r  a t  x i s  o f  order :  
bu't - ull/ue , (1.2) 
The smal lest  scales are  those f o r  which viscous d i s s i p a t i o n  w i l l  
begin t o  quench the energy o f  the f l u c t u a t i o n .  This  w i l l  occur a t  scales 
f o r  which the Reynolds number based on the eddy scale and f l u c t u a t i n g  
FuEe SHEAR LAYER 
4 
w 
v 
6 >( 
P 
BOVUDARY LAYER 
WALL- D40M(CO SpFAff Prows 
F i g .  1 
v e l o c i t y  i s  o f  o r d e r  u n i t y ,  hence we s e t  fie= - K ' ~  - 1 , where 1 i s  t h e  
sma l l es t  sca le .  Th i s  g ives  v 
4' = V/U; (1.4) 
The r a t e  o f  v iscous d i s s i p a t i o n  € ,  per  u n i t  mass, i s  g i v e n  by 
where t h e  oberbar  denotes an ensemble average. For an e s t i m a t e  o f  E we 
use $f , k h  and f i n d  
From (1.4) and (1.5) we o b t a i n  t he  Kolmogorov l e n g t h  sca le ,  
t ime  sca le ,  
and v e l o c i t y  sca le :  
For t h e  case o f  a  boundary l aye r ,  a  d i f f e r e n t  s e t  o f  s ca les  may be 
. , 
de r i ved  on bas i s  o f  c o n d i t i o n s  a t  t he  w a l l .  From t h e  shear s t r e s s  a t - t h e  
3 Ci 
w a l l ,  g i ven  by r-, =/u , one can d e f i n e  a  f r i c t i o n  v e l o c i t y ,  
&, i ( ~ , / p ) ' 2  .From t h i s  and the  k i nema t i c  v i s c o s i t y ,  one may fo rm t h e  
w a l l  l e n g t h  and t ime  sca les,  
r e s p e c t i v e l y .  
1.4 Equat ions o f  mot ion 
We assume t h a t  t he  d e n s i t y p  i s  cons tan t ,  t h a t  t he  main f l o w  i s  i n  
the d i r e c t i o n  o f  t he  x- coord ina te ,  and t h a t  t he  y - coo rd i na te  i s  normal t o  
the  boundary. An overbar  ( - )  denotes an ensemble average. For  a  f l u i d  o f  
cons tan t  d e n s i t y  we have t h e  equa t ion  o f  c o n t i n u i t y ,  
(Double index i m p l i e s  a  summation over  t he  index i n  t he  usual  f a s h i o n . )  
The momentum equa t ions  read 
(1.12) 
- 
Now, we se t  =a + U ;  , where Ui i s  t he  ensemble average o f  u; and U i  
i s  t he  f l u c t u a t i n g  p a r t  o f  Ui .By d e f i n i t i o n  u j = O .  S i m i l a r l y  we s e t  
p = p + p  . Tak ing t he  ensemble average o f  (1.12),  we o b t a i n  
since u. &i- = &&-YLs = . ,  
' ax j  3 ~j 
- =-0 , by c o n t i n u i t y .  Subt rac t ing  Eq. (1.13) from Eq. (1.12),  we get  a Z; 
ac~. - au 
+ - j )xi + q [ ~ ~ - ~ ( u i ~ i - u ~ u i ) ]  3 au; - (1.14) 
- Here,p(uiu;l-LI;U~) may be considered as the " s luc tua t i ng  Reynolds st resses" .  
M u l t i p l y i n g  (1.14) by u; and summing over the  index i , we o b t a i n  
$ 
a v  a u : ~ - u . u .  J J- au'+u*u A i d * ,  -=-+LL~-+ ~ i ~ [ ~ ~ ~ - ( u ~ ~ ~ - U ~ Y i ) ]  3%; (1.15) 
Now, U; LL.; , there  f o r e  ui 
a ~ .  a Furthermore,qui  :,lvd at , c o n t i n u i t y  
may be recast  as fo l lows:  again being used. The 
i 
a 
Hence, 
The ensemble average o f  (1.16) gives the equat ion f o r  the  k i n e t i c  
energy o f  the f l u c t u a t i n g  f low.  
where - = -  Dt a t  
I - E = .2'=mean k i n e t i c  energy o f  f l u c t u a t i o n s  per  u n i t  mass. 
p I - u ; y  sq . product ion  term 
d z,* - 
3 - + = d i s s i p a t i o n  term -
-a = = t ranspor t  term, where 
='*l 
i s  the f l u x  o f  k i n e t i c  energy due t o  pressure work, t o  viscous s t resses  and 
t o  tu rbu len t  d i f f u s i o n ,  respect ive ly .  
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Lecture #2. 
2. TOOLS OF TURBULENCE 
2.1 E x ~ e r i m e n t a l  t o o l s  
I n  experiments on turbulence, s t a t i s t i c a l  q u a n t i t i e s  a r e  u s u a l l y  
sought. Al though instruments have been designed t o  determine s imple s ta-  
t i s t i c a l  q u a n t i t i e s  such as mean values d i r e c t l y ,  the recent  tendency i s  
t o  record the s igna l  w i t h  the best r e s o l u t i o n  poss ib le  and then do the 
s t a t i s t i c a l  ana lys is  afterwards. We s h a l l  here review b r i e f l y  t he  methods 
f o r  measuring instantaneous v e l o c i t i e s  and pressures. 
V e l o c i t y  measurements 
There a re  two p r i n c i p a l  instruments f o r  measuring the f l u c t u a t i n g  
v e l o c i t y .  The f i r s t  and most commonly used i s  the ho t- w i re  anemometer. 
A t h i n  (1 - lOvm) w i r e  through which an e l e c t r i c  cu r ren t  i s  passed i s  im-  
mersed i n t o  the f l u i d  and the v e l o c i t y  i s  deduced from the heat t r a n s f e r  
ra te .  (The l a t t e r  i s  p ropo r t i ona l  t o m  ) .  I t  i s  important  t o  use a 
very t h i n  w i r e  t o  minimize thermal i n e r t i a .  There a r e  two ways o f  opera- 
t i o n .  The f i r s t  i s  t o  keep the cu r ren t  constant and measure the  change i n  
the temperature, which i s  re la ted  t o  the res is tance i n  the w i r e .  The 
second, and more recent approach, i s  t o  ho ld  the temperature f i x e d  by a i d  
o f  an e l e c t r o n i c  c i r c u i t  and observe changes i n  the res is tance.  The l e n g t h  
o f  the w i r e  i s  d i r e c t l y  re la ted  t o  the problem o f  space r e s o l u t i o n .  I f  t h e  
w i r e  i s  made too  shor t ,  disturbances from the supports w i l l  dominate the  
f low, w h i l e  i f  i t  i s  made too long, much o f  the smal l- scale phenomena w i l l  
no t  be observed by the  apparatus. A t y p i c a l  length  i s  a few ten ths  o f  a 
mm w i t h  a r e s o l u t i o n  f o r  wind tunnel experiments o f  > 10lt. Th i s  i s  no t  
q u i t e  s u f f i c i e n t  f o r  reso l v ing  a range o f  small scales, which, a l though 
they may con ta in  l i t t l e  energy, could p lay  an important r o l e  f o r  the  dy- 
namics, f o r  example, i n  the generat ion o f  v o r t i c i t y .  
The second instrument f o r  measuring the instantaneous v e l o c i t y  f i e l d  
i s  the Laser-Doppler Ve loc i t y  (LDV) meter. The most commonly employed 
p r i n c i p l e  o f  opera t ion  i s  t o  s p l i t  the l ase r  beam i n t o  two and have them 
cross i n  the f l u i d  so as t o  c rea te  an i n te r fe rence  f r i n g e  p a t t e r n  
As a marked p a r t i c l e  i n  the f l ow  moves across the f r i n g e s  an o s c i l l a t o r y  
s igna l  i s  generated from which the v e l o c i t y  can be deduced. The advantage 
over the ho t  w i r e  anemometers i s  t h a t  the technique o f  measurement does n o t  
i n t e r f e r e  w i t h  the f l ow  pa t te rn .  The disadvantage i s  t h a t  t he  i n t e r f e r e n c e  
f r i nges  requ i re  a three-dimensional volume o f  non- neg l i g ib le  s i z e  t o  g i v e  a 
s u f f i c i e n t  number o f  f r i n g e  crossings t o  determine the v e l o c i t y  accu ra te l y .  
This  technique, however, does ho ld  much promise f o r  the  f u t u r e .  
Surface Dressure measurement 
Surface pressure measurements a r e  commonly based upon the  d e f l e c t i o n  
o f  a membrane a t  the  sur face .  
microphone 
I n  a recent  soph is toca ted  a p p l i c a t i o n  o f  t h i s  method Emmerling (1973) s e t  
up an a r r a y  o f  membranes a t  a f l u i d  sur face  and r e f l e c t e d  l i g h t  o f f  them 
such t h a t  p ressure  d is tu rbances  would l a t e r  a l t e r  the i n t e r f e r e n c e  f r i n g e s .  
Wi th  t h i s  apparatus he found s i z a b l e  f l u c t u a t i o n s  a t  4 50-lt, wh ich  i s  r e-  
markable, s i nce  t he  pressure spectrum had been thought t o  decrease more 
r a p i d l y  accord ing  t o  p rev ious  exper iments.  
Trace p a r t i c l e  methods 
A f i n a l  remark should be made on methods f o r  observ ing  s t r e a k l i n e s .  
Besides the  use o f  dye, which i s  o n l y  good f o r  q u a l i t a t i v e l y  f o l l o w i n g  t h e  
f low,  bubbles o f  hydrogen have been e x t e n s i v e l y  used f o r  q u a n t i t a t i v e  mea- 
surements (see Kl  ine, S. J . ,  e t  aZ., 1967). 
i n s u l a t i n g  
.a>---- e l e c t r i c a l  w i r e  
/ /  / 
One problem w i t h  t he  method i s  t he  i n t e r p r e t a t i o n  o f  t h e  da ta  s i n c e  
one does no t  observe an instantaneous Eu le r i an  f l o w  f i e l d  b u t  r a t h e r  a La- 
grangian f i e l d .  Also, one runs i n t o  d i f f i c u l t i e s  w i t h  r e s o l u t i o n .  The d i s -  
tance between the  bubbles as w e l l  as t he  diameters o f  the  bubbles themselves 
must be sma l le r  than t he  sca le  o f  tu rbu lence  under i n v e s t i g a t i o n .  Too smal l  
p a r t i c l e s  o r  bubbles ( l ess  than 1 ~ )  do n o t  r e f l e c t  v i s i b l e  l i g h t  and a r e  
t h e r e f o r e  o f  l i m i t e d  use f o r  v i s u a l i z a t i o n  purposes. 
Notes submi t ted  by 
John L. G u i l i a n i ,  J r .  
\ Lecture #2. (cont inued) 
2.2  S t a t i s t i c a l  t o o l s  
General ly,  i n  s tud ies  o f  t u rbu len t  f lows the d e t a i l s  o f  t he  motion 
are  no t  o f  i n t e r e s t  and a  s t a t i s t i c a l  d e s c r i p t i o n  prov ides one way o f  s e l e c t -  
ing  the re levan t  p rope r t i es .  Moreover, the instantaneous f l o w  a t  l a r g e  Rey- 
nolds number i s  no t  necessar i l y  independent o f  the exact i n i t i a l  cond i t i ons ,  
whereas the  average f l o w  i s .  Although i t  i s  now accepted t h a t  s imply ave r-  
aging t u r b u l e n t  s igna ls  may obscure important processes w i t h i n  the  f l o w  (e.g. 
" burst ing"  i n  the viscous wa l l  l aye r ) ,  as a  pre lude t o  the  more s o p h i s t i -  
cated methods needed t o  study such processes (see 2.3) we f i r s t  ou t1  i ne  t h e  
concepts used i n  analyses fundamental of  s tochas t i c  processes. A  good con- 
densed presenta t ion  o f  t h i s  sub jec t  may be found i n  L i n  (1961). 
With the macroscopic cond i t ions  o f  the  f l ow  he ld  constant ,  the ex- 
periment i s  repeated a  la rge  number o f  times and measurements o f  some f l o w  
proper ty  u ( ; f ; t ) a r e  made a t  a  g iven p o i n t  (j!;t). With t h i s  ensemble o f  
experiments the f o l l o w i n g  d e f i n i t i o n s  may be made: 
DEFINITION: The p r o b a b i l i t y  dens i ty  o f ( ? ; t ) , P u ( f f ) i s  de f ined by 
%&)doc= f r a c t i o n  o f  experiments f o r  which u($  j t) 
fa1 1 s  between d and + doc - 
8 
Thus pu(,&)= 1. 
-Q, 
DEFINITION: Mean value and c e n t r a l  moments dD 
( i )  The mean value o f  the random_function i s  E E ( ~ ~ X C ( X )  
( i i )  The mth cen t ra l  m o m e n t p m ~ ( d ~ ( o ( - ~ ) m d t ~ ; l -  
The f i r s t  three a r e  o f  most physi?al i n t e r e s t  i n  turbulence:  
m = 2 :  4, I o-" (var iance)  
The standard d e v i a t i o n  u= measures the  w i d t h  o f  prob-  
a b i l i t y  dens i ty  func t ion .  
m = 3 :  The skewness S s p 3 / Q 3  measures the  asymmetry o f  the den- 
s i t y  f unc t i on  about i t s  mean. 
rn = 4" Kur tos is  ( f l a t n e s s  f a c t o r ,  k=,u , , / c l  gives an es t ima te  o f  
the importance o f  the t a i l s  o f  the p r o b a b i l i t y  dens i t y  
f unc t i on .  - 
,JO 
.* 
1 k  smal l  k  l $ r g e r  
EXAMPLE 1 :  The random v a r i a b l e  u ( t )  i s  Gaussian (normal) i f  
CENTRAL LIMIT THEOREM: The sum o f  independent, i d e n t i c a l l y  d i s t r i b u t e d  ran-  
dom var iab les  (each o f  which con t r i bu tes  roughly the same amount t o  the  sum) 
i s  asympto t ica l l y  Gaussian as the number o f  terms i n  the sum increases w i t h -  
out  bound. 
EXAMPLE 2: Gram-Char1 i e r  ( ~ r o b a b i  1 i t y  dens i t y  f u n c t i o n  o f t e n  used t o  f i t 
measured va lues)  . 
p~Cd)=  G ( N I / I + $ A ~ H ,  1 (d)),where A,(&=?, ...) a r e  a d j u s t a b l e  con- 
s t a n t s  ( r e l a t e d  t o  the c e n t r a l  moments o f  @ ( , and 
4Y2rc d Hid).  e ( F y ~  ( d l ,  i s  the  kth Hermi t e  po lynomia l .  
DEFINITION: J o i n t  p r o b a b i l i t y  dens i t y .  Given two s i g n a l s  u ( t ) ,  v ( t ) ,  
t he  j o i n t  probabi 1 i t y  densi t y  Pu, ( d J  /3) i s  def ined by 
p A y ( ~ , b ) d ~ d / =  f r a c t i o n  o f  exper iments f o r  which 
d s u i & c J d  and,35 y . ~ , 3 + d p  
Higher  o rde r  d e n s i t i e s  ( i n v o l v i n g  n  s i g n a l s )  a r e  d e f i n e d  s i m i l a r l y .  
DEFINITION: I f  the  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  t he  s i g n a l s  u ( x , ; t ) ,  
u x , , x 1 i s  independent o f  t he  o r i g i n  chosen f o r  t he  
s p a t i a l  coord ina tes  f o r  a l l  n,  then u ( x , t )  i s  a  homogeneous process;  
i .e .  the  j o i n t  p r o b a b i l i t y  d e n s i t y  depends o n l y  on t h e  c o n f i g u r a -  
t i o n  o f  the  p o i n t s  x l ,  .. .xn. 
A s i m i l a r  c o n d i t i o n  a p p l i e d  t o  t (on l y )  de f i nes  s t a t i o n a r i t y .  
Note: Weaker forms o f  homogeneity can be de f ined ,  e.g. o n l y  t he  
a u t o c o r r e l a t  i on  u ( t  ) u  ( t 2 )  may be requi  red t o  be independent o f  
t he  o r i g i n  i n  t ime. 
DEFINITION: I f  (d,@)= pu (d ) .U?!( ,3 )  then u and v  a r e  s t a t  i s t i c a l  l y  
independent; e.g. u ,  v  a r e  j o i n t l y  Gaussian i f  6,, ( d , f l ) =  
Two j o i n t l y  Gaussian random v a r i a b l e s  a r e  s t a t i s t i c a l l y  inde-  
pendent. 
DEFINITION: C o r r e l a t i o n  (covar iance) .  I f  u, v  have zero  mean, t h e i r  c o r -  
r e l a t i o n  i s  Q) 
- 
Note: I f  u, v  a r e  s t a t i s t i c a l l y  independent, then Quv = 0; t he  con- 
verse need n o t  be so. 
Specia l  cases: 
(1) Replacing v ( t )  by u ( t  + Z ) g i ves  the  a u t o c o r r e l a t i o n  func-  
t i o n ,  
Quu (T)  = u ( t )  u (t + 2 )  
( i  i )  Space-time c o r r e l a t i o n :  
( S t a t i o n a r i  ty has been assumed i n  t he  n o t a t  i o n  .) 
5 DEFINITION: The power spectrum o f  u ( t )  i s  
The cross power spectrum o f  u (x , t )  i s  
w 
c w j  ). -&! dreLW' S,, hU (r, j .w 
THEOREM: I f  u ( t )  i s  a  st;zonary random func t i on  and ~(d=,& (dtei%(tl, 
-i 
i s  i t s  Four ie r  t rans form ( i n t e r p r e t e d  as a  general i zed  f u n c t i o n )  
then G*(o,)L(w)= S ( W ) S C W - C D ~ )  
PROOF: From the d e f i n i t i o n  o f  i i ( ~ 9 ,  
- iw , t ,  i w t ,  Z*M) nc+ $+ j i t> j  t,e e U ( C , J U  (t, . 
- QD 
L e t t i n g  t~ = t i  + Z and using the s t a t i o n a r i  t y  o f  u ( t )  we f i n d  
where ~ ( W - ~ , I = L  i (a-w,\ t, 
in 
-6 
ob 
DEFINITION: E,,  XI ~ ) = ~ , f d  2 7j I e ' " { f ~ , ,  (z; x , ! ) ,  i s  the wave number spectrum 
o f  u  and - bD 
?-- 0 I (io r E , , ( w ) x , ~ ) = z { d t e  E,,(3,r,t) i s  t h e w a v e n u m b e r f r e -  
quency spectrum. -'- 
As above, i t  can be shown tha t  i f  u  i s  homogeneous and s t a t i o n a r y  
that-  
€,, (w, K )  . J(w-wl)  S (& -&,) = ;CI(W, KJ L i  (,, * )  , 
where CP w t ' (wt+kS) ( 1 )  = J 5 d Ed te u<r,  t ) ,  
i s  the space-time t rans form o f  u ( x , t ) .  
Note: The d e f i n i t i o n s  can e a s i l y  be extended t o  vec to r  f unc t i ons  
o f  vec tor  argument. 
EXAMPLE (1) Damped harmonic osc i  1 l a t o r .  
m B + d u + k u =  q,(t). 
Four ie r  t ransforming gives ( =  ( , where 
Y ( W )  = (F.T. o f   deflection)/(^.^. o f  f o rc ing )  = 
- 1 
=a -1 
- - m w a - i t u d + ~ '  -rnh-n'tt)(w,nW) i s  the 
admittance o f  the system. Here 
The power spec t ra l  dens i t y  S ( u ) c a n ' b e  found us ing  the r e l a t i o n s h i p  be- 
tween the Four ie r  t ransform and the power spectrum together  w i t h  
i i (4  = p ( w )  Yh). 
For, 
Su ' ' (w )S(k r -q \=  L ; ~ c w ) ~ * I w , ) ,  
i .e. S,, (w )  , s ~ % ( u ) / Y ~ ~  and because the f a c t o r  (TI ' appears on the  
r ight-hand s ide,  resonances i n  the system w i  1 1  show up i n  S,,Cw). Both 
the ampli tude and w id th  o f  the resonance peak are  determined from A L L ,  
since 
/'E IS= YY* 
 ere the resonance peak 
( 1 )  
occurs c lose  t o  lIR 
because --+ 0.) 
Note: I f there  were no damping,lL'k) = 0 , and the resonance peak would be 
o f  i n f i n i t e  ampl i tude and nonintegratable,  i n  t h i s  system damping must be 
present f o r  s t a t i s t i c a l  s t a t i o n a r i t y  t o  hold.  
EXAMPLE (2 ) .  Shot noise. (space-time analogue o f  (1) .) 
I f  an a i r - f i l l e d  tube i s  s t ruck  a t  random, un i fo rm ly  i n  space and 
time, waves propagate i n  the tube. The waves a re  governed by a l i n e a r  
wave equat ion w i t h  damping and a f o r c i n g  term so t h a t  the system i s  a space- 
t ime analogue o f  (1) .  
For each d is turbance component o f  wavenumber k  the system has two 
resonance frequencies. Near each o f  these y i s  o f  the form 
so t h a t  
For each wavenumber k  there i s  a resonance curve o f  the  form: 
Note: The curve u = ~ * ( K )  i s  the d i spe rs ion  r e l a t i o n  f o r  waves i n  the  
tube, i .e .  most o f  the energy i s  concentrated i n  s lowly  decaying 
waves. 
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Lecture #2 (cont inued) . 
2.3 Condi t ional  sampling methods 
Current experimental techniques a l l o w  one t o  record eve ry th ing  and 
then do the s t a t i s t i c a l  ana lys is  af terwards.  But how does one know a 
priori what s t a t i s t i c s  a re  important? One approach i s  t o  average over  
on ly  ' i n t e r e s t i n g '  events hope fu l l y  i s o l a t i n g  causal r e l a t i o n s h i p s .  Much 
o f  t h i s  in fo rmat ion  may be obta ined from the p r o b a b i l i t y  dens i t y  f u n c t i o n .  
We denote the cond i t i ona l  mean o f  u, given t h a t  u 7 ul by G I .  Then 
A 
E, t = GI P i u l d i r  = P ~ u ) d i r  
4 Ul & I  
where -b i s  the p r o b a b i l i t y  t h a t  (o r  t ime f r a c t i o n  t h a t )  u 7 ul . 
The s o r t i n g  o f  Reynolds stresses i n t o  the f o u r  quadrants may be ob- 
ta ined from the j o i n t  p r o b a b i l i t y  dens i t y  f unc t i on  o f  u and v. The t o t a l  
s t ress  i s  
w h i l e  the s t ress  due t o  (u,v) i n  quadrant 1 i s  
q = - p u v ,  = - p [ r L L V  p ( u , v ) d u d v / f  
0 6 
where 2 = J r p U r d u d v  here. 
0 0 
We may a l so  f i n d  g( r )  from ?&,,(u,v). Since 
e- 
= jj r?u ,v (~ ,  - 5) 2 dcr w i t h  the change o f  v a r i a b l e  ~ = - ~ / p u .  
-0. -* 
So t h a t  
d u  
-a 
and 
i s  the p r o b a b i l i t y  dens i ty  f unc t i on  o f  C given ( u , v ) i s  i n  quadrant 1 .  
00 
- 
Thus r, = - { c P ~ ,  ( r )dr  
0 
Thi's approach was recen t l y  used by Nakagawa and Nezu (1977) . 
Another se t  o f  sampling cond i t i ons  might be 
?&><(, 
a C and cr >< * 
We must bear i n  mind t h a t  the sampling technique biases the  r e s u l t s .  
We note t h a t  f o r  some approximations a normal Gaussian d i s t r i b u t i o n  
may be usefu l  (see L in ,  1961). 
Blackwelder and Kaplan (1976) def ined a v a r i a b l e  i n t e g r a l  t ime aver-  
age ( VI T A )  f o r  any quant i t y  Q by 
tit 
T i s  chosen by t r i a l  and e r r o r  so tha t  the t ime i n t e g r a l  i s  j u s t  l a r g e  
enough t o  capture events o f  i n t e r e s t .  I n  t h e i r  p a r t i c u l a r  case T was cho- 
sen t o  be 10 times v / U s  ( the  viscous t ime sca le ) ,  and an i n t e r e s t i n g  event 
was considered t o  occur when ~ ( t )  = 1 where ~ ( t )  i s  an i n d i c a t o r  f u n c t i o n  
determi ned by 
(0 otherwise 
where u '  i s  the RMS dev ia t i on  v e l o c i t y ,  and k i s  an ad jus tab le  cons tant  A 
( t y p i c a l l y  2 o r  3 ) .  The r e s u l t s  seem t o  be f a i r l y  i n s e n s i t i v e  t o  the  choice 
o f  k.  When tes ted  on a pure wh i te  no ise  s igna l  ~ ( t )  was always zero  as de- 
s i red .  The technique appears t o  be good f o r  sampling i n t e r m i t t e n t  events.  
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Lecture #3. 
3.  DESCRIPTION OF TURBULENT FLOW FIELDS - ISOTROPIC TURBULENCE. 
We w i l l  f i r s t  consider i s o t r o p i c  and homogeneous turbulence.  I n  
a t y p i c a l  wind- tunnel experiment the turbulence i s  u l t i m a t e l y  produced by 
shear a t  a g r i d  so the f l ow  has greater  v a r i a b i l i t y  i n  the x d i r e c t i o n  
u n t i l  w e l l  down stream. Instead o f  measuring the  s p a t i a l  c o r r e l a t i o n  
Q,,(I) = u , ( r , , t )  u, (~,+l,,t)d i r e c t  1 y (which requi res two probes o f  course) we 
may approximate t h i s  by the au toco r re la t i on  U ,  ( Y - , , t ) u , ( ~ , p T )  i f we assume 
Tay lo r ' s  f rozen f l o w  f i e l d  hypothesis holds. T a y l o r ' s  hypothesis  i s  t h a t  
the tu rbu len t  s t r u c t u r e  does n o t  change w i t h  t ime bu t  i s  advected a long 
a - d w i t h  the mean f low,  i . e .  - = -Ui . a t  Thus we t a k e T = -  s , / E ,  . 
I We must havelTl L< 1 f o r  t h i s  assumption t o  be va l  i d .  A more complete 
discuss ion  o f  t h i s  hypothesis i s  given by Lumley (1965). O f  course we 
cannot make t h i s  assumption f o r  f lows f o r  which the t u r b u l e n t  f l u c t u a t i o n s  
evolve r a p i d l y  w i t h  t ime such as shear f lows. 
I n  an i s o t r o p i c  and homogeneous turbulence, one needs t o  consider  
on ly  two c o r r e l a t i o n  func t ions .  We f i r s t  have the l o n g i t u d i n a l  one 
(where ~ = Y I / c ,  ) .  f i s  c a l l e d  the normalized l o n g i t u d i n a l  c o r r e l a t i o n  
funct ion.  S i m i l a r l y  we have a transverse c o r r e l a t i o n  func t i on ,  
where g(f,) i s  the  normal ized transverse c o r r e l a t i o n .  For a1 1 the  o the rs ,  
when we have I , +  0, I , =  j,=O. 
Q i j = o  i 3 j because o f  i so t  ropy. 
I I t  i s  l e f t  as an exerc ise  t o  show f o r  separat ion o f  the two p o i n t s  i n  an 
a r b i t r a r y  d i r e c t i o n  
(see Hinze p.187, Fig.3-7, f o r  examples o f  Q ) .  
F i n a l l y  i f  we apply the c o n t i n u i t y  equation 
The l a s t  two equations imply 
which i s  convenient t o  use fo r ' check ing  the consistency o f  experimental 
resu l t s .  
The Four ier  t ransform o f  the au toco r re la t i on  func t i on  i s  equ iva len t ,  
under T a y l o r ' s  hypothesis t o  the 1- D wave number spectrum. Rather than use 
the spectrum tensor E i j  we are p r i m a r i l y  in teres ted i n  the sum o f  diagonal 
elements E i j  because ~ ( k ) t d k = ( + % ~ ; ~ d ~ Y ) d k  i s  the k i n e t i c  energy i n  the  
i n t e r v a l  ( ~ , k + d k )  where the i n t e g r a t i o n  i s  over a sphere o f  rad ius  k.  
(kit k.* = k; kj,) 
Now f o r  i s o t r o p i c  turbulence 
Qii = u'' [f (r ) + 2 9 ( p i ]  = u'' R (PI 
i s  a func t i on  of r alone i f  the f l ow  i s  homogeneous. This suggests E i i  i s  
on l y  a func t i on  o f  k. Thus 
We have transformed t o  spher ical  coordinates w i t h  the po la r  a x i s .  Now 
s i nce Eii = E;i ( R )  
I f  we consider i n v e r t i n g  back t o  c o r r e l a t i o n s  
A 
again t r a n s f e r r i n g  the  po lar  coordinate but  now choosing r as the p o l a r  
ax i s .  I n  the l i m i t  Y' 0 Qii s u:; = 3 ui1 
and we see tha t  E(k) represents the k i n e t i c  energy o f  the turbulence.  
thus 
D iss ipa t i on  may be described i n  a  s i m i l a r  manner. Recal l  
Now the f i r s t  term vanishes when in tegra ted  over an a p p r o p r i a t e l y  chosen 
volume and app ly ing  c o n t i n u i t y  t o  the l a s t  term we have ( f o r  t he  volume) 
The l a s t  s tep fo l l ows  from the d e f i n i t i o n  o f  Q. The wave number analog 
of  6 i s  thus 2 v-rh*~ ( h d h and we have 
which s ta tes  the t ime r a t e  o f  change o f  energy a t  wave number k  i s  equal 
t o  the (non l inear )  t r a n s f e r  from o the r  wave numbers (T)  l ess  the  d i s s i -  
pa t i on  2- = zv kaG (k). 
Presentat ion o f  data 
To present date i n  nondimensional form we use the Kolmogorov sca les .  
The length  scale 3/q - - I 
-C , :q=r  € d k  
defines the reference wave number A;' so t h a t  a  normal i zed wave number i s  
A normalized spectrum i s  
c = ~ ( ~ ) ~ ~ / ~ : =  ( 6 d % j - 5 7 q ) ~ ( h ~  
where the Kolmogorov v e l o c i t y  i s  
Vk = v % '4 , 
Normal ized energy spectra a re  presented i n  t h i s  format by Von A t t a  and Chen 
(1969). They measured E and - (by moving downstream i n  a  s t a t i o n a r y  f l ow)  
and found T  as a  res idua l .  at 
The i n e r t i a l  subrange i s  the i n t e r v a l  o f  k such t h a t  *,<<k 44k, 
and R e > > l  . E(k, ) is  the maximum value o f  E ( k ) .  A t  the  l a r g e  sca le  end o f  
the i n e r t i a l  subrange t u r b u l e n t  k i n e t i c  energy i s  produced; t h i s  energy cas- 
cades down t o  smal ler  and smal le r  scales where a t  the small sca le  end o f  the 
i n e r t i a l  subrange i t  i s  d i ss ipa ted  by v i s c o s i t y .  This  concept was f i r s t  ad- 
vanced by Kolmogorov (1941). I f  one assumes t h a t  i n  t h i s  range E depends 
on l y  on k and E dimensional ana lys i s  ( ~ b u k o v ,  1941) g ives 
Emp i r i ca l l y  d = 1.5. (see Gurv id i ,  Koprov, Tsvang G Yaglom (1967) and Pao 
(1965) f o r  some experimental  v e r i f i c a t i o n ) .  This  ' - 5 / 3  law'  seems t o  work 
b e t t e r  than i t  should i n  view o f  the l i m i t a t i o n s  o f  the theory.  
Notes submitted by 
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Addendum t o  Lecture 3. 
l s o t r o ~ i c  turbulence 
I t  i s  a l so  poss ib le  t o  o b t a i n  a  measure o f  the l eng th  scales o f  
i s o t r o p i c  turbulence from the s p a t i a l  c o r r e l a t i o n  func t ions ,  f(n)and 
9 ( n ) ,  o f  the  v e l o c i t y  f l u c t u a t i o n s .  
Tay lo r ' s  microscale, h q , i s  def ined by the curva ture  o f  the  cor -  
J 
r e l a t i o n  func t i on  a t  4 ~ 0 :  
A Taylor  expansion o f  about n = o  y i e l d s ,  f o r  small 
w i t h  the f i r s t  d e r i v a t i v e  taken t o  be zero a t  the o r i g i n  on the assumption 
tha t  f o r  d is tances o f  the order  of  the Kolmogorov length  sca le  o r  less,  t he  
v e l o c i t y  f l u c t u a t i o n s  should be p e r f e c t l y  we l l - co r re la ted .  The Tay lor  micro-  
scale can thus be taken as the i n te rcep t  o f  the parabola t h a t  matches 9 ( A )  
a t  the o r i g i n .  I t s  phys ica l  meaning i s  somewhat less c e r t a i n ,  s i nce  i t  ap- 
pears t o  be too la rge  a  length scale t o  be used i n  the s c a l i n g  o f  the  d i s -  
s i p a t i o n  r a t e  f o r  i s o t r o p i c  turbulence 
as o r i g i n a l l y  intended by Taylor .  I t  may, however, be used t o  o b t a i n  a  
Reynolds number f o r  the  f l ow  from which the more commonly used Reynolds 
numbers (based on the Kolmogorov length  scale, e.g.)  can be ca l cu la ted ,  and 
i t  i s  sometimes used as a  rough est imate o f  the scales a t  which the energy 
s t a r t s  t o  f a l l  o f f  due t o  i n e r t i a l  mix ing o f  length  scales. For l a r g e  Rey- 
nolds number f lows, the microscale l i e s  i n  the i n e r t i a l  subrange. 
The Taylor  m a c r o s c a l e h  9 (a l so  commonly c a l l e d  the i n t e g r a l  sca le )  
i s  def ined as 
and i s  taken t o  be a  measure o f  the w id th  o f  the c o r r e l a t i o n  curve. I t  i s  
considered t o  be the energy con ta in ing  scale o f  the t u r b u l e n t  f i e l d ,  and i s  
a l s o  used t o  c a l c u l a t e  a  Reynolds number f o r  the f low.  
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Lecture #4 .  
4. DESCRIPTION OF TURBULENT FLOW FIELDS 
4.1 Shear f lows 
Some genera l i za t ions  can be made about t he  l eve l  o f  tu rbu lence i n  
the  var ious types o f  shear f low.  J e t  f lows have the  h ighes t  t u r b u l e n t  
i n t e n s i t i e s ,  w i t h  gross est imates f o r  the r a t i o  o f  the t u r b u l e n t  v e l o c i t y  
f l u c t u a t i o n s  t o  the mean f l ow  v e l o c i t y ( u ' / g )  being i n  the range o f  .30-.60; 
consequently, j e t  f lows a re  the most d i f f i c u l t  t o  analyze. For boundary 
layers,u l / f i  - .05-.10 (see e.g. Hinze (1975), ~ i g . 7 - 1 9 ) ,  a l though the  r a t i o  
can be up t o  .20 near the w a l l .  Wake f lows have lower t u r b u l e n t  i n t e n s i -  
t i e s  w i t h  L L ' / ~  = .02--05. 
Shear f lows evolve t o  vary ing  degrees i n  the d i r e c t i o n  o f  f low.  
Neglect ing ex terna l  in f luences,  they commonly spread f a i r l y  s low ly .  I n  
the f o l l o w i n g  discussion, two-dimensional mean f lows w i t h  slow downstream 
evo lu t i on  w i l l  be assumed, so t h a t  the boundary- layer approximations can 
be used i n  the sca l i ng  o f  the equat ions o f  motion. 
The dominant term i n  the  energy equat ion associated w i t h  the  pro-  
duc t i on  o f  k i n e t i c  energy w i l l  thus be 
w h i l e  the most i n t e r e s t i n g  s t ress  term i n  the momentum equat ion w i l l  be 
-p u-v. 
2D Wake: 
- - --  
We w i l l  now consider a  simple s i t u a t i o n  t o  show t h a t  the  f l o w  f i e l d  
can be p red i c ted  w i t h  a  minimum o f  experimental in fo rmat ion .  A  c y l i n d e r  o f  
diameter d  l i e s  w i t h  i t s  a x i s  i n  the x-z p lane and perpend icu la r  t o  a  con- 
s tan t  f l ow  U e -  
YIP 
The resu 1 t i  ng mean f 1 ow can be cons i dered as two-d i mens i ona 1 (assumi ng 
homogeneity i n  the z  d i r e c t i o n ) ,  bu t  there  w i l l  be three-dimensional t u r -  
bu len t  v e l o c i t y  f l u c t u a t i o n s  i n  the wake downstream from the c y l i n d e r .  We 
c a l l  the departure o f  mean v e l o c i t y  GC ) i n  the wake from t h a t  i n  the  ab- 
sence o f  the wake the ve loc i  t y  de fec t ,  2 .- V o -  5 , and assume G. t o  be a  func-  
t i o n  o f  the nondimensional parameter q =  3 / b ( y ) s o  t h a t  the  p r o f i l e  o f  13- 
looks the same downstream except f o r  a  change o f  scale (known as a  s e l f -  
s i m i l a r  o r  se l f - p rese rv ing  f l o w  f i e l d ) .  We normal i ze  iZ w i t h  respect  t o  
i t s  value along the x-axis  u, ( x )  
and consider the momentum balance across the wake f o r  d is tances downstream 
such tha t  f b 5 0  (so as t o  get  away from the region where deve lop ing  vo r-  
t i c e s  are  important) .  Assuming an i n v i s c i d  f l u i d  ( i . e .  l a r g e  Reynolds num- 
ber f l ow) ,  we have the equat ions f o r  steady mean f l ow  
and 
U-  - a? + g ~ .  - -  - ai; - -  3 p+~($) 
ax a Y e a y  
- - 
where d e r i v a t i v e s  w i t h  respect t o  z  o f  the s t ress  terms U W  and V W  are  
zero due t o  our assumption o f  homogeneity i n  the z - d i r e c t i o n .  The length  
s c a l e s  i n  the wake may be taken as L i n  the x - d i r e c t i o n ,  and a c ross-  
s t  ream scale 4 such tha t  d = 0 ( 4 )  . A t  l a rge  d is tances downstream,t<<L. 
do may be taken as a  v e l o c i t y  scale f o r  the mean f l o w  i n  the  x - d i r e c t i o n ,  
and we take as a  scale f o r  the v e l o c i t y  de fec t ,  iZ=Ue-5. The Reynolds 
stresses may be scaled a s - u i Z =  O ( u ~ ) , - ~ a ~ O ( u ~ )  and - ZL= O(&*), an& 
the mean equat ion o f  con t i nu i t y  may be used tb sca le  th_e cross-stream com- 
ponent o f  mean v e l o c i t y  asv=O(L I , t /~ ) .  We replace U i n  the  equat ions 
by v =  U, - Gc , and consider  the terms i n  (4.2) : 
Since x /~<<  1 and assuming t h a t  $--> 0 f a s t e r  than (us/&)'. (see 
e.g. Tennekes and Lumley, 1972), we may neglect  the  terms - p 
a aii and - -i.(c2). We r e t a i n  the pressure term f o r  now, and a l s o  - U. 
(since U, > 0,) as necessary t o  balance the Reynolds s t ress  term i f  the 
pressure term i s  found t o  be i n s u f f i c i e n t .  
The terms i n  (4.3) a re  
- a c .  g- a ( 4  V a y '  L .e &+ 
I a F  
- 7  a y :  ? 
a a i; The terms - x(ii'i~v)and 7 may be neglected by prev ious arguments, 
L = a i7 wh i le  the f a c t o r  (T) i n  u. - a 3  and -u make these terms smal l ,  so t h a t  
the on ly  term o f  s u f f i c i e n t  magnitude t o  balance the Reynolds s t ress  term 
i s  the cross-stream pressure grad ien t  term. Thus, we can r e- w r i t e  our  mo- 
mentum equations as 
and 
i n t e g r a t i o n  o f  (4.5) y i e l d s  
where ?% i s  the pressure ou ts ide  o f  the tu rbu len t  wake ( y - + t c o ) .  I f  
we assume t h a t  there  i s  no e x t e r n a l l y  imposed downstream pressure g r a d i e n t  
a t  ( =  we ob ta in  
r a? ?(c%l = 0 P ~ X  + 8 z 
1 a? scales as 3 J&- 73') ( i . e .  as d) and hence may A which shows tha t  - 
be neglected i n  Eq.(4.4), g i v i n g  
(4.6) 
I n t e g r a t i n g  w i t h  respect t o  q , and knowing t h a t  the v e l o c i t y  f l u c t u a -  
t i o n s  disappear asmy - 2  -,"we ob ta in  
ati J u . ) ~  q . & k : j o d  
-a 
which may be in tegra ted  w i t h  respect t o  X t o  g i ve  
* 
This i n t e g r a l  i s  known as the momentum i n t e g r a l ,  and s t a t e s  t h a t  
the ne t  f l u x  o f  momentum defect per u n i t  depth i s  constant across planes 
normal t o  the x-axis  independent o f  d is tance downstream. 
By s u b s t i t u t i o n  o f  (4.1) i n t o  (4 .7) ,  t h i s  may be re-expressed as 
P u. J (11  a, ( X I  - [ f  m d = A 
and s ince [ $ ( n ) d b  = constant 
-a3 S ( X )  L m  ( Y )  = D. (4.8) 
This may be considered as the r e s u l t  o f  momentum conservat ion i n  a s e l f -  
s i m i l a r  f l ow  f i e l d .  
We now attempt t o  determine some d e s c r i p t i o n  o f  the wake from the  
downstream momentum balance, Eq. (4.6).  D i f f e r e n t i a t i o n  o f  (4.1) y i e l d s  
(where primes i n d i c a t e  f i r s t  d e r i v a t i v e s )  and assuming t h a t  t he  v e l o c i t y  
f l u c t u a t i o n s  are p ropo r t i ona l  t o  the maximum v e l o c i t y  de fec t  ( t h i s  i s  p a r t  
o f  the se l f - p rese rva t i on  hypothesis;  see, e.g. Tennekes and Lurnley, 1972), 
we may w r i  t e  (4.6) as 
d M u l t i p l i c a t i o n  by y i e l d s  
- 1  a, 
v ~ ~ ( x I ~ ( Y ) { ( ) I ) -  GI (4.9) 
The r ight- hand s ide  o f  (4.9) i s  a func t i on  o f  Q on ly ,  and i t  can be e a s i l y  
shown t h a t  i n  o rder  f o r  the le f t- hand s ide  t o  be a f u n c t i o n  o f  o n l y  then 
the c o e f f i c i e n t s  
ii ' & ( x )  C 4 0 - +  (4.10) 
u, 
and 
must be independent o f  X . 
Equation (4.9) may be w r i  t t e n  (assuming { (3) $ 0) 
so t h a t  c ' ( x ) - D ( x ) $  ()-I) i 0 , which can o n l y  be t r u e  f o r  a l l  Q i f  
c'()c) s ~ / G c >  = 0 0  
The p a i r  o f  equat ions, (4.10) and (4.11), together  w i t h  the momentum 
i n t e g r a l  as an a d d i t i o n a l  c o n s t r a i n t  (see, e.g. Tennekes and Lumley, 1972) 
have so lu t i ons  Em (XI = I ( , % - " %  (4.12) 
which agree w i t h  experimental  observat ions o f  plane t u r b u l e n t  wakes be- 
yond about X = 80 d (~ennekes and Lumley , 1972) . 
I t  i s  d i f f i c u l t  t o  proceed much f u r t h e r  w i thout  having exper imenta l  
in format  ion. However, adjustment o f  the c o e f f i c i e n t s  i n  (4.9) resu l  t s  i n  
a r e l a t i o n  between f and g 
f (-1 - ?f'(n) = E j Y q  1 
I f  a constant eddy v i s c o s i t y  i s  assumed across the wake, a Gaussian d i s t r i -  
bu t i on  f o r  f (q1 i s  pred ic ted ,  which agrees f a i r l y  we1 1 w i t h  observed ve- 
l o c i  t y  p r o f  i les  i n  wakes f o r  values o f  t less than 0.3. (see, e.g. Town- 
send (1976), ~ i g . 6 . 2 ( a ) ) .  Knowing the v e l o c i t y  d i s t r i b u t i o n s ,  i t  i s  then 
poss ib le  t o  c a l c u l a t e  the Reynolds st resses i n  the f low.  
Energy spectra based on observat ions i n  h igh  Reynolds number wake 
f lows usua l l y  have a reg ion  w i t h  -5/3 slope (see, e.g. Monin and Yaglom 
(1975), ~ i g . 7 6 c ) ,  which suggests t h a t  i n  shear f lows o f  s u f f i c i e n t l y  h i g h  
Re, there  e x i s t s  an i n e r t i a l  subrange a t  h igh  wave numbers i n  which the  t u r -  
bulence i s  l o c a l l y  i s o t r o p i c .  
Boundary 1 ayer f 1 ow: 
- ---------  
We now consider  the f l o w  i n  a boundary l aye r  over  a smooth f l a t  
p l a t e .  The thickness d ( z ) o f  the boundary l aye r  i s  u s u a l l y  taken as the  
d is tance from the p l a t e  a t  which the  mean v e l o c i t y  S(Y) i s  99% o f  the  ve- 
l o c i t y  UO i n  the absence o f  the p l a t e .  Typical  ra tes  o f  growth ( o f  
Th i s  r e l a t i o n  i s  known as the  law o f  the  w a l l ,  and i s  found t o  r e-  
present  exper imenta l  data very  w e l l ,  except i n  the  o u t e r  p o r t i o n  o f  t h e  
boundary l a y e r .  L i nea r  ( f o r  da ta  very  c l ose  t o  the  w a l l ) ,  l o g a r i t h m i c ,  
and power law forms o f  -f (Y") have been used (see, e.g. Hinze (1975) ,F ig .  
7- 9) .  
t h i ckness )  o f  such boundary l a y e r s  A 
2. )  Away f rom the  immediate v i c i n i t y  o f  the w a l l  and i n  most o f  t h e  
boundary l aye r ,  von Karman proposed a  v e l o c i  t y - d e f e c t  law ( a l s o  c a l  l e d  t h e  
law o f  t he  wake) i n  which the  re l evan t  v a r i a b l e s  were t he  w a l l  f r i c t i o n  
v e l o c i t y  U* and t h e  l eng th  sca le  Y = Y / s  
- 
W, - V =  ux g [ Q )  (4.15) 
downstream a r e-  2%. Y 
Boundary l a y e r  f lows  a r e  
more compl icated than f r e e  shear 
f lows i n  t h a t ,  i n  a d d i t i o n  t o  
the  t h i ckness  as a  l eng th  sca le ,  
Th is  law a l s o  g ives  good agreement w i t h  exper imenta l  data,  u s i n g  a  loga-  
r i  thmic form o f  9 away f rom the w a l l  and some o t h e r  f u n c t i o n  near t h e  
wa l l  (see, e.g. Hinze (1975) Fig.7-11).  
d (4 
L 
M i  1 1  i kan (1938) looked a t  the  reg ion  o f  ove r l ap  o f  these represen ta-  
t i o n s  and assumed t h a t  over some f i n i t e  r eg ion  the  f u n c t i o n s  merge t oge the r  
the  n o - s l i p  c o n d i t i o n  on the  / / /  / / / /  / / / / /  / / / , / / / / . / / > X  
s o l i d  p l a t e  in t roduces  a  v i s c o s i t y - d ~ m i n a t e d  l e n g t h  sca le .  E a r l y  measure- 
ments showed t h a t  t h e  mean v e l o c i t y  U ( y) coul  d  be represented i n  two ways : 
1 . )  Near t he  w a l l  u may be taken as a  f u n c t i o n  o n l y  o f  w a l l  v a r i a -  
b les  and independent o f  c o n d i t i o n s  away from the  w a l l .  The r e l e v a n t  
v a r i a b l e s  a r e  t he  wal 1 f r i c t i o n  v e l o c i t y  u,: [gw/P , and t h e  v i s -  
cous l e n g t h  Y'= 4 . 2  , so t h a t  C L1 
D C Y ) = U ~  f (v')  (4.14) 
g i v i n g  
where 8"- 2% 
- zr 
By elementary f u n c t i o n a l  a n a l y s i s ,  t h i s  can be shown t o  be t r u e  o n l y  i f  f 
and g  a r e  l o g a r i t h m i c  f unc t i ons .  
The l o g a r i t h m i c  v e l o c i t y  p r o f i l e  i s  c h a r a c t e r i s t i c  o f  the  o v e r l a p  r e g i o n  
o f  the boundary l a y e r  i n  which t he re  i s  no i n t r i n s i c  l e n g t h  sca le ,  analogous 
t o  the i n e r t i a l  subrange i n  t he  energy spec t ra  o f  homogeneous i s o t r o p i c  t u r -  
bulence. The same r e s u l t  can be ob ta ined  f rom matched asympto t i c  techniques,  
mix ing  length  arguments, o r  simply from dimensional reasoning, where i t  i s  
assumed t h a t  the mean v e l o c i t y  shear i s  dependent on l y  on the  w a l l  f r i c t i o n  
v e l o c i t y  and the  d is tance from the w a l l  g i v i n g  
d U  A u +  
- =-  
a~ Y 
The constant A i n  these r e l a t i o n s  i s  equal t o  X where X 0.41 i s  von 
Karman's constant.  
The log- layer  i s  a reg ion  o f  nea r l y  constant  t u r b u l e n t  shear s t r e s s  
(see, e.g. Hinze (1975), Fig.7-21); a d d i t i o n  o f  the viscous s t resses  c l o s e  
t o  the w a l l  make tha t  reg ion  one o f  constant s t ress  as w e l l .  Outs ide o f  the  
l o g  layer ,  the shear s t ress  decreases w i t h  increas ing  d i s tance  from the  w a l l  
(e.g. Hinze (1975), Fig.7-20). 
The o rde r ing  o f  the th ree  components o f  v e l o c i t y  f l u c t u a t i o n s  in  a 
w a l l  boundary l aye r  may be seen i n  Hinze (1975), Fig.7-19. 
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Lecture #4. (cont i nued) 
4.2 Boundary layer  turbulence s t r u c t u r e  
The subd iv is ion ,  a t  h igh  Reynolds numbers, o f  the boundary l a y e r  i n t o  
three regions; the wake, dominated by the ex terna l  cond i t i ons ;  the  l o g a r i t h -  
mic p a r t  o f  the p r o f i l e ,  c h a r a c t e r i s t i c  o f  the absence o f  a proper  l e n g t h  
scale; and the viscous sublayer,  w i t h  l a rge  mean v e l o c i t y  g rad ien t ;  i s  con- 
s i s t e n t  w i t h  wind tunnel and atmospheric measurements as f a r  as the  mean pro-  
p e r t i e s  are  concerned. 
The most i n t e r e s t i n g  reg ion  from a dynamical p o i n t  o f  v iew i s  t he  one 
c lose  t o  the w a l l ,  i nc lud ing  the so- ca l led  wa l l  and b u f f e r  regions,  
i n  t h i s ,  p roduct ion  o f  k i n e t i c  energy i s  found t o  exceed d i s s i p a t i o n ,  l ead ing  
t o  a d i f f u s i o n  o f  f l u c t u a t i n g  energy away from the w a l l .  Also, the  tu rbu lence 
there  i s  observed t o  be h i g h l y  i n t e r m i t t e n t ,  e x h i b i t i n g  " bursts"  o f  tu rbu lence 
i n  a quasi-ordered sequence, f i r s t  described i n  d e t a i l  by K l i n e  e t  aZ. (1967) 
and l a t e r  ex tens i ve l y  s tud ied  by many researchers. An ex tens i ve  rev iew o f  
such observat ions has been given by Wi l lmar th  (1975). We w i l l  here o n l y  p o i n t  
ou t  some o f  the more s i g n i f i c a n t  f i n d i n g s .  For more d e t a i l s  we r e f e r  t o  
W i  1 lmar th 's  (1975) paper. 
The v i s u a l  observat ions by Kl i ne e t  aZ. , (1967), l a t e r  supplemented by 
more d e t a i l e d  experiments from the same research group, showed the  pre-  
sence o f  a  s t reaky sublayer s t r u c t u r e  w i t h  low-spaced s t reaks  separated by  
an average spanwise d is tance o f  approximately 100 i n  w a l l  u n i t s .  The b u r s t -  
i ng  sequence would s t a r t  w i t h  a  gradual l i f t - u p  o f  a  slow-spread s t reak  
which would then suddenly begin t o  o s c i l l a t e  o r  go i n t o  a  s p i r a l  motion. 
A break-up and e j e c t i o n  o f  the low-speed f l ow  then fo l l ows  s h o r t l y  there-  
a f t e r .  The b u r s t i n g  sequence i s  completed by high-speed f l u i d  (a "sweep") 
coming i n  from outs ide  and rep lac ing  the low-speed f l u i d .  L a t e r  v i s u a l  
observat ions by Offen and Kl ine (1974) show tha t  the 1 i f t - u p  i s  assoc ia ted  
w i t h  a  sweep i n  the ou ter  po r t i on ,  probably due t o  an e a r l i e r  event .  
They suggested t h a t  the pressure induced by such a  sweep would cause l o -  
c a l l y  an adverse pressure grad ien t  leading t o  a  separat ion o f  the  f l ow ,  i . e .  
l i f t - u p  o f  the low-speed region. I n  support o f  t h i s  suggest ion, Lu and 
W i  1 lmarth (1973) performed cond i t i ona l  l y  sampled measurements o f  wa l l  p res-  
sure and Reynolds s t ress  c o n t r i b u t i o n s  dur ing  burs t ing ,  which c l e a r l y  showed 
t h a t  the w a l l  pressure i s  minimum a t  the t ime o f  b u r s t i n g  (see Figs.51 and 
52 i n  W i l lmar th ' s  (1975) paper). 
A s izeab le  body o f  q u a n t i t a t i v e  data on the b u r s t i n g  sequence have 
been generated by cond i t i ona l  sampling techniques. We w i l l  mention o n l y  a  
few o f  these. Wal lmarth and Lu (1971) and Wal lace e t  aZ. , (1972) , proposed 
sorg ing o f  the Reynolds s t ress  con t r i bu t i ons  t o  uv i n  each quadrant o f  t h e  
uv-plane, depending on the magnitude o f  the c o n t r i b u t i o n .  (AS ind i ca ted  i n  
Lecture #2 such r e s u l t s  cou ld  a l so  be obta ined from approp r ia te  i n t e g r a l s  
over the j o i n t  p r o b a b i l i t y  dens i ty  o f  uv ) .  The c l a s s i f i c a t i o n  i s  exp la ined 
i n  Fig.5. 
The l a rges t  c o n t r i b u t i o n  t o  uv comes from e jec t i ons  (ud  0, " 70) except f o r  
y + r, I5 , see Brodkey e t  aZ., (1974). The t o t a l  sum o f  the c o n t r i b u t i o n s  
from the e jec t i ons  and the sweeps ( a 7 0 , 1 / 4 O ) w a s  found t o  be about 140% 
o f  the t o t a l ,  the balance being made up by negat ive c o n t r i b u t i o n s  from o u t -  
ward and w a l l - w a r d [ u c o , V 7 0 )  i n t e r a c t i o n s .  Lu and Wi l lmar th  (1973) ex-  
tended t h i  s  idea by d e f i n i n g  a  ho le  s  i ze parameter, H, f rom luvl= H * LL'V', 
where u '  and v '  denote root-mean-square values. They measured the  mean t ime 
i n t e r v a l s  between e j e c t i o n s  and sweeps as func t i on  o f  the ho le  s i z e  H. The 
time was found t o  scale w i t h  ou ter  va r i ab les  ( f r e e  stream v e l o c i t y  and bound- 
a ry  layer  displacement th ickness)  and t o  increase s t r o n g l y  w i t h  H, as i n d i c a -  
ted conceptual ly  i n  Fig.6. 
Mean i n t e r v a l s  between e j e c t i o n s .  
One may i n t e r p r e t  such r e s u l t s  as i n d i c a t i n g  t h a t  a  s t ronger  b u r s t  
requ i res  more t ime f o r  bu i  ld-up o f  the energy. The t ime i n t e r v a l  between 
sweeps e x h i b i t  a  s i m i l a r  character ,  b u t  s t rong  sweeps occur cons iderab ly  
less o f t e n  t h a t  s t rong e j e c t i o n ,  the mean i n t e r v a l  between sweeps o f  h o l e  
s i z e  H=5 being about ten times t h a t  f o r  e j e c t i o n s .  The convect ion v e l o c i t y  
o f  sampled sor ted  Reynolds stresses was a l s o  est imated by Lu and W i l l m a r t h  
(1973) by forming space-time c o r r e l a t i o n s  f o r  var ious  downstream d i s tances .  
I n t e r e s t i n g l y  enough, the  convect ion v e l o c i t y  o f  the Reynolds s t ress  maxima 
was found t o  be on l y  about 80% o f  the l o c a l  mean v e l o c i t y  a t  t h a t  d i s t a n c e  
from the w a l l .  Such a  value happens t o  be c lose  t o  the phase v e l o c i t y  o f  
the To l lm ien- Sch l ich t ing  wave f o r  the dominat ing wave number f o r  t h a t  d i s -  
tance from the w a l l ,  according t o  the d i spe rs ion  c h a r a c t e r i s t i c s  f o r  t h e  
mean v e l o c i t y  p r o f  i l e  computed by Bark (1975). 
Instantaneous v e l o c i t y  p r o f i l e s ,  and c o n d i t i o n a l l y  sampled ones u s i n g  
t h e i r  v a r i a b l e - i n t e r n a l  t ime-averaging (VITA, see Lecture #2) method, were 
obta ined by Blackwelder and Kaplan (1976) employing a  ho t - w i re  rake w i t h  
ten ho t  w i res  d i s t r i b u t e d  w i t h i n  100 viscous w a l l  lengths from the w a l l .  The 
instantaneous v e l o c i t y  p r o f i l e s  show a  s t rong coherence i n  t he  y - d i r e c t i o n  
bu t  l i t t l e  o r  no streamwise coherence. The i r  c o n d i t i o n a l l y  sampled v e l o c i t y  
p r o f i l e s  i n d i c a t e  the appearance o f  a  s i g n i f i c a n t  r e p e t i t i v e  event s t a r t i n g  
w i t h  a  slowdown near the  wa l l  and a  speed-up o f  v e l o c i t i e s  f u r t h e r  o u t .  The 
i n t e r f a c e  between high-speed and low-speed f l u i d  i n t e n s i f i e s  r a p i d l y  w i t h  
t ime g i v i n g  the appearance o f  a  s t rong shear l aye r  moving toward the  w a l l .  
Very r a p i d l y ,  the v e l o c i t y  becomes i n  excess o f  the mean everywhere across 
the wa l l  region, and the v e l o c i t y  excess then re laxes s l o w l y  back t o  t h e  mean 
value. 
The experimental  data such as those descr ibed above may be i n t e r p r e t e d  
k inemat i ca l l y  on bas is  o f  vo r tex  models. We r e f e r  t o  W i  1 lmar th ' s  (1975) 
paper f o r  such proposals. 
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Jacques Lewa 1 1 e  
Lec tu re  #5 
5. SHEAR FLOW INSTABILITY 
The s tudy o f  shear f l o w  i n s t a b i l i t y  g ives  i n f o r m a t i o n  about  mech- 
anisms which a r e  respons ib le  f o r  the  c r e a t i o n  o f  tu rbu lence .  One such 
bas i c  mechanism i s  the  i n t e r a c t i o n  between d is tu rbances  and t h e  mean shear .  
Therefore,  we cons ider  wave- l i ke  d is tu rbances  on a  p a r a l l e l  f l o w  and assume 
t h a t  t h e i r  ampl i tudes a r e  smal l  so l i n e a r i z a t i o n  o f  the  equa t i ons  o f  mo t i on  
i s  poss ib l e .  The f l u i d  i s  assumed t o  be incompress ib le .  The assumption 
o f  a  p a r a l l e l  f l o w  i s  s t r i c t l y  c o r r e c t  o n l y  f o r  f l ows  between p a r a l l e l  w a l l s  
(p lane P o i s e u l l e  f l ow )  b u t  i t  i s  a  r a t h e r  good approx imat ion  f o r  boundary 
1 ayers . 
LA 41 v o  
Channel f l o w  Boundary l a y e r  f l o w  
F ig .  5.1 
Typ i ca l  sca les f o r  v e l o c i t y  and l eng th  a re  (see F ig .5 .1 ) .  
The v e l o c i t y  a t  the  channel cen te r  and t h e  h a l f  ( o r  f u l l )  w i d t h  o f  
the channel, r e s p e c t i v e l y ,  f o r  channel f l ow ,  and the  f r e e  s t ream v e l o c i t y  
and the boundary l aye r  th ickness  (e.g. displacement t h i c k n e s s ) ,  f o r  a 
boundary l a y e r  f low.  
The v e l o c i t y  components a r e  
vi = v ( y )  $1; f o r  the mean f l o w  and 
U i =  ( a , ~ ,  W )  = (,.U,>AI~, UJ) f o r  the  d i s tu rbance  f l o w .  
The equat ions f o r  the f l u c t u a t i n g  components a r e  (see Lec tu re  #4) 
(p i s  the  disturbance i n  mean pressure.) 
With the  g iven mean f l ow  and, neg lec t ing  quadrat ic  terms, we f i n d  t h a t  
(5.1 ) reduces t o  
Du' L + U  
9t 
where 
- - 
From (5.2) and the i ncompress ib i l i t y  condition($:o) i t  i s  poss i-  
b l e  t o  o b t a i n  an equation f o r  V only.  F i r s t  takea%, df (5.2).  This 
gives 
The second equation i n  (5.2) i s  
B l r  
V 
El im ina t ion  o f  p between (5.3) and (5.4) leads f i n a l l y  t o  
Equation (5.5) i s  o f  f o u r t h  order .  Two o f  the boundary cond i t i ons  are  t h a t  
v : O  on s o l i d  boundaries and a t  i n f i n i t y .  App l i ca t i on  o f  the  c o n t i n u i t y  
equation gives a second se t  o f  boundary cond i t ions ,  namely t h a t  
a 2- & -& = O  a t  y:O and y=ooa 
= Y  - - J x :  a t  
Since the x and 2 coordinates are  homogeneous, wave type s o l u t i o n s  t o  
(5.5) are sought o f  the form 
i(ocr+ps-cot) 
~ = 6 ( ~ ) -  e 
This i s  the o rd ina ry  normal mode assumption. The d i r e c t i o n  o f  the waves 
i s  shown i n  Fig.5.2. 
/' 
The r e s u l t i n g  equation f o r  V i s  the Orr-Sommerfeld equation, 
where t h e  v e l o c i t y  sca le  Vr, and t he  l eng th  sca le  3 have been used and 
Re = - . c i s  t he  phase v e l o c i t y  de f i ned  by w = m C .  The boundary 
c o n d i t i o n s  f o r  6- a re  
P. 4 I 
~ ( o ) z & l ( ~ ) = ~ ( = ) = ~ ( - )  =0 ( ~ o u n d a r y  l a y e r )  
Since the  v e l o c i t y  p r o f i l e  i s  a cons tan t  f a r  away f rom the  boundary l a y e r  
the l a s t  o t  these c o n d i t i o n s  f o l l o w s  f rom the  t h i r d .  
Equat ions ( 5 . 6 )  w i t h  t he  boundary c o n d i t i o n s  c o n s t i t u t e s  an e igen-  
va lue problem f o r  ,c as a f u n c t i o n  o f d  ,/ and R e .  
Accord ing t o  Squi res ' theorem (Squ i re ,  1933) t he  th ree- d  i mens i o n a l  
problem can be reduced t o  a two-dimensional one f o r  a lower Reynolds number. 
Th i s  i s  accomplished by s e l e c t i o n  o f  a new x a x i s  normal t o  the  wave f r o n t s .  
The mean v e l o c i t y  component normal t o  the  wave f r o n t  g i ves  a sma l l e r  Reynolds 
number. t h e  change i s  equ i va len t  t o  the s c a l i n g  
4 
2 R e  =o( Re F =  c da= D(^+,B' 
(Note: ;>  and Re 4 R e ) .  
C A  I n  summary: C = c (%/3, Re)  - , c ( k > 0 ,  -i; ~ e )  
The e igenva lue  r e s u l t s  a r e  u s u a l l y  presented i n  two ways: 
a) Tempora 1 case. o( r e a l  , w complex 
Cfl) 
~ , ~ = d ~ ) ( a ,  R E) =nr;'+in';'= ( c R  + LC?')  
The wave grows i n  t ime if fiy7 0 .  
b)  S p a t i a l  case. o! complex, w r e a l  
(n, cn) 0( =wR tiocI 
The wave grows i n  space i f  d F ' d  0. 
Since and d, a re  very  smal l  i n  the  uns tab le  reg ion ,  i t  i s  p o s s i -  
b l e ,  as shown by Gaster (1962), t o  r e l a t e  the  temporal and the  s p a t i a l  cases 
t o  each o t h e r .  To o rde r  ( W ~ / W ~ ) '  i t f o l l o w s  (T  = temporal ,  S = s p a t i a l )  
n, (TI mLm' (n) 
d* CS) = - = - group v e l o c i t y  = - CI 
 ad^ 
The growth o f  t he  waves i s  f o r  t he  two cases 
a) temporal (n) rr";'nt M~ A T  
growth = e c , ~ *  
b )  s p a t i a l :  
t .in' 
grotwh = e-as  , where n,= -a - 
c,Cn) 
General l y ,  f o r  boundary l a y e r s  * < C  1 .  
dl2 
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I n  exper iments w i t h  To l  lmien-Scl  ishtinlg. waves osc i 1 l a t  i ng  r ibbans  have 
o f ten  been used (~chubauer  and Skramstad, 1947, the diagram f rom Ross e t  aZ., 
1970, presented i n  the  l e c t u r e  references) .  This  corresponds t o  the  spa- 
t i a l  case s ince  the frequency i s  f i x e d .  S t a b i l i t y  data i s  most o f t e n  pre-  
sented i n  the f o l l o w i n g  form: 
Fig. 5.3 
When a wave o f  a given frequency t r a v e l s  downstream from an o s c i l l a t i n g  
r ibbon i t  w i l l  pass through regions w i t h  increas ing  boundary- layer th ickness ,  
and the re fo re  the Reynolds number increases. Eventual ly  the  wave leaves the  
unstable region, and thus from a l i n e a r  p o i n t  o f  view a boundary l a y e r  i s  
always s tab le .  
For Fa1 kner-Skan p r o f  i l e s  ( f r e e  stream v e l o c i t y  v a r i e s  1 i ke xm) 
which have an i n f l e c t i o n  p o i n t  f o r  m 4 0, the growth ra tes  a r e  increased 
and the c r i t i c a l  Reynolds number i s  decreased. Also, f o r  l a rge%,  CR be- 
comes independent o f  Re  . For c e r t a i n  Reynolds number wave number ranges 
increase i n  the v i s c o s i t y ,  so t h a t  Re i s  lowered, may lead t o  increased 
i n s t a b i l i t y .  This i s  e s p e c i a l l y  apparent f o r  a v e l o c i t y  p r o f i l e  w i t h o u t  
an i n f l e c t i o n  po in t ,  f o r  which the  f l ow  i s  s t a b l e  i n  the  i n v i s c i d  case. 
The importance o f  the i n f l e c t i o n  p o i n t  i n  the mean v e l o c i t y  pro-  
f i l e  i s  seen c l e a r l y  i n  the i n v i s c i d  case ( $  = 0) ( f o l l o w i n g  Reyleigh, 
1890) . Then Eq. (5.6) becomes 
(u- c ) ( ~ l l -  K'$')-v1'6= 0 
A 
M u l t i p l i c a t i o n  w i t h  V "  and i n t e g r a t i o n  over the d e f i n i n g  i n t e r v a l  y i e l d s  
2 
- f ~ ~ + J ~ ~ ~ a ~ + ~ l ) ~ y  z 61 ciy = 1 'I v"(u-q)+ i i/ii 
0 w- c 0 Iv- cia 
0 
I d e n t i f y i n g  imaginary p a r t s  we f i n d  
/r t 
o z C i  ' "' '*Iv~  d 
lv-cl" Y 
Thus e i t h e r  C; s 0 or(" w ' J ' l G "  I 0 , and i f  C ; ~ ~ . ~ " r n u s t  change s i g n  
0 I v - c l ' d 3  
i n  the i n t e r v a l ,  which imp l ies  an i n f l e c t i o n  p o i n t  i n  V . The i n f l e c t i o n  
p o i n t  must be o f  the k ind '  t h a t  V' has a maximum there. 
A s imple physical  exp lanat ion  f o r  the necess i ty  o f  an i n f l e c t i o n  
p o i n t  t o  g i ve  i n s t a b i l i t y  i s  g iven by L i n  (1955). 
The bas ic  p r i n c i p l e  i n  L i n ' s  argument i s  conservat ion o f  v o r t i c i t y  
f o r  a f l u i d  element i n  two-dimensional f low.  I f  the f l o w  has a rnonoton- 
i c a l l y  vary ing  v o r t i c i t y  p r o f i l e ,  any f l u i d  element moved up o r  down ex- 
periences a r e s t o r i n g  fo rce .  For example, i f  a f l u i d  element i s  t r a n s f e r r e d  
f rom y, t o \ / ,  ( ~ i g .  5.4) i t  has excess v o r t i c i t y .  The excess v o r t i c i t y  
induces a f l o w  around the  f l u i d  element, p u l l i n g  ne ighbo r i ng  f l u i d  o f  ex-  
cess v o r t i c i t y  down on i t s  l e f t  and f l u i d  o f  l e s s  v o r t i c i t y  up on i t s  
r i g h t  ( ~ i ~ . 5 . 4 b )  and ( c ) ) .  The r e s u l t  i s  a n e t  r e s t o r i n g  f o r c e .  
F ig .  5 .4  
For an element moved f rom y, t o  yz , the  r e s t o r i n g  f o r c e  i s  i n  t he  op- 
p o s i t e  d i r e c t i o n .  Thus t h e  f l o w  i s  s tab le .  I f ,  however, t h e r e  i s  an ex-  
tremum i n  the  v o r t i c i t y  curve,  t h i s  argument does n o t  h o l d .  Furthermore, 
i t  should be emphasized t h a t  the  ex i s tence  o f  an i n f l e c t i o n  p o i n t  i s  n o t  
s u f f i c i e n t  t o  guarantee i n s t a b i l i t y ,  o n l y  necessary. 
I f  t he re  i s  no v i s c o s i t y  and no i n f l e c t i o n  p o i n t ,  t h e  f l o w  i s  
s t a b l e ,  as i n  the  Rayle igh case discussed e a r l i e r .  I n t r o d u c t i o n  o f  v i s -  
c o s i t y  p lays  a dual  r o l e .  A t  low Reynolds number i t  damps d i s tu rbances .  
A t  h i ghe r  Reynolds number v i s c o s i t y  a c t u a l l y  serves t o  d i v e r t  energy f rom 
the  main f l o w  i n t o  d is tu rbances  and can cause i n s t a b i l i t y  - e.g. P o i s e u i l l e  
f l o w  i n  a channel. I t  i s  p o s s i b l e  t o  show t h a t  i n t r o d u c t i o n  o f  pe r t u rba-  
t i o n s  may reduce the  t o t a l  k i n e t i c  energy o f  the  system. The re fo re  v i s -  
c o s i t y  o r  o t h e r  means o f  removing k i n e t i c  energy f rom t h e  system may lead 
t o  an i n s t a b i l i t y .  For an analogy, cons ider  waves p ropagat ing  on a f l e x -  
i b l e  boundary a t  a speed l ess  than t he  mean f l o w  o f  an ad jacen t  f l u i d .  
unperturbed case 
-% 
wave v e l o c i t y  C C U  
C 
~ e r t u r b e d  case 
(b ) '  
F i g .  5 . 5  
Because there  a r e  more f l u i d  reg ions w i t h  a v e l o c i t y  d e f e c t  i n  t he  t roughs  
than there  a r e  reg ions o f  excess v e l o c i t y  above the c r e s t s ,  t h e  t r a v e l l i n g  
wave i s  assoc ia ted  w i t h  a n e t  k i n e t i c  energy d e f e c t .  (Landahl,  1962). 
Non l inear  i n s t a b i l i t y  
Consider a wave wi t h  wavelength 2 ~ / d  and amp1 i tude 6 . 
N o n l i n e a r i t y  has two e f f e c t s :  
a) the re  are changes i n  the mean f l ow  o f  o rder&%,  
b) i n t e r a c t i o n  between waves creates h igher  harmonics w i t h  wave 
numbers 2 o( t o  0 ( 6 ' ) .  
For the ampl i tude A t he  Stuart-Landau theory g ives:  
Q,? 0, gives s u b c r i t i c a l  i n s t a b i l i t y  and 
a%< 0. n; ? o s u p e r c r i t i c a l  e q u i l i b r a t i o n  w i t h  
The Stuart-Landau theory works i n  thermal convect ion bu t  i s  l ess  s u i t e d  
fo r  problem i n  shear f low i n s t a b i l i t y .  
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6. INSTABILITY AND TRANSITION 
6.1 In t roduc t i on  
The purpose of t h i s  l e c t u r e  i s  t o  descr ibe how a laminar boundary 
layer  f l ow  breaks down t o  turbulence and t o  t r y  t o  e x p l a i n  the  experimen- 
t a l  observat ions on bas is  o f  theory. F i r s t ,  the  experimental  r e s u l t s  o f  
Klebanoff ,  T idst rom and Sargent (1962) a re  discussed. Second, some aspects 
o f  k inemat ic  wave theory are expla ined.  Th i rd ,  k inemat ic  wave theory i s  
used t o  expla i n breakdown ( ~ a n d a h l  , 1972) . 
6.2 The three-dimensional na ture  o f  t r a n s i t i o n  
Klebanoff ,  Tidstrom, and Sargent (hencefor th r e f e r r e d  t o  as KTS) 
c a r r i e d  o u t  experiments on the t r a n s i t i o n  t o  turbulence i n  t he  boundary 
layer  of  a f l a t  p l a t e .  The i r  experiment was designed t o  s tudy the  growth 
and e v o l u t i o n  o f  c o n t r o l l e d  three-dimensional d is turbances.  I t  had been 
observed t h a t  the growing waves were o f  a three-dimensional charac ter ;  t h a t  
i s ,  the  wave ampli tude va r ied  i n  the cross-stream d i r e c t i o n .  They there-  
f o r e  at tached one-hal f  inch pieces o f  scotch tape one-hal f  an i nch  a p a r t  on 
the underside o f  a r ibbon which they v ib ra ted  a t  a f i x e d  frequency. 
The three-dimensional nature o f  the growing wave i s  i l l u s t r a t e d  by  
Figs.2 and 1 1  o f  KTS. F igure 2 shows the  spanwise v a r i a t i o n  i n  downstream 
f l u c t u a t i n g  v e l o c i t y  u '  f o r  var ious downstream loca t i ons .  F igure  1 1  g ives  
the spanwise v a r i a t i o n  i n  downstream f l u c t u a t i n g  u '  and mean v e l o c i t i e s  and 
cross-stream f l u c t u a t i n g  w '  and mean v e l o c i t i e s  a t  a downstream l o c a t i o n  
j u s t  p r i o r  t o  breakdown. Val leys ( i . e .  minimum amplitudes i n  t he  spanwise 
v a r i a t i o n  o f  v e l o c i t i e s )  a re  l i n e d  up w i t h  the pieces o f  tape on the  r ibbon,  
w h i l e  peaks a re  l i n e d  up w i t h  the gaps between pieces o f  tape. 
F igure  9 o f  KTS i l l u s t r a t e s  the  harmonic content o f  u '  as a f u n c t i o n  
o f  downstream loca t i on .  A t  breakdown the f i r s t  harmonic has stopped growing 
whereas the second and t h i r d  harmonics a re  r a p i d l y  growing. 
F igure 19 o f  KTS shows the downstream v o r t i c i t y  ( i . e .  l o n g i t u d i n a l  
eddy) s t ruc tu re .  When the three-dimensional wave begins t o  grow a l o n g i  t u -  
d i n a l  eddy occupies the region from a peak t o  a v a l l e y .  By the  t ime break-  
down occurs the eddy has almost halved i t s  wavelength. 
The suddenness o f  breakdown a t  a peak i s  demonstrated by Fig.22 o f  
KTS. This  suddenness ind ica tes  tha t  some k ind  o f  c r i t i c a l  f l ow  c o n d i t i o n  
has been reached a t  the breakdown. 
Before breakdown an i n f l e c t i o n  p o i n t  shows up i n  the instantaneous 
v e l o c i t y  p r o f i l e .  Figure 10 o f  KTS gives the mean v e l o c i t y  p r o f i l e  a t  
var ious downstream locat ions .  F igure 30 o f  KTS shows the instantaneous u 
and fi v e l o c i t y  p r o f i l e  o f  var ious downstream loca t i ons .  F igure  31  o f  KTS 
demonstrates t h a t  a roughness element glued t o  the f l a t  p l a t e  produces a 
s i m i l a r  i n f l e c t i o n a l  v e l o c i t y  p r o f i l e .  
During breakdown intense, high- frequency f l u c t u a t i o n s  develop. F ig-  
ure 21 o f  KTS gives osci l lograms o f  u a t  var ious downstream d is tances  
around the l o c a t i o n  o f  breakdown. These show the sudden development o f  
spikes o f  negat ive u. 
The frequency o f  the breakdown process ( i  e .  the " ha i rp in"  eddies)  i s  
given i n  Fig.29 o f  KTS. The Strouhal number I - ~ Q  i s  independent o f  Rey- 
* 4 
nolds number and equal t o  0.13, where bb i s  the displacement th ickness  o f  
the mean ve loc i  t y  p r o f  i l e  a t  breakdown, $, i s the frequency and U ,  i s the  
f ree  stream v e l o c i t y .  
E lder  (1962) i n  Fig.2 shows a photograph o f  a growing t u r b u l e n t  spot  
approximately.  The spot spreads i n  the downstream d i r e c t i o n  w i t h  the  f r o n t  
fac ing  the spot t r a v e l  1 i ng  a t  approximately 90% o f  the f r e e  stream v e l o c i t y .  
The spreading angle o f  the spot i s  approximately l o 0 ,  which can be shown t o  
be i n  good agreement w i t h  To l lm ien- Sch l ich t ing  theory.  
The observed breakdown process i s  not  described by the  Landau equa- 
t i o n  because the i n s t a b i l i t y  i s  o f  much shor te r  wave- length than the funda- 
mental. According t o  the l i n e a r  theory app l ied  t o  the mean v e l o c i t y  p r o f i l e  
the h igher  wave numbers are  s tab le .  However, the breakdown process can be 
explained us ing  k inemat ic  wave theory. 
6.3 Kinematic wave theory 
This sec t ion  i s  devoted t o  kinematic wave theory, which w i l l  be ap- 
p l i e d  t o  the  problem o f  breakdown i n  the next sect ion.  
Consider a one-dimensional wave t r a i n  o f  length  sca le  L w i t h  charac-  
t e r i s t i c  wave length 3 0 .  Assume t h a t  the length  
o f  the  wave t r a i n  i s  l a rge  compared w i t h  the wave 
length, i . e . , € ~ A o / ~ < ~ f .  (see Fig.6.1). 
That i s ,  we f i n d  
a ( k o )  X -  i (M-n M t )  i (n-fqo)h- 2t t)r e = e e 
where w i s  the (complex) frequency and k the 
Therefore, as long as ( . c , ~ / L )  4 4 t 5 - I  (and 
(fi,/r~,l c < 1) , the d is turbance i s  approxi - 
mately given by 
i(*ii-a i s )  t~ [eii*-~(i.*.(ho~+i f i  
$4 v Ck)dk. , 
A m o v ~ n ~  wave rrain 
Fig .  6.2 
wave number. The d i sturbance v ( X  ,t) may be I 
represented by the Four ie r  i n t e g r a l  F ig .  6.1 
oo ;(fiz-fi C K ) ) t  , 
v- { e v, ( w c l k ,  
-00 
where ( i s  the Fourie: t ransform o f  the i n i t i a l  d is tu rbance K C * ) -  
The d i s t r i b u t i o n  o f  IG(k ) l  has a narrow band w id th  b e c a u s e € < L I  . Th is  
f a c t  enables us t o  expand the phase ( h x  - n ( K ) t )  w i t h  respect  t o  < @ - k , ) ( o ~ E ) :  
-b 
a fLk ( k e )  
where A, z ak i s  the group v e l o c i t y .  A l t e r n a t i v e l y ,  the  above formula 
may be expressed as 
which means tha t  the wave ampli tude d i s t r i b u t i o n  moves w i t h  the  group ve lo-  
c i t y  x,(k,) , w i t h  the  ampli tude changing exponen t ia l l y  w i t h  t ime propor-  
t i o n a l  t o  e I n  addi t ion there  i s  a phase change o f  ko (L, - C , ) t  , where 
<,= (k.?/n,. 
I n  the case o f  the i n i t i a l  value problem, f o r  which the  d i s t r i b u t i o n  
of  I (h.)la does not  have a narrow band width,  the method o f  s t a t i o n a r y  phase 
y i e l d s  the asymptot ic s o l u t i o n  f o r  x l a rge  compared w i t h  L , 
-6 (R.) ~ ' ( h ~ x  -nfb> t)  
V ( x , t )  = J p X Z &  e (6.2) 
ah* 
a fi+ (ke 
where k, i s  chosen so t h a t  t he  c o n d i t i o n  X--~X-  t =  0 i s  s a t i s f i e d .  
For two-dimensional  wave propagat ion,  we f i n d  i n  the  same way 
I V" T 
I f  the  growth r a t e  fix i s  cons idered e x p l i c i t l y  i n  t h i s  two-dimensional  
case, we have I f i s t  
v-- e (6.3) 
Here t h e  f a c t o r  ( t  - ' )  obv ious l y  o r i g i n a t e s  i n  t h e  wave d i s p e r s i o n ,  and may 
t h e r e f o r e  be termed a 'Id i spers i on  decay". Next ,  wave p ropaga t i on  th rough  
s l o w l y  v a r y i n g  media i s  considered. As i s  well-known, when the .e ikona1  
e x i s t s ,  i . e . ,  t he  d i s t u rbance  i s  expressed as p r o p o r t i o n a l  t o  eLe, ( @  i s  
. . 
t he  e i k o n a l ) ,  we have a w  
= - ~ g , $ ~ ,  h i =  a8/axi,  hence  - ax i  +L= a t  0. 
which may be regarded as an equa t ion  f o r  t he  conse rva t i on  o f  wave c r e s t s .  
The freq"ency i s  a  f u n c t i o n  n d t  o n l y  o f  t h e  wave number components k; b u t  
a l s o  o f  t and 'X; , i . e .  
w = - ( k i  ; t , x L ) .  (6.5) 
Note t h a t  t h e  group v e l o c i t y  i s  de f i ned  by t he  r e a l  p a r t  o f  XL , 
an 
e l=  ski. (6.6) 
For s i m p l i c i t y  we s h a l l  s t a r t  o u t  by r e s t r i c t i n g  o u r  i n v e s t i g a t i o n  
t o  a  s teady nonhomogeneous medium. Suppose a wave t r a i n  i s  moving w i t h  
the  group v e l o c i t y  C A  a t  a  p o s i t i o n  
A and w i t h  t h e  group v e l o c i t y  C B  a t  I * c~ ---+ C-  
another  p o s i t i o n  B (see F i g . ) .  Then 
a r e l a t i o n  i s  e a s i l y  ob ta ined  be- 1- 
tween t he  group v e l o c i t y  and t he  
l eng th  occupied by the  pass ing wave 
t r a i n .  ~ o n s e r v a t  i on  o f  Wave c r e s t s  
g ives  
A t i % :  $Q- Q 
There fo re  F i g .  6.3 
I n  the  conse rva t i ve  system a q u a n t i t y  c a l l e d  wave a c t i o n  w i t h  d e n s i t y  A 
( -  ( a m ~ l i t u d e ) ~ )  i s  conserved. (whitham, 1972.) By the  i n v a r i a n c e  o f  
( L A I w e  have f o r  the  wave a c t i o n  d e n s i t y  2: L 
c i3 
whence we f i n d  
A&' C 
These arguments show t h a t  ( c  A) remains cons tan t  w i t h  t h e  v a r i a t i o n  o f  X , 
a i . e . =  ( cA)=O . I f  genera l i zed  t o  an unsteady system, i t  reads 
a a 
,A +, ( cA \=o .  (6.7) 
Moreover, i f  a  weakly non- conserva t i ve  system i s  cons idered,  and e x t e n s i o n  t o  
p ropaga t ion  i n  t h ree  dimensions i s  made, t h i s  conse rva t i on  law becomes ap- 
p rox ima te l y  
For a p r o o f  o f  t h i s  r e l a t i o n ,  see Jimenez and Whitham, Proc.Roy.Soc. Lond. 
A.349: 277 (1976). 
6 . 3  App l i ca t i on  o f  k inemat ic  wave theory t o  breakdown 
Kinematic wave theory i s  now app l i ed  t o  boundary l aye r  t r a n s i t i o n  
i n  order  t o  exp la in  the breakdown process. When there i s  a nonhomogeneity 
t r a v e l  1 i ng w i  t h  a phase ve loc i  t y  4, ( i  .e. R = ~ ~ ( x - c $ )  i n  the  equat ion  f o r  
the conservat ion o f  wave a c t i o n  c must be replaced by C-t ,v . That i s ,  
f&6 where 9 i s  a constant.  Thus, a t  c = c ,  there  i s  a c r i t i c a l  cond i-  
t i o n  reached where the theory breaks down. For an a r b i t r a r y  system C = c ( ~ , t ) ,  
a l o c a l  phase ve loc i  t y  may be def ined as c. : - c + / ~ ~ .  ( ~ a n d a h l  , 1972). 
The c r i t i c a l  c o n d i t i o n  f o r  breakdown may be understood p h y s i c a l l y  by 
l ook ing  a t  the analogous s i t u a t i o n  i n  a supersonic nozzle.  I f  a f l o w  i s  
being accelerated from subsonic t o  supersonic f low through a nozzle,  t h e r e  
i s  no p i l e  up o f  disturbances a t  the l o c a t i o n  o f  the c r i t i c a l  c o n d i t i o n  
because disturbances (which t r a v e l  a t  the speed of  sound r e l a t i v e  t o  the 
moving f l u i d )  t r a v e l l i n g  downstream a re  swept through the nozz le  by the  f l o w .  
On the o the r  hand, i f  a f l ow  i s  being decelerated from supersonic t o  sub- 
sonic f l o w  through the nozzle d is turbances w i l l  p i l e  up ( i . e .  a shock wave 
develops) a t  the l o c a t i o n  o f  the c r i t i c a l  c o n d i t i o n  because the  d is tu rbances 
t r a v e l l i n g  upstream cannot pass through the nozzle. Thus a c r i t i c a l  cond i-  
t i o n  i s  a way o f  i d e n t i f y i n g  a p lace where the f low has t o  change cha rac te r .  
Landahl (1972) (hencefor th c a l l e d  L) used k inemat ic  wave theory t o  
exp la in  the breakdown process i n  t h i s  fashion.  Two fundamental assump- 
t i o n s  were made: ( i )  The wavelength o f  the secondary wave i s  much less  than 
the wavelength o f  the pr imary wave which makes i t  poss ib le  t o  t h i n k  o f  t he  
secondary wave as r i d i n g  on the pr imary wave, and ( i  i ) the  frequency o f  the  
secondary wave i s  much less than the frequency o f  the  pr imary wave so t h a t  
the inhomogeneity due t o  the pr imary wave i s  s lowly  vary ing .  
F igure 6 o f  L shows the instantaneous and mean v e l o c i t y  p r o f i  l e s  be- 
f o r e  breakdown wh i l e  Fig.8 o f  L shows the v e l o c i t y  p r o f i l e  a t  breakdown. 
The Orr-Sommerfeld equat ions a re  then solved numer ica l l y  i n  o rde r  t o  f i n d  t h e  
d ispers ion  c h a r a c t e r i s t i c s  us ing  smoothed v e l o c i t y  p r o f i l e s  f rom the e x p e r i -  
ments. I t  i s  then poss ib le  t o  determine whether the c r i t i c a l  c o n d i t i o n  
occurs somewhere i n  the f low,  c being the group v e l o c i t y  o f  the  secondary 
wave and C, i f  the phase v e l o c i t y  o f  the pr imary wave. The d i s p e r s i o n  d i a -  
gram f o r  the instantaneous v e l o c i t y  p r o f i l e  a t  p o s i t i o n s  upstream o f  break-  
down i s  shown i n  F ig.7 o f  L. I t  can be seen t h a t  f o r  t h i s  C # c o .  The 
d ispers ion  diagram a t  breakdown i s  shown i n  F ig.9 o f  L. A t  breakdown c = c a  
f o r  some k and A, 2 0 where A, i s  the  growth r a t e  o f  t he  secondary 
wave. Thus, a t  breakdown the secondary wave focuses on the  pr imary  wave where 
the growth r a t e  o f  the secondary wave i s  p o s i t i v e .  
The phase o f  the pr imary wave i s  shown as a f u n c t i o n  o f  downstream 
d is tance i n  Fig.10 o f  L. This  f i g u r e  shows t h a t  the  pr imary wave acce l-  
erates p r i o r  t o  breakdown. Thus, the pr imary wave catches up w i t h  the  sec- 
ondary group ra the r  than the secondary group s lowing down t o  meet t he  p r imary  
wave. 
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ADDENDUM (M. T. Landahl ) 
The E f f e c t  o f  D ispers ion  on Wave Focusing 
The wave breakdown theory  o f  Landahl (1972) was c r i  t i c i  zed by 
Stewartson (1973) on t he  grounds t h a t  the  model equa t i on  (6.8) w i t h  c  
g iven  by (6.6) would n o t  account p r o p e r l y  f o r  d i s p e r s i v e  e f f e c t s .  By 
expansion o f  t he  l i n e a r  s o l u t i o n  around a centered wave number k = ko 
and s e t t i n g  v =  a m p [ i ( 6 + k O ~ - f i R t ) ]  t ~ w ~ { h , ~  -fipf} where a i s  ( t h e  
- 
r e a l )  ampl i tude, 6 a s l o w l y  va ry i ng  phase, and t he  complex ampl i tude, 
he shows t h a t  s a t i s f i e s  approx imate ly  t he  d i f f e r e n t i a l  equa t i on  
; ( Y ' , + K * Y , ) -  byxY,,= ~fidIY' (6.9) 
where 
and 
and s u p e r s c r i p t  o  denotes q u a n t i t i e s  eva luated a t  k  = ko. (For  a  non- 
d i s s i p a t i v e  system ~ i t h n , = O ,  i n c l u s i o n  o f  weakly n o n l i n e a r  c u b i c  terms 
leads t o  the we1 1 -known "nonl i near Schrb'd inger  equa t ion 1' ) .  
The s o l u t i o n  o f  t h i s  equa t ion  f o r  l a r g e  t imes can be shown t o  be 
equ i va len t  t o  the asympto t i c  s o l u t i o n  (6 .2) .  Equat ions (6.4) and (6.8) 
(when spec ia l  ized t o  the homogeneous case),  however, do n o t  i n c l u d e  any 
term correspondi ng t o  b0 V/, $ .  Stewartson then goes on t o  show how t h e  
s o l u t i o n s  based on t he  two model equat ions would d i f f e r ;  i n  p a r t i c u l a r ,  t h e  
imaginary p a r t  o f  b  would be impor tant  f o r  t he  ampl i tude  magnitude a t  l a r g e  
t imes. 
The ques t ion  o f  the  importance o f  such d i s p e r s i v e  e f f e c t s  f o r  the  
e v o l u t i o n  o f  the  wave t r a i n  has been s tud ied  by Chin (1976). Through an 
ex tens ion  o f  Whitham's theory  f o r  a  wave t r a i n  p ropagat ing  through a non- 
homogeneous medium t o  i nc l ude  h igher- order  d i s p e r s i v e  e f f e c t s  (as w e l l  as 
weakly non l i nea r  e f f e c t s )  he f i n d s  t h a t  (6.5) should be rep laced by 
l a x  2 fi a n  (6.10) - w=nR(k,X)+ 6 [ a (2) -bq a1f2 ( A ) +  . . . 
- 
where X i s  a  s low x - v a r i a b l e ,  Y = C X  and f l c k )  i s  a  f u n c t i o n  a r i s i n g  f r om 
weak non l i nea r  e f f e c t s  (not  discussed here) .  I n  t h i s  expression are  l e f t  
ou t  terms i nvo lv ing  x - d e r i v a t  ives o f  the wave number which a re  general l y  
o f  less  importance. Since / E  must be o f  o rder  uni t y  f o r  the concept o f  
a s lowly  va ry ing  wave t r a i n  t o  be meaningful, the c o r r e c t i o n  terms f o r  t h e  
l i n e a r  case are  o f  o rder  E' . This equat ion i s  t o  be used i n  the equat ion  
(6.4) f o r  t he  conservat ion o f  wave c res ts .  I n  a s i m i l a r  manner, Chin (1976) 
f i nds  t h a t  the  equat ion (6.7) f o r  the  wave a c t i o n  dens i t y  when cor rec ted  f o r  
h i  aher-order e f f e c t s  becomes 
u 
1 ab, 
- 3 -  " a ( K ~ ) =  1 * 4 3 + ~  [ a k  ($  ~~'~-4 3T ax 
where T = E ~  
i s  the slow time. Again, terms i n v o l v i n g  d e r i v a t i v e s  o f  k  have been neg lec-  
ted as be ing  less important.  Thus s ince b~ = O ( 6 )  according t o  the bas i c  as-  
sumption o f  slow decay o r  growth r a t e  o f  the wave t r a i n ,  the e f f e c t s  p o i n t e d  
out  by Stewartson (1973), which a re  produced by the terms w i t h i n  the square 
bracket ,  thus g ive  c o n t r i b u t i o n s  which a re  o f  o rder  E and hence n e g l i g i b l e .  
However, very  near a focus, terms i n v o l v i n g  h igher  x - d e r i v a t i v e s  may no 
longer be neglected, so tha t  the foca l  s t r u c t u r e  i s  no t  p rope r l y  descr ibed 
by (6.7) because d ispers ion  w i l l  counteract  the focussing. Through an ap- 
proximate ana lys is ,  Chin (1976) f i n d s  t h a t  the  thickness o f  the  foca l  re-  
gion i s  p ropo r t i ona l  t o  6"' i n  unscaled va r iab les .  Also, the  wave a c t i o n  
dens i ty  i s  found t o  remain f i n i t e ,  bu t  large,  a t  the focus. 
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Lecture #7. 
7. SOME THEORETICAL APPROACHES TO TURBULENCE 
7.1 Mix ing- length and eddy v i s c o s i t y  c losures 
One o f  the more successful  simple c losure  schemes f o r  t h e  c a l c u l a -  
t i o n  o f  t he  mean v e l o c i t y  d i s t r i b u t i o n  i n  a tu rbu len t  shear f l ow ,  i .e . ,  
r e l a t i o n  between the Reynolds s t ress  and the mean-flow p r o p e r t i e s ,  i s  
P r a n d t l ' s  (1925) momentum t r a n s f e r  theory i n  which a mix ing  l e n g t h  f o r  the  
momentum was introduced ( ~ a y l o r  was the f i r s t  t o  suggest the  idea o f  a 
mix ing  l eng th  i n  h i s  v o r t i c i t y  t ranspor t  theory o f  1915). The b a s i c  assump 
t i o n  i n  P r a n d t l ' s  (1925) theory i s  t h a t  each f l u i d  element when d i sp laced  
from i t s  o r i g i n a l  p o s i t i o n  y i n  the shear f l ow  w i l l  r e t a i n  i t s  o r i g i n a l  
streamwise momentum. Thus, i f  i t  i s  displaced a v e r t i c a l  d i s t a n c e 1  the  
- - a i7 .  
apparent v e l o c i t y  pe r tu rba t i on  u w i  1 1  be LA= ~ ( V I -  u ( y t  r ) =  - 4 q 
The v e r t i c a l  v e l o c i t y  component i s  given by w z ~ - f / ~ t  . On t h e b a s i s  o f  
dimentional reasoning one could se t  t h i s  p ropo r t i ona l  t o  <lafi/alj l .  Thus, 
the Reynolds shear s t ress  i s  approximated by 
- - av av Z ; 2 ' I p ~ ~ = P R a  -- 
a 3  aY 
where 1, i s  Prandt l  I s  mix ing length.  He suggested t h a t  f o r  a boundary 
l aye r  the mix ing length should be propor t iona l  t o  the d i s tance  f rom the  
w a l l ,  i .e . ,  4, = x y  
where K i s  a constant   on Karman's cons tant ) .  For the cons tan t - s t ress  
region 
With J,,,=X~ and s u f f i c i e n t l y  f_ar from the wa l l  where the v iscous s t r e s s  
may be neg 1 ected one f i nds 3 u / d ~  and, as could be expected, the 
l oga r i t hm ic  p r o f i l e  i s  recovered. Von Karman (1930) proposed a d i f f e r e n t  
r e l a t i o n  between the mean v e l o c i t y  d i s t r i b u t i o n  and the m ix ing  length ,  
namely, he assumed i t  t o  be p ropo r t i ona l  t o  the l oca l  rad ius  o f  cu rva tu re  
I n  T a y l o r ' s  (1932) mix ing  length  hypothesis f o r  the v o r t i c i t y  he a l s o  
assumed the v o r t i c i t y  mix ing  length  t o  be p ropo r t i ona l  t o  the d i s tance  
from the w a l l .  A l l  three approaches g ive  a l oga r i t hm ic  reg ion ,  b u t  the  
v e l o c i t y  p r o f i l e s  d i f f e r  i n  d e t a i l s .  
The concept o f  a mix ing length  i s  c l o s e l y  re la ted  t o  t h a t  o f  the  
mean f ree  path i n  the k i n e t i c  theory o f  gases. Fyom t h i s  thetory the  coef-  
f i c i e n t  o f  molecular v i s c o s i t y  i s  g iven by 3 - - / l  a where 4 i s  the  mean 
f ree  path i n  the gas and a i s  the v e l o c i t y  o f  sound. I n t roduc ing  a tu rbu-  
l e n t  v i s c o s i t y  
cl / 
and us ing the mix ing- length expression f o r  u we ob ta in  3 T c 1 m v  
/ - 
where ZT = R v / ~ ~  
which could be expected t o  be p ropo r t i ona l  t o  u'= JF + 
Many extensions o f  these ideas can be found i n  the l i t e r a t u r e ;  as an 
example, l e t  us j u s t  sketch the  model ing  proposed by Jones and Launder (1972). 
They assume t h a t  
The idea i s  t o  c a l c u l a t e  $' and f o r  the  f l o w  considered, and GI 
- 1. i s  ad jus ted  t o  f i t  measured data. F i r s t ,  q, i s  c a l c u l a t e d  f rom the energy 
v 
equat ion , 
The d i s s i p a t i o n  6 i s  found from a separate model equat ion;  obv ious ly ,  t h e  
t ranspor t  term ( i n v o l v i n g  pressure c o r r e l a t i o n s )  has t o  be modeled i n  terms 
o f  knbwn q u a n t i t i e s ,  
where A i s  same i n t e g r a l  length  scale, A ,  , C, a r e  ad jus tab le  parameters, 
and g7 i s  given as above. 
The - model now looks comparat ively simple w i t h  the two coupled equa- 
t i o n s  f o r  and 6 on ly  t o  be solved together  w i t h  the  equat ions f o r  the 
mean f low,  once the  parameters are f i x e d  by comparison w i t h  experiments. 
Wi th in  the range o f  freedom given by schemes l i k e  the above there  
e x i s t  many acceptable models, each w i t h  i t s  m e r i t s  and l i m i t a t i o n s ;  i t  i s  
a mat ter  o f  a v a i l a b i l i t y  o f  data, s p e c i f i c  fea tures  o f  a problem, (and 
t a s t e ) ,  t o  p i c k  the most convenient one f o r  each case. 
7.2 Closure schemes f o r  t u rbu len t  spectra 
We w i l l  j u s t  take a look a t  a d i f f e r e n t  k i n d  o f  c losure ,  as app l i ca-  
b l e  t o  the spec t ra l  equations, bu t  on l y  discussed here i n  r e l a t i o n  t o  the  
case o f  an i s o t r o p i c  and homogeneous tu rbu len t  f low,  f o r  which the  mean 
f low becomes un in te res t i ng .  
We have f o r  the three-dimensional s igna l  energy spectrum 
where T i s  the non- l inear  spec t ra l  t r a n s f e r  term, o f  which we need no t  
know here the e x p l i c i t  r e l a t i o n  t o  the t r i p l e  c o r r e l a t i o n s .  
As t h i s  t r a n s f e r  i s  a conservat ive process, we must have 
i = ' ~ ( k )  d *  = 0 
. 
Several i n e r t i a l - t y p e  models e x i s t  f o r T ( ~ ) ,  and attempts have been 
made t o  de r i ve  how f a s t  the spectrum drops o f f  i n  the viscous range. A 
well-known e a r l y  attempt was made by Heisenberg (1948), lead ing  t o  a 
spectrum f o r  l a rge  .h , but  one could argue t h a t  the  spectrum must fa1 1 
o f f  more r a p i d l y  than any inverse power o f  k' t o  make spectra o f  de r i va-  
t i v e s  o f  LL t o  a r b i t r a r y  h igh  order  be i n teg rab le .  Kovasenay (1948) p ro-  
posed f o r  ??&- ((7 (near equ i 1 i b r  i um) a t  a G 7 - 2 - = - ~ v ~ * E ( K )  ah  
expressing t h a t  the divergence o f  energy t r a n s f e r  f l u x  i s  comppletely 
balanced by viscous d i s s i p a t i o n .  The i n e r t i a l  subrange expression f o r  
E i s  subs t i tu ted ,  leading t o  
so t h a t ,  f i n a l l y  E z o c  E1h,<-% ( 1 -  
An a l t e r n a t i v e  vers ion  was proposed by Pao (1965), who suggested a d i f -  
fe ren t  i n e r t i a l  range modeling f o r 5  , namely ~ [ K ) ; $ ( & , H ) E ( . K ) .  Dimen- 
t i o n a l  ana lys i s  y i e l d s  $ --oE' w q 3 ,  w i t h  the f i n a l  expression ( a f t e r  
i n t e g r a t i o n :  
A comparison between the two r e s u l t s  shows t h a t  Kovasznay's formula ap- 
pears as the  1st o rder  expansion (ou ts ide  the i n e r t i a l  range) o f  Pao's 
exponential  drop o f f .  However, as the assumption o f  extending the  i n e r -  
t i a l  sca l ings  ou t  o f  t h e i r  range i s  a 1st  order  approximation, the  two f o r -  
mulas a r e  equivalent ,  and probably o f  quest ionable v a l i d i t y  beyond the  
Kol mogorov scale range. 
F i n a l l y ,  as an example o f  o ther  and more sophistocated approaches 
t o  turbulence modeling, we s h a l l  g i ve  a very shor t  d e s c r i p t i o n  o f  the  
f i r s t  vers ion  o f  Kraichnan's (1959) models, the d i r e c t  i n t e r a c t i o n  approx- 
imation (DIA) .  
We s t a r t  from the spec t ra l  equations f o r  box turbulence (so as t o  
d i s c r e t i c i z e  the wave-vectors) , 
+ 
where - A  represents a l l  t r i a n g l e s  tha t  g i ve  + I< 
K, l i  j 
- P = ; - k a  i s  obtained through the e l i m i n a t i o n  o f  pressure 
w i t h  the a i d  o f  c o n t i n u i t y .  
- $ r a , t , h )  i s  a random fo rc ing  term, the i n t e n s i t y  o f  which i s  mea- 
sured by a smal l parameter h ,  
Expansion o f  C$ i n  powers o f  y i e l d s :  
- a t  o rder  1 ;  d i r e c t  i n t e r a c t i o n s  
- otherwise; h igher  harmonics o f  the pe r tu rba t i on .  
When these equat ions are  mu1 t i p 1  ied by Uh and added i n  o rde r  t o  y i e l d  
s t a t i s t i c s  o f  the f i e l d ,  the random f o r c i n g  term appears weighted by a Green's 
f unc t i on  5 , which s a t i s f i e d  the equat ion 
I <  I being a known geometr ical  f a c t o r .  The remaining equat ions read 
w i t h  U def ined as 
C4 
Taking now 1 = I  everywhere, 5 z 5 , y i e l d s  what i s  known as t h e  d i r e c t  
i n t e r a c t i o n  approximation. 
I t  has a ser ious drawback. I t  does not  y i e l d  the expected k - 573 
- 31% 
energy spectrum i n  the i n e r t i a l  subrange, bu t  I( instead.  Th is  has 
been shown t o  be due t o  the absence o f  Ga l i lean invar iance t o  random 
mot ions. 
The cure was found as Lagrangian H i  s to ry  D i  r e c t  I n t e r a c t i o n  Ap- 
prox imat ion (L.H.D. I .A.) ( ~ r a i c h n a n ,  1965). 
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Lecture #8. 
8. WAVE PROPERTIES OF WALL TURBULENCE 
8.1 In t roduc t i on  
E a r l i e r  i t  was shown t h a t  a s p a t i a l l y  and temporal ly  homogeneous 
system admi t t i ng  disturbances i n  form o f  l i g h t l y  damped propagat ing waves 
(a wave guide) which were exc i ted  by a broad-band no ise  source would have 
a wave-number frequency spectrum h i g h l y  peaked around the eigenfrequency 
o f  the system. A p a r a l l e l  shear f l ow  admits wave- l ike d is turbances i n  
form o f  To l lm ien- Sch l ich t ing  waves, and the turbulence i n  a boundary l a y e r  
could the re fo re  be expected t o  show some o f  the c h a r a c t e r i s t i c s  o f  the  
s t a t i s t i c a l  wave-guide model. The f o r c i n g  o f  the system i s  prov ided by the  
non l inear  e f f e c t s ,  i n  p a r t i c u l a r  by the st rong mix ing  tak ing  p lace  du r ing  
bu rs t i ng .  The observat ions by K l i ne  e t  aZ., (1967) and Kim e t  aZ., (1971) 
i nd i ca te  t h a t  the regions o f  s t rong mixing, i . e . ,  o f  n o n l i n e a r i t y ,  a re  
h i g h l y  l o c a l i z e d  i n  t ime and space i n  regions very c lose  t o  the  w a l l .  The 
st rong l o c a l i z a t i o n  impl ies broad-banded spectra,  which the re fo re  should 
s a t i s f y  w e l l  the assumption o f  the wave-guide model. The bas i c  ideas o f  
t h i s  model f o r  boundary l aye r  turbulence were f i r s t  presented by Landahl 
(1967) and l a t e r  extended by Bark (1975). 
8.2 Wave-au i de theorv 
For the f l u c t u a t i n g  v e l o c i t y  f i e l d ,  
- 
We assume a para1 l e l  shear f low, = ~ ( L J )  d,, , and se t  
- a a 
= - Dt a t  
Then (8.1 ) reduces to ,  
(8.2) 
at 
By tak ing  the divergence o f  (8.2) ,  we ob ta in  a r e l a t i o n  f o r  the  pres- 
sure, w r i t i n g  u2=v j  
1 av + 
-jj o'p ;-lV - as - 
ax =$;(uiuj - uiui) (8.3) 
A t  t h i s  stage e i t h e r  an equat ion f o r  p o r  V could be obta ined,  bu t  t o  
e x p l o i t  known r e s u l t s  f o r  the  Orr-Sommerfeld equat ion, an equat ion  i n  V' 
i s  used. App l i ca t i on  o f  the Laplacian operator  t o  (8.2) and use o f  (8.3) 
gives, 
where, 
I n  d e r i v i n g  (8.4) ,  homogenei t y  i n  the x and z d i r e c t i o n s  has been 
assumed. I t  would be expected tha t  y- de r i va t i ves  a re  much l a r g e r  than 
e i t h e r  x- o r  z- de r i va t i ves ;  there fore ,  3 could be approximated by 
So t o  ob ta in  an est imate o f  q , on ly  the terms U V a n d  V W a r e  needed. 
Unfor tunate ly ,  experimental in fo rmat ion  i s  o n l y  a v a i l a b l e  f o r  LLW. 
With s t a t i s t i c a l  s ta t i ona ry  turbulence and homogeneity i n  x- and 
z - d i r e c t i o n s  assumed Four ie r  t ransform techniques become convenient,  so 
we s e t  w 
G ( ~ ;  y/3j ~3)=(2~)~ ' f ( f v (x ,  !j I % 2  t )  erP [- i(acrrpr-wt)Jdxdadt ( 8 . 6 )  
-00 
and s i m i l a r l y  f o r  q . The transforms are  then s u b s t i t u t e d  i n t o  ( 8 . 4 )  
and the  r e s u l t i n g  equat ion convenient ly  nondimensionalized by s c a l i n g  w i t h  
respect t o  the f r e e  stream v e l o c i t y  U, and boundary l aye r  th ickness $ , 
g i v i n g  
I (v- e )(G7< K%$) - u''; - me (&-+ 
d 
where d . 4  and K'=&/%, w i t h  boundary cond i t ions ,  
4 +lo}= G)(O)= O(-): vf(=) r o  
The Reynolds number i s  def ined as Re =xJ/9  and $ i s  t he  t rans form o f  
the source term. 
Equation ( 8 . 7 )  i s  homogeneous w i t h  respect t o  boundary cond i t i ons ,  
and i n  general w i thout  the inhomogeneous f o r c i n g  term, the s o l u t i o n s  
would be zero f o r  a s tab le  mean f low.  The non l inear  terms would be ex- 
pected t o  be l a rge  du r ing  b u r s t i n g  and the re fo re  h i g h l y  i n t e r m i t t e n t .  
I t  would there fore  seem reasonable t o  suppose t h a t  would behave q u a l i t a -  
t i v e l y  l i k e  random shot noise, so t h a t  if , and hen the energy spectrum 
o f  c+ , would be f a i r l y  f l a t ,  w i t h  a h igh  wave number c u t - o f f .  However, 
one cannot exaluce the p o s s i b i l i t y  t h a t  may have resonant f requencies,  
and i t s  spectrum have poles and o the r  s i  f g u l a r i t i e s  i n  the complexw-plane.  
We look f o r  formal so lu t i ons  o f  (8.7) .  I t  i s  assumed t h a t  t h e  mean 
v e l o c i t y  p r o f i l e  U(y)  i s  known f o r  the  boundary layer ,  and a l s o  t h a t  9 i s  known, say from experimental observat ion and modelled s t a t i s t i c a l l y  as 
shot noise.  (Bark, 1975). 
A 
The equat ion f o r  V involves the  l i n e a r  Orr-Sommerfeld opera tor ,  
an< we can use the e igenfunct ions o f  the homogeneous problem t o  represent  
. Denote as f o l  lows: 
and 4 = 4 In', the n t h  e igenfunc t ion ,  and ic --.C('') the corresponding e igenva lue  
s a t i s f y i n g  
J' (d("')=o, $ ( ~ ) = $ ' t o ) = Q ( - ) = + ' ( m ) = O  
0.5. 
C 
The a d j o i n t  operator  d e o e S ,  i s  de f ined by 
E0,,  [G= (V-,C)(&)L K ' F )+ 17/'g- (;a R~)"[K - K')% ( 8  9) 
/U - *r: 
, $" ' ]=o w i l l  g ive the a d j o i n t  e igenfunc t ion  4 '") corresponding t o  
. From (8.8) and (8.9) one can de r i ve  the o r t h o g o n a l i t y  r e l a t i o n  
( . C ( ~ ) -  ~ ~ ) ~ [ ~ ~ ) ~ ~ * ' + ~ 2 + ~ ~ ) ~ ~ ~ d ~  - 
0 Q, 
0. S .  
So, i f  
then 1 rm,n) 
= Jmn In 
where I,, 3 (n~rL' 
A In) Formal l y ,  'V may be expanded as a sum s e r i e s  i n  t h e  e i  genfunct  ions 4 , 
( n e g l e c t i n g  c o n t r i b u t i o n s  f rom a p o s s i b l e  cont inuous p a r t  o f  t h e  spectrum) 
- 
S u b s t i t u t i n g  t h i s  i n t o  (8 .7) ,  mu1 t i p l y i n g  w i t h  4"")and a p p l y i n g  t he  o r t h o -  
g o n a l i t y  r e l a t i o n  
P 
SO t h a t  A, = [ i ~ w - f i ' ~ ) ~ ~ , ) - ' [ ~  6( 'dy  
where fir*) = M / C  C-1 
and thus, $ + L d  n 
V = Z  U n f i h J 1  Cn = - 
N. CC 
Hence, r e s u l  t s  f o r  t he  wave number-f requency spectrum Euv = E m ( d f i ~ j g )  
can be found i n  terms o f  the  spectrum f o r  q. Since 
then, 
where 
= 8 h ~ c n 1 ( ~ m $ ' m ) ~ ~ ~ ( ~ - ~ i ) ~ ~ , ~ - 4 t ) ~ ~ ~ - ~ 1 1  
The equat ion  (8.15) r e l a t e s  the  spectrum o f  9 t o  t h e  f o r c i n g  spec- 
trum o f  $ . Inc luded i n  the  r e s u l t  i s  t he  e f f e c t  o f  resonant  f o r c i n g  a t  
~ c l s n r ' w ~ t h  damping a;"', represented by the  po les.  But a t  l a r g e  t imes 
o the r  s i n g u l a r i t i e s ,  n o t  e x p l i c i t l y  inc luded,  such as branch p o i n t s  may be 
impor tant .  To o b t a i n  t r a c t a b l e  r e s u l t  we suppose t h a t  t he  f o r c i n g  e x c i t e s  
the lowest mode most s t r o n g l y ,  so t h a t ,  approx imate ly ,  
Th is  may be i nve r ted  t o  g i v e  t he  frequency spectrum SVv , 
svv= J F ~ ~  e i ( ~ i f + ~ 3 )  d ~ d p  
-Cu)  
I .e . ,  
(d 
~ h e r e ~ ' ' ' = 4 , ~ +  iociY' i s  t he  s p a t i a l  e igenva lue  f o r  t he  wave number c o r -  
responding t o  n':' 
I f  we suppose t h a t  o n l y  t he  lowest mode i s  e x c i t e d ,  we need n o t  r e -  
q u i r e  t oo  much d e t a i l e d  i n fo rma t i on  about the  mechanism o f  t he  f o r c i n g  t o  
o b t a i n  q u a l i t a t i v e  r e s u l t s .  I f  t he  instantaneous Reynolds s t r esses  a r e  
s i m i l a r  t o  shot  no ise ,  then t h e  spectrum o f  q w i l l  be s u b s t a n t i a l l y  f l a t .  
However, q may i t s e l f  be a r e s u l t  o f  resonance l ead ing  t o  s i n g u l a r i t y  i n  
i t s  spectrum. A lso,  as the  sma l l- sca le  secondary-wave b u r s t s  dominate i n  
the  f o r c i n g  term, they  cou ld  make a s i g n i f i c a n t  d i r e c t  c o n t r i b u t i o n  t o  t h e  
i n t e n s i t i e s  and energy. But bccause o f  t h e i r  n o i s e  cha rac te r ,  t h e i r  c o n t r i -  
b u t i o n  t o  t he  spec t ra  such as E-would be expected t o  be s u b s t a n t i a l l y  u n i -  
form ove r  t he  wave number and frequency components. Therefore,  f o r  low and 
moderate f requenc ies  and wave numbers, t he  s t r u c t u r e  o f  gvv i s  1 i k e l y  t o  be 
dominated by t he  re_sonances o f  the  p r imary  wave mot ions,  and t h e r e  should 
thus be a peak o f  E v v a t  the  resonance frequency ~ = f i T .  From observed 
wave-number-f requency spec t ra  one can deduce LIT' f rom the  l o c a t  i o n  o f  t h e  
peak and A:' f rom the  w i d t h  o f  the  s p e c t r a l  peak (see Bark, 1975). There 
may a l s o  be o t h e r  peaks corresponding t o  h i ghe r  modes. 
I n  d e r i v i n g  t he  r e s u l t  f o r  k-,,, o n l y  p ropagat ing  wave d i s tu rbances  
have been inc luded.  These a r e  cha rac te r i zed  by hav ing  a u n i f o r m  phase 
v e l o c i t y  across t he  boundary l aye r .  However, t h e r e  may a l s o  be convected 
s t r u c t u r e s ,  such as eddies,  which would be cha rac te r i sed  by d i f f e r e n t i a l  
convec t ion  a t  va r i ous  he igh t s  i n  the  boundary l a y e r .  The r o l e  p layed by 
p u r e l y  convected s t r u c t u r e s  i s  here supposed t o  be smal l  and t h e r e f o r e  
neglected i n  t he  spec t ra  f o r  2' and 13 , b u t  t he  convected eddies may be i m -  
p o r t a n t  f o r  the  u-spectrum as w i l l  be seen l a t e r .  
C a l c u l a t i o n s  o f  pressure spec t ra  based on t he  above assumptions f o r  
va r ious  Reynolds numbers, and f o r  a mean v e l o c i t y  p r o f  i l e  v ~ y l  f i t t e d  t o  ex-  
per imenta l  measurements were made by Landahl (1967).  A p l o t  o f / C R  a g a i n s t  
streamwise wave number, shows t h a t  t h e r e  i s  o n l y  a smal l  v a r i a t i o n ,  so t h a t  
d i s p e r s i o n  i s  n o t  s t r ong  f o r  the  wave modes. The e igenva lue  h a r d l y  v a r i e s  
a t  a l l  w i t h  t he  spanwise wave n u m b e r p  . A p l o t  o f ( / ~ ~ / r ~ ~ ) a g a i n s t  CC shows 
t h a t  t h e r e  i s  a ve ry  small v a r i a t i o n  w i t h  oC , so t h a t  a l l  sca les  a r e  n e a r l y  
e q u a l l y  damped. Wave modes w i l l  hence tend t o  propagate t oge the r  w i t h  l i t t l e  
d i s p e r s i o n  and l a s t  about t he  same d i s t a n c e  o f  t r a v e l  i n  terms o f  t h e i r  own 
wave leng ths .  
D e t a i l s  o f  t he  spec t ra  may be compared w i t h  exper iment .  W i l l m a r t h  
and Wooldridge (1962) measured the  c ross- spec t ra l  dens i t y  o f  t h e  p ressure  
f l u c t u a t i o n s  beneath a boundary l a y e r .  The r e s u l t s  f i t t e d  t h e  form 
where v~ i s  convec t ion  v e l o c i t y  (= phase v e l o c i t y- )  and 5 & 3 a r e  d i s -  
placements i n  the x,  z d i r e c t i o n s ,  r e s p e c t i v e l y .  A p l o t  o f  x/Vo a g a i n s t  
w8,/v0 showed o n l y  a s low v a r i a t i o n ,  so t h a t  t he  convec t ion  v e l o c i t y  v a r i e s  
o n l y  weakly w i t h  f requency i n  q u a l i t a t i v e  agreement w i t h  t he  theory .  The 
computed r e s u l t s  showed a decrease o f  UC w i t h  a Reynolds number w i t h  va lues  
somewhat below the  exper imenta l  ones. However, t h e  decay r a t e  as expressed 
by the  f u n c t i o n  A showed e x c e l l e n t  agreement between t heo ry  and exper iment .  
(See a l s o  W i  1 l s ,  1971 . )  
Bark (1 975) extended the  wave-gu i de model t o  t he  u - f  1 u c t u a t  ions  i n  
the  v iscous  w a l l  reg ion .  He used an exponent ia l  f i t  t o  t h e  v e l o c i t y  p ro-  
f i l e ,  and t he  r e s u l t s  f o r  c o n d i t i o n a l l y  sampled u v - d i s t r i b u t i o n s  d u r i n g  
b u r s t i n g  ob ta ined  by Kim e t  aZ., (1971) t o  es t ima te  gq . No i n f o r m a t i o n  
assumed t o  be o f  the  form, 
f a b o u t v w  was a v a i l a b l e ,  though. The instantaneous va ues o f  U V  were 
C and constants). Th i s  f o r  a b u r s t  o c c u r r i n g  a t  t = t ~  , X =Xg and P 'ta ( q, 
form o f  (uv)  s a t i s f i e s  the  c o n d i t i o n s  imposed by c o n t i n u i t y  a t  t h e  boundary 
y = 0. The b u r s t i n g  i s  taken t o  be a Poisson process bo th  i n  t ime  and i n  
the  homogeneous coord ina tes  x, z .  These assumptions w i l l  produce anomalous 
r e s u l t s  a t  h igher  wave numbers and f requencies,  bu t  should be reasonable 
f o r  lower  va lues.  Bark (1975) ob ta ined  good q u a l i t a t i v e  agreement w i t h  t h e  
exper iments by Morr ison,  e t  aZ., (1971), p a r t i c u l a r l y  i n  e s t i m a t i n g  t h e  wave- 
number and f requencies a t  which the  spec t ra l  peaks occurred.  For example, 
h i s  Fig.3 shows c l ose  agreement f o r  the  peaks o f  $, ( w + )  and $, (bf). 
The agreement f o r  $, ( o t S )  was n o t  as good, bu t  the d isc repancy  c o u l d  be 
due t o  t h e  assumption t h a t  a l l  b u r s t s  have the  same v e r t i c a l  s t r u c t u r e .  The 
va l  ues o f  ,CR and AT f o r  va r ious  dt were a1 so computed f o r  these da ta  and 
agreed w e l l  w i t h  the  observa t ions .  These va lues showed t h a t  t h e  waves de- 
cayed on a t ime sca le  o f  t h e i r  own p e r i o d  and t h a t  d i s p e r s i o n  was weak, s i m i -  
l a r  t o  t he  conc lus ions  o f  Landahl (1967). Hence, a wave packet  w i l l  e v o l v e  
ma in ly  through the  d i f f e r i n g  decay ra tes  o f  t he  d i f f e r e n t  wave member compo- 
nents,  and through v iscous d i f f u s i o n .  
One o f  the most i n t e r e s t i n g  f ea tu res  was the p l o t  o f  S, ,  (of) Q') 
comparing the  theory and exper iment.  The contours o f  va lues o f  $,,showed 
a s i m i l a r  shape, and i n  both the  contours the  maxima fo l l owed  an a lmost  
s t r a i g h t  l i n e  c u f ~ o c f  i n d i c a t i n g  a p ropagat ion  speed which i s  c l o s e  t o  b u t  
no t  equal t o  the  l o c a l  mean v e l o c i t y .  
Lu and W i l l m a r t h  (1973) measured ( c o n d i t i o n a l l y  sampled) space- t ime 
c o r r e l a t i o n s  o f  uv i n  the  w a l l  b u f f e r  reg ion .  They found a convec t i on  ve- 
l o c i t y  o f  about 80% o f  t he  mean v e l o c i t y ,  which i s  c l o s e  t o  t h e  phase v e l o -  
c i t y  o f  t he  dominat ing wave mode a t  t h a t  d i s t ance  f rom t h e  w a l l .  T h i s  may 
be i n t e r p r e t e d  e i t h e r  as the  Reynolds s t r e s s  d is tu rbances  be ing  convected 
as a secondary wave mot ion by the  p r imary  d is tu rbance ,  o r  t h a t  t h e  Reynolds 
s t r e s s  i s  produced by t he  p r imary  waves themselves. I t  i s  the  f i r s t  o f  these 
t h a t  i s  most l i k e l y  t o  apply .  
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M a r t i n  R. Maxey 
Lecture #9. 
9. A TWO-SCALE MODEL OF BOUNDARY-LAYER TURBULENCE 
9.1 In t roduc t i on  
I n  order  t o  understand the mechanics o f  boundary l a y e r  turbulence,  
one must consider how the  Reynolds st resses are  maintained. I n  h i s  mix ing-  
length  theory, Prandt l  asser ted tha t  they arose when parce ls  o f  f l u i d  moved 
across laminas o f  d i f f e r e n t  v e l o c i t i e s ,  t ak ing  t h e i r  i n i t i a l  momentum w i t h  
them f o r  some random d is tance and then mixing. Although P rand t l  d i d  n o t  
attempt t o  r e l a t e  t h i s  t r a n s f e r  o f  momentum t o  i d e n t i f i a b l e  s t r u c t u r e s  w i t h -  
i n  the f low,  Grant (1958) observed "mixing j e t s"  i n  the water ,  w h i l s t  K l i n e  
et aZ.,* (1967) i d e n t i f i e d  bu rs t s  c o n s i s t i n g  o f  slow f l u i d  e r u p t i n g  f rom 
the sublayer.  Both processes lead t o  s t rong mix ing  and hence the  c r e a t i o n  
o f  t u rbu len t  s t ress .  I n  p a r t i c u l a r ,  K l i ne ,  et aZ., (1967) i d e n t i f i e d  a  
ser ies  o f  events i n  which a  s t reak  o f  s lowly  moving f l u i d  detached f rom the  
w a l l ,  moved across the boundary layer ,  and then mixed w i t h  more r a p i d l y  mov- 
ing  f l u i d  ou ts ide .  
Fig.1. S t ruc tu re  o f  a  Burst  ( f rom K l  ine e t  aZ., 1967). 
-1. 
" ~ u c h  e a r l i e r ,  E i n s t e i n  and L i  (1956) had observed the e r u p t i o n  o f  slow f l u i d  
I from the sublayer,  and they suggested an i n t e r m i t t e n t  i n s t a b i l i t y  o f  t he  
sublayer as i t s  cause. 
O f  course, t he  e j e c t i o n  o f  s l o w l y  moving f l u i d  f rom the  w a l l  must f o r  rea-  
sons o f  c o n t i n u i t y  a l s o  i nvo l ve  an i n j e c t i o n  ("sweep") o f  r a p i d l y  moving 
f l u i d  f rom f a r t h e r  o u t  i n  the  boundary l a y e r  towards t h e  w a l l .  Us ing t he  
methods o f  c o n d i t i o n q l  sampling, W i l lma r th  and Lu (1973) have shown t h a t  
more than 100% o f  t h e  mean Reynolds s t r e s s  i s  c o n t r i b u t e d  d u r i n g  t h e  sweep 
and e j e c t i o n  cyc les ,  w i t h  the  (nega t i ve )  remainder a r i s i n g  (e.g.) when s low 
p a r t i c l e s  move from the  o u t e r  boundary l a y e r  towards t he  w a l l .  The b u r s t s  
a re  r e p e t i t i v e ,  and separated by a  t ime c h a r a c t e r i s t i c  o f  t he  l a r g e  edd ies .  
That the  p roduc t i on  o f  tu rbu lence  i s  sporadic  can be understood i f  i t  
i s  noted t h a t  whenever the  f l u i d  i s  n o t  wel l-mixed,  as i s  compat ib le  w i t h  
the  boundary c o n d i t i o n s ,  t he re  i s  energy i n  form o f  v e l o c i t y  d i f f e r e n c e s  
a v a i l a b l e  t o  d r i v e  mix ing .  The thorough m ix i ng  which r e s u l t s  removes t he  
energy supp ly  f o r  t he  small eddies,  which consequent ly decay. The l a r g e r  
eddies w i l l  be less  a f f e c t e d  by v i s c o s i t y  and w i l l  l a s t  longer ;  d u r i n g  t h e  
pe r i od  o f  decay, most o f  the  m ix i ng  w i l l  be done by t h e  l a r g e  edd ies  which 
cou ld  thus be respons ib le  f o r  t he  b u l k  o f  the  Reynolds s t r e s s  d u r i n g  t h i s  
t ime. As t he  smal l  eddies decay, s t r ong  v e l o c i t y  c o n t r a s t s  (shear  l a y e r s )  
can aga in  b u i l d  up e v e n t u a l l y  g i v i n g  r i s e  t o  new i n tense  sma l l - sca le  m i x i n g  
i n  a  manner t o  be descr ibed  i n  the  model below. 
Both the observa t ions  and t h i s  crude argument suggest t h a t  boundary 
l a y e r  tu rbu lence  c o n s i s t s  o f  i n t e r m i t t e n t  gusts  o f  sma l l- sca le  mo t i on  wh ich  
a re  separated by i n t e r v a l s  o f  unsteady b u t  b a s i c a l l y  laminar  l a r g e- s c a l e  
mot ion. Th i s  sepa ra t i on  o f  sca les  i s  shown i n  i d e a l i z e d  form i n  Fig.2.  
Conceptual Two-Scale Flow Model 
Note - The p o i n t  P i s  a  p o i n t  o f  i n f l e x i o n  i n  the  l a rge- sca le  v e l o c i t y  
-
f i e l d .  
However, the n o n l i n e a r  e f f e c t s  a c t i n g  on the  l a r g e  sca les  w i l l  be assumed 
t o  be p r i m a r i l y  due t o  the  t u r b u l e n t  s t resses  produced by the  sma l l  s ca les  
so t h a t  ou t s i de  t he  b u r s t ,  t he  f l o w  i s  assumed t o  be governed by t h e  e q u a t i o n  
f o r  smal l  p e r t u r b a t i o n s  i n  p a r a l l e l  shear flow.;? The s t r o n g  n o n l i n e a r  
J. 
 his ignores d i  r e c t  i n t e r a c t i o n  o f  l a r g e  eddies. 
effects within the burst are thought to arise when the large-scale motion 
breaks down through the mechanism of focusing and trapping of inflectional 
secondary instabilities discussed in the previous lecture. The proposed 
cycle which maintains the turbulent stresses is illustrated conceptually 
in Fig.3. 
large eddies 
(primary) 
Reynolds stresses Breakdown, induced by 
due to the small inflectional instability 
eddies exciting of the velocity field 
the large eddies. due to the large eddies, 
and enhanced by focusing 
of disturbance. 
small eddie; 
(secondary) 
Fig.3. Conceptual Closure Model. 
To verify this qualitative picture of the process by which the 
turbulence is maintained, the following questions must be answered: first, 
how strongly and in what fashion does the turbulent stress produced in the 
burst excite the boundary layer; secondly, what is the structure of the 
large-scale disturbances produced by the localized burst; thirdly, is one 
burst sufficient to produce the breakdown of the large-scale flow, or must 
several bursts interact to do so and, fourthly, how is the shape of the 
mean velocity profile related to the disturbance created by a burst? 
Whilst these questions require a full nonlinear analysis if they are to be 
answered completely, this lecture gives qualitative answers using the 
idealized two-scale model illustrated in Fig.2. 
9.2 The two-scale model (Landahl 1976, 1977). 
In order to draw as much as possible from the theory for instability 
and transition developed in the earlier lectures we will assume that the 
mean of the boundary layer flow may be approximated by a parallel flow, i.e. 
With this assumption, as shown in the previous lecture, the Navier-Stokes 
may be combined to give 
where 
and where 
If the quadratic terms are neglected, (9.1) reduces to the Orr-Sommer- 
f e l d  equa t ion  which was employed i n  an e a r l i e r  l e c t u r e  t o  show t h a t  a  
shear l a y e r  can a c t  t o  a m p l i f y  s e l e c t i v e l y  c e r t a i n  f requenc ies  a l r e a d y  
present  i n  the f low.  Wi thout  a d d i t i o n a l  assumptions, (9.1) i s  o f  l i m i t e d  
use fu lness  s ince  9 i s  a  non l i nea r  f u n c t i o n  o f  a l l  t he  f l u c t u a t i n g  compo- 
nents o f  v e l o c i t y .  I n  t he  present  con tex t ,  (9.1) i s  u s e f u l  i f  t he  non- 
l i n e a r  terms can be assumed t o  be s t r o n g  o n l y  l o c a l l y  i n  space and t ime,  
f o r  i t  can then be used t o  descr ibe  t he  f l o w  o u t s i d e  such reg ions .  For  
there ,  t h e  equat ion  admi ts  la rge- sca le ,  wave- l i ke  and convec t i ve  s o l u t i o n s  
whose behavior  i s  o u t l i n e d  below. 
However, s i nce  t h e  reg ions  i n  which t he  non l i nea r  terms a r e  impo r tan t  
a r e  convected w i t h  t he  f low,  the  assumption t h a t  the  dynamics i s  l i n e a r  
o u t s i d e  these reg ions i s  n o t  s u f f i c i e n t  by i t s e l f .  An a d d i t i o n a l  assump- 
t i o n ,  t h a t  most o f  t he  convec t ion  i s  done by the  l a r g e s t  edd ies  i n  t h e  f l o w ,  
i s  necessary. Th is  assumption i s  pu t  i n t o  the  model f o r m a l l y  by s p l i t t i n g  
the f l u c t u a t i n g  v e i o c i t y , f i e l d  i n t o  c o n t r i b u t i o n s  from the- large and sma l l  
eddies,  v i z .  ui = Ui+ ui w i t h  cssoc ia ted  l eng th  sca les A? and A?', r e -  
s p e c t i v e l y ,  where the  c o n d i t i o n  1,) d' imp l i es  t h a t  t h e r e  a r e  b a s i c a l l y  
two ~ a d i c a l l y p i f f e r e n t  sca les present  i n  the f low.  From (9 .1 ) ,  equa t ions  
f o r  Ui and M i  may be formed i n  the  usual  manner. They a r e  
and 
a (9.3) 
where /V 
and where the t i l d e  denotes averages over  the l a r g e  sca les  (de f i ned  i n  
some convenient  way, f o r  example as phase averages over  t h e  smal l  s c a l e s ) .  
As the  e a r l i e r  d i scuss ion  suggested, the governing equa t i on  f o r  the  l a r g e  
sca les i s  f o rma l l y  l i n e a r ,  w i t h  t he  t u r b u l e n t  s t resses  due t o  t he  smal l  
eddies i n  the l o c a l i s e d  shear l aye rs  d r i v i n g  the  l a r g e  edd ies .  I n  p a r t i -  
c u l a r ,  no te  t h a t  any non l i nea r  i n t e r a c t i o n  between the  l a r g e  eddies i s  ex-  
cluded from the model. However, the  e v o l u t i o n  o f  the  smal l  eddies i s  
governed by the n o n l i n e a r  equa t ion  (9.3) i n  which the smal l  eddies a r e  a l s o  
convected by the l a r g e  ones. Because o f  the  nonl  i n e a r i  t y  i t  i s  o n l y  poss i -  
b l e  here t o  d iscuss t he  s o l u t i o n  o f  (9.3) f o r  small t imes. However, t h e  
form o f  the equat ion  w i l l  a l s o  be used t o  i l l u m i n a t e  t he  mechanism o f  t h e  
i n s t a b i l i t y  which produces the  smal l  s ca le  tu rbu lence .  
Thus, a l though n o n l i n e a r i t y  has no t  been e l i m i n a t e d  by t he  two- 
sca le  model, the s t r onges t  n o n l i n e a r  e f f e c t s  have presumably been i s o l a t e d  
so t h a t  t h e i r  r o l e  i n  t he  dynamics may be understood. 
9 .3  The sma l l - sca le  f i e l d .  
For small t imes, the  q u a d r a t i c  terms i n  ( 9 . 3 )  may be neg lec ted .  
Moreover, when the v i s c o s i t y  i s  s u f f i c i e n t l y  sma l l ,  i t s  e f f e c t s  w i l l  be 
n e g l i g i b l e  u n t i l  the  sma l l - sca le  s t r u c t u r e  i s  w e l l  developed. Wi th  these  
assumptions, (9.3) becomes 
I f  now t h e  coord ina tes  a r e  t o t a t e d  so t h a t  t he  x  a x i s  (OX,, say) i s  l o -  
c a l l y  p a r a l l e l  t o  the  l a rge- sca le  f low,  t h i s  becomes 
Thus, t he  v e l o c i t y  f i e l d  i s  uns tab le  t o  t he  growth o f  smal l  s c a l e  d i s t u r -  
bances whenever the l a rge- sca le  shear Qy has a  maximum w i t h i n  t h e  f l o w .  
To determine s t r i c t l y  whether t h i s  i n s t a b i l i t y  cou ld  grow e x p l o s i v e l y ,  i . e .  
form a  b u r s t ,  r equ i res  a  n o n l i n e a r  s t a b i l i t y  ana l ys i s .  However, Landahl 
(1975) has argued t h a t  t h e  wave mechanism proposed f o r  t h e  breakdown o f  
t he  laminar  boundary l a y e r  (Landahl, 1972, discussed i n  Lec tu re  #7) can be  
extended t o  t h i s  case, i .e . ,  a  s t r o n g  i n s t a b i l i t y  o f  t he  f l o w  t o  sma l l -  
s ca le  t u rbu lence  occurs when the  group v e l o c i t y  o f  sma l l- sca le  i n s t a b i l i t y  
wave equals  t he  phase v e l o c i t y  o f  the  l a rge- sca le  d i s tu rbance  i n  wh ich  i t  
i s  imbedded. I n  t h a t  case, sma l l - sca le  energy i s  focused on a  g i v e n  phase 
p o i n t  i n  t h e  la rge- sca le  s t r u c t u r e ,  and a  b u r s t  o f  s t r o n g  sma l l - sca le  d i s -  
turbances would occur .  Since t h i s  c o n d i t i o n  i s  l i k e l y  t o  h o l d  o n l y  l o c a l l y  
i n  space and t ime, i t  seems t h a t  the  e x p l o s i v e  i n s t a b i l i t y  w i l l  be impor- 
t a n t  o n l y  l o c a l l y .  
9.4 The l a rge- sca le  f i e l d  
Using the  n o n l i n e a r  equat ions discussed i n  the  p rev ious  s e c t i o n  t o  
s e t  up i n i t i a l  c o n d i t i o n s  f o r  the  c a l c u l a t i o n  o f  the  l a rge- sca le  f l o w  
f i e l d  one can show ( ~ a n d a h l  1977), t h a t  f o r  van i sh ing  L) t h e r e  a r e  two 
d i s tu rbance  modes poss ib l e ,  the  f i r s t  a  decaying wave mode. S ince i t  has 
an assoc ia ted  pressure f i e l d ,  p ropagat ion  o f  d is tu rbances  can occur  ac ross  
f l u i d  elements.  The second mode i s  a  permanent eddy i n  u  and w w i t h o u t  
an assoc ia ted  normal v e l o c i t y  and pressure f i e l d  and which i s  p a s s i v e l y  
convected w i t h  the mean f low.  
The sho r t - te rm  g loba l  e f f e c t s  o f  t he  l o c a l i z e d  a c t i v i t y  can be 
understood most c l e a r l y  by f i n d i n g  t he  angu la r  momentum o f  t h e  b u r s t .  For  
smal l  t imes i t  can be assumed t h a t  bo th  the  convec t i ve  and v i scous  terms 
and the  pressure;? g rad ien t s  i n  the  x  and z d i r e c t i o n s  a r e  smal l  compared 
t o  the  t u r b u l e n t  s t resses  produced by the  b u r s t .  Then, l a r g e  s c a l e  ave r-  
ag ing  o f  the  Navier-Stokes equat ion  g i ves  
and 
Thus, 
4 - t /v 
z ( s , t ) -  G ( 5 . 0 )  5 -  fig , 1, 5 ( ~ ' v ' )  dt, 
0 
d 
and s i nce  V3 -(Ex +s,), 
"That i t  i s  c o n s i s t e n t  t o  neg lec t  t he  pressure g rad ien t s  must be v e r i f i e d  
a f te rwards .  
Note t h a t  = 0 = f 3  I 
o u t s i d e  t he  t u r b u l e n t  patch. The meaning o f  these r e s u l t s  becomes c l e a r e r  
i f  t h e i r  moments a re  taken over  the  volume o f  t he  t u r b u l e n t  pa tch ;  
and 
Moreover, f rom (9.4) i t  f o l l o w s  t h a t  
and from (9.5) t h a t  
j ( ~ - % ) d ' ~  = 0 
Thus, the momentum be fo re  and a f t e r  t he  b u r s t  i s  t he  same; t h e  b u r s t  
s imp ly  r e d i s t r i b u t e s  the  i n i t i a l  momentum by adding an impu l s i ve  moment 
o f  momentum w i t h  components 
and 
Th i s  suggests a  f l o w  away f rom the  w a l l  i n  f r o n t  o f  ( i . e . ,  downstream o f )  
the  b u r s t  and towards the  w a l l  behind i t .  Thus, when t h e  e f f e c t s  o f  t h e  
sma l l - sca le  tu rbu lence  a r e  i n t e g r a t e d  over  the  b u r s t ,  t h e i r  n e t  e f f e c t  i s  
t o  induce a  l a rge- sca le  f l o w  r o t a t i o n  which i s  away f rom the  w a l l  a t  t h e  
downstream end o f  the  eddy, and towards the  w a l l  a t  i t s  upstream end. 
(F i g .4 ) .  Th is  i s  q u a l i t a t i v e l y  compat ib le  w i t h  the  stages o f  e j e c t i o n  and 
sweep observed by Cor ino and Brodkey (1969). 
The Large-Scale Flow Induced by a  Bu rs t  
I n  the  i n t r o d u c t i o n  i t  was suggested t h a t ,  d u r i n g  t h e  b u r s t ,  most o f  
the  Reynolds s t resses  should be c a r r i e d  by the  smal l  eddies.  That  t h i s  i s  
i n  f a c t  the  case can be v e r i f i e d  by n o t i n g  t h a t  the  c o n t r i b u t i o n  t o  t h e  
Reynolds s t resses  f rom the  smal l  sca les i s  ( f o r  smal l  t imes) g i v e n  by 
/ > - v,, (utv') ,=- 2,11a-,1p 
where &'F; i s  t h e  1 i nea r  growth r a t e  o f  t he  sma l l - sca le  d i s tu rbance  and 
A) i s  i t s  wavenumber. Also, the  c o n t r i b u t i o n  o f  t he  l a r q e  sca les  t o  t h e  
Reynolds s t r e s s  i s  o f  o rde r  
~ 5 -  (ZW*Y$ 
where 
Thus 
9.5 The convected eddy 
So f a r ,  i t  has been argued t h a t  i n f l e c t i o n a l  i n s t a b i l i t y  o f  t h e  
l a rge- sca le  v e l o c i t y  f i e l d  can cause sma l l - sca le  m ix i ng  which i n  t u r n  i n -  
duces a  l a rge- sca le  f low.  Th i s  may be regarded as t h e  secondahal f  o f  t h e  
c y c l e  o f  t u r b u l e n t  b u r s t i n g ,  and i t  remains t~ see how t h e  low-speed 
s t reak ,  which begins the  cyc le ,  can a r i s e .  The b a s i c  idea i s  t h a t  t h e  
remnants o f  t he  p rev ious  b u r s t  a r e  convected downstream w h i l s t  be ing  s i m u l -  
taneously  lengthened by the mean shear. I f  t he  remnants a r e  such t h a t  
they can l a t e r  induce another i n f l e c t i o n a l  i n s t a b i l i t y  t h e  c y c l e  w i l l  be 
s e l f - s u s t a i n i n g .  
The c o n d i t i o n  t h a t  t he  remnants o f  a  b u r s t  be a b l e  t o  induce ano the r  
i n f l e c t i o n a l  i n s t a b i l i t y  i s  aa 
- - ( u + U ) = O  
aYz 
Here u  i s  the c o n t r i b u t i o n  o f  the  convected b u r s t  t o  t h e  v e l o c i t y  f i e l d .  
The i n v i s c i d  euua t ion  f o r  u  i s  
so t h a t  
Provided W and P vanish f a s t e r  t h a n t d ' ,  as t - 7 -  
Q, 
and, u s i n g  the  equa t i on  o f  c o n t i n u i t y  w i t h  V = O ,  one f i n d s  
w = wg (l j y j  - z) w i t h  wwE - - U a I  
Thus, t he  v o r t i c i  t y  
XI % W - 7 / g =  3 w * ~  - t viy' W,$ 
and 
Thus, i n  a frame moving w i t h  the mean f l ow  ( = constant)  the per tu rba-  
t i o n  shear increases l i n e a r l y  i n  t ime, s imply because the  mean f l o w  shears 
the eddy (F ig.  5 ) .  
The E f f e c t  o f  Mean Shear on an Eddy 
Shearing makes the eddy longer i n  the streamwise d i r e c t i o n  and na r-  
rower i n  the  y - d i r e c t i o n .  Eventual ly ,  v iscous e f f e c t s  e n t e r  t o  se t  a  m i n i -  
mum th ickness fo r  the s t ruc tu re .  The eddy lengthens a t  a  r a t e  g iven ap- 
proximate ly  by the v e l o c i t y  d i f f e rence  OW between i t s  upper and lower 
boundary (F ig.5) .  Thus, a f t e r  a  long t ime t i t  i s  approximate ly  
41 + A U ~  = o u t  P 4 . ~ ' t  long, 
where x2 i s  i t s  y- d i rec t i on .  
The eddy w i  1 1  g i ve  r i s e  t o  a  shear l a y e r  w i t h  a  th ickness  gL o f  
approximately d; -- 1, /tV 
Thus 
However, i n  t ime t, the boundary o f  the eddy d i f f u s e s  through a t  d i s tance  
d o  '/2. B 3 ( 9 t  )I" so tha t  c(+) . The equi 1 i b r ium th ickness occurs when 
cf 6% - 
-- " i.e. ,  f o r  
d? --Z' 2 4  
The e q u i l i b r i u m  thickness o f  the shear l a y e r  i s  t he re fo re  
The viscous time tv  can be compared t o  the l i f e t i m e  t d - ~ t / d l o f  the 
wavel ike so lu t i on .  One f i n d s  tha t  near the wa l l  the l a r g e  wave- length ed- 
d ies  w i l l  su rv ive  longer than the convected eddies and so w i l l  dominate the  
s t a t i s t i c s ;  away from the wa l l  the opposi te w i l l  be t rue .  
Given t h i s  r e s u l t  f o r  the minimum thickness o f  the  convected shear 
l aye r ,  one can est imate the maximum i n i t i a l  streamwise l eng th  a  shear l a y e r  
can have i f  i t  i s  t o  be sustained by the process o f  i n f l e c t i o n a l  i n s t a b i l i t y .  
For, i n  order  t o  get a  l oca l  i n f l e c t i o n  p o i n t  and the associated i n f l e c t i o n a l  
i n s t a b i l i t y ,  the c o n d i t i o n  ( a ' / a ' / d y ~ ) ( u r ~ )  5 0 must ho ld ,  where U i s  t he  
c o n t r i b u t i o n  o f  the convected f r e e  shear l aye r  t o  the la rge- sca le  f i e l d .  
This c o n d i t i o n  can o n l y  ho ld  i f  
I .e, 8:- LA/ I ~ " 1  where 6% el%/t ( 'jZ 
Solv ing  f o r  t one f i n d s  t h a t  a t ime t+= ( ( I /u2) ( ~ ' y u ~ ~ i s  taken f o r  
an i n f l e c t i o n  t o  be produced. V i scos i t y  can prevent i n f l e c t i o n  o n l y  i f  v i s -  
cous e f f e c t s  d i f f u s e  the shear l aye r  be fore  i t  can produce an i n f l e c t i o n ,  
i .e . ,  t V d t z .  Thus, eddies f o r  w h i c h t ,  > I u / ~ " I ' ~ * ~ % i [ 4 e Y c a n n o t  be 
sustained by the process o f  secondary i n s t a b i l i t y .  I n  p a r t i c u l a r ,  a t  
y +  = 15 , the b i g g e s t f d d i e s  which could produce i n f l e c t i o n  i n s t a b i l i t y  can 
be est imated t o  have .e ma* Y l o 0  (assuming ~ " u r  ) .  Moreover, any shear 
l aye r  w i t h  a much smal ler  2% than t h i s  value would have such a smal l  Rey- 
nolds number (based on the th ickness o f  the f r e e  shear l aye r  and ) t h a t  
they cou ld  no t  be unstable,  e i t h e r .  Thus, eddies o f  i n i t i a l  l eng th  o f  t h e  
order  100 wa l l  u n i t s  should be seen a t  Y + =  15; t h i s  length  i s  indeed f a i r -  
l y  t y p i c a l  o f  low-speed st reaks observed i n  the boundary l aye r .  
9.6 Conclusion 
When a l aye r  o f  slow f l u i d  detaches from the w a l l  and moves toward 
the ou te r  p a r t  o f  the boundary l aye r  i t  meets w i t h  the  more r a p i d l y  moving 
f l u i d  there.  Thereby, the s low ly  moving f l u i d  induces an i n f l e c t i o n  p o i n t  
i n  the p r e - e x i s t i n g  ( l a r g e  sca le)  v e l o c i t y  f i e l d .  According t'o the  l i n e a r  
s t a b i l i t y  theory f o r  p a r a l l e l  i n v i s c i d  shear f lows the  f low i s  l o c a l l y  un- 
s tab le .  Moreover, when the group v e l o c i t y  o f  these secondary i n s t a b i l i t y  
waves matches the phase v e l o c i t y  o f  the l a rge  scale ( p r e - e x i s t i n g )  d i s -  
turbance, energy could c o l l e c t  a t  some phase p o i n t  on the  l a r g e  sca le  d i s -  
turbance, and an exp los ive  i n s t a b i l i t y  may r e s u l t .  The la rge- sca le  ana ly-  
s i s  ( sec t i on  9.4) shows tha t  the  ne t  e f f e c t  i s  a f l o w  away f rom the  w a l l  
downstream o f  the bu rs t ,  and towards the w a l l  upstream o f  i t .  ( ~ i g . 4 ) .  
This  induced v e l o c i t y  f i e l d  produces a large- scale f low,  c o n s i s t i n g  o f  a 
decaying wave- l ike eddy and an eddy which i s  convected downstream w h i l e  
being sheared by the mean f low.  Since o n l y  the f a t e  o f  a s i n g l e  b u r s t  has 
been considered i n  the model, the i n t e r a c t i o n  o f  eddies from ad jacent  b u r s t s  
has no t  been t reated.  Moreover, the i n t e r a c t i o n  between the  slow f l u i d  
e jec ted  from the sublayer and the r a p i d l y  moving f l u i d  which replaces i t  has 
not  been discussed. 
I n  sec t ion  (9.5) i t  was shown t h a t  o n l y  those bu rs t s  whose i n i t i a l  
length  i s  about 100 w a l l  u n i t s  w i l l  be se l f - sus ta in ing ,  f o r  o n l y  they w i l l  
be able t o  rep len ish  themselves by causing an i n f l e c t i o n  i n  t h e  i ns tan ta-  
neous v e l o c i t y  p r o f i l e .  
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Lec tu re  # l o .  
10. THE DYNAMICS OF COHERENT STRUCTURES 
Experiments i n  a  t u r b u l e n t  w a l l  l a y e r  show t h a t  t h e r e  a r e  l o c a l i z e d  
i n s t a b i l i t i e s .  To emphasize t h i s ,  cons ider  the k i n e t i c  energy e q u a t i o n  
3 a F. D P G / ~ ) - - ~ ~ U - €  - 
ax; (10.1) D t 
We w i l l  neg lec t  t he  d i s s i p a t i o n  & f o r  sho r t  t imes. We i n t e g r a t e  between 
t, , and -k, over  a  volume surrounding the  p roduc t i on  area wh ich  makes t h e  
t r a n s p o r t  term drop ou t ,  
*a ) dli. - jNuv v2vdt  (10.2) 
Q 0 t 1 
I f  t he re  i s  p roduc t i on  o f  Reynolds s t resses,  t he re  w i l l  be an o v e r a l l  i n -  
crease o f  k i n e t i c  energy o f  the  d is tu rbance ;  t h e r e f o r e  p r o d u c t i o n  o f  Rey- 
nolds s t resses  and i n s t a b i l i t y  go toge ther .  
Suppose we have an event produc ing s t resses  i n  a  l o c a l i z e d  r e g i o n  o f  
l a r g e  h o r i z o n t a l  sca le .  What w i l l  be the f a t e  o f  t he  l a r g e- s c a l e  s t r u c t u r e ?  
Le t  us cons ider  f o r  t h a t  a  l a rge- sca le  s t r u c t u r e  i n  a  boundary l a y e r  
w i t h  the dimensions i n d i c a t e d  i n  the  f i g u r e  below. 
.- 
a
~ 1 
Fig.1 Large- scale Eddy 
A t  t = 0, we suppose t h a t  u,,V, and W, a r e  g iven.  We assume 
b/!, CL 7, and d/lJ c <  1 ,  
where d3 i s  t he  spanwise sca le .  
We a l s o  take  t h e  f l o w  t o  be i n v i s c i d .  ( v i s c o s i t y  would p l a y  a  r o l e  
f o r  r eg ion  away f rom the  w a l l  o n l y  a t  l a r g e  t imes.)  The Eu le r  e q u a t i o n  o f  
motion may be w r i t t e n ,  
o(u.4 I * ,  
Dt. =-7 a x  
where 
I n  a l l  o f  these equat ions we have l e f t  o u t  the t i l d e s  ( - )  in t roduced i n  
the prev ious l e c t u r e  t o  denote the l a rge  scales. 
Because o f  the la rge  ho r i zon ta l  scales, the pressure g rad ien ts  w i l l  
be small and could be neglected, a t  l e a s t  f o r  small t imes. I n  o rde r  t o  
solve the  equations, we in t roduce the ma te r ia l  coord inates f , )t , 3 , 
(Lagrangian coord ina tes) .  The s o l u t i o n  may then be w r i t t e n  
The s y m b o l l  D t l  denotes i n t e g r a t i o n  f o l l o w i n g  the  same f l u i d  element. 
By proper ty  of  the Euler-Lagrange t rans format ion  
d x d y d r - J d j d q d {  (10.5) 
where i s  the Jacobian, 
For an incompressible f l u i d  
'd = 1 ,  
We s u b s t i t u t e  t h i s  i n t o  the equat ions above which g ives 
where 
A , = %  2 r u  
'r 7 -  5 '1' 
A, = X 7 " j  4 
This equat ion can be solved by the method o f  c h a r a c t e r i s t i c s  t o  y i e l d  
3 ; Jr d ? t  (10.7) 
0 [ A 2 1 ? , ) l * , 2  c m s r .  
S u b s t i t u t i n g  the  expressions f o r  x and z from the above we f i n d  
V i s  g iven by 
The pressure may be computed from the second Euler equat ion, 
Dl/ = - - L &  (10.9) 
Dt a y  
I t  i s  a l s o  assumed t h a t  the  d is turbance i s  i r r o t a t i o n a l  o u t s i d e  the  bound- 
a ry  l aye r  so tha t  one can use p o t e n t i a l - f l o w  theory i n  t h a t  reg ion .  Thus, 
where 
and VJ i s  the value o f  W a t  the edge o f  the boundary layer .  The v e l o c i t y  
~ o t e n t i a l  @ obeys Laplace 's  equat ion and has the s o l u t i o n  
We now i t e r a t e  the s o l u t i o n  w i t h  the f u l l  equat ion, 
Thus 
which gives 
The l i n e a r  approximation f o r  y i s  found by neg lec t i ng  quadra t i c  terms i n  
(10.7) ,  10.8). 
Thus, 
which when subs t i t u ted  i n t o  (10.7) g ives 
where 
The l i n e a r i z e d  so lu t i on ,  cor rec ted  f o r  the pressure, then becomes 
(10.16) 
0 0 
The l a s t  term i s  the c o r r e c t i o n  term due t o  the pressure.  Th is  ex- 
pression g ives a k ind  o f  "mixing length" and can be i n t e r p r e t e d  i n  t h a t  
sense. We w i l l  see t h a t ,  desp i te  the f a c t o r  o f  t , A,,, goes t o  a f i n i t e  
value as t goes t o  i n f i n i t y .  
For the pressure, 
Z - P s  
P P 
- 
We apply the boundary- layer approximation and se t  
For% we have 
The next s tep  i s  t o  in t roduce the Four ie r  t rans form o f  Zr , 
% " then cp transforms t o  - p where 
)9" : d'+ p =, 
We ob ta in  f o r  the pressure, us ing  the r e s u l t  f o r  p o t e n t i a l  f l ow  
Denoting the Four ie r  t ransform by 7 , we get  
'I FLr,f o q7 ( X - ~ ( B \ ~ J  ? I )  d b ]  =J? cE (?,) d T ,  
c7 [i a ( v ~ ~ , ) - I c S ] '  
The o ther  terms t ransform i n  a s i m i l a r  manner. This  g ives an equat ion  f o r  
the pressure, P 
n (10.20) 
where 
(10.21) 
0 
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Lecture #10 (second p a r t ) .  
Hence 8 i o c . C ~ ' ~ , - ~ ) ~ i ~  * 
- 5  5 Gwyl 
P c [K + ~ ( v , - c ~ = ( , ~  
Q (w-x, 
The inve rs ion  t o  the physical  plane gives a f t e r  a p p l i c a t i o n  o f  the  convolu-  
t i o n  theorem 
where 6 ,  = bat( g y )  . I n  ,general, we may have t o  r e s o r t  t o  general i zed 
transforms; as we must have LJ, 7 0 f o r  the transforms t o  converge as t-+ 00 
f o r  the  i n i t i a l - v a l u e  problem, we de f i ne  transforms w i t h  paths o f  i n t e g r a -  
t i o n  above the rea l  a x i s  i n  the complex cl,-plane. Now, the. i n t e g r a l  i n  
6, may be eval uated t o  lead i ng order  i n  ,c by expand i ng U; = VI7, ) about 
the p o i n t  ihosen such tha t  VA E ulT.) 
From t h i s  approximation we o b t a i n  
- d 
where 
) +  h.0. t .  (v,' )= 3 
This a l lows us t o  evaluate the w - i n t e g r a l  i n  Gd t o  lead ing  order  by 
c l o s i n g  the  contour i n  the lower h a l f  plane, which f o r  the  second term 
leaves o n l y  the c o n t r i b u t i o n  from the po le  at/=/,, 
Thus 00 du A L K ' I ~ ~ ) ~ ] ) ~  ; la(x+ps) xJ'{*d(t)+ ?-Ax p [-i[ y , O ) ( + ~  dZddp + h.o.t., (10.26) 6, (x ,z,t) = 2 T  
-do vc 
where 
(This  i s  v a l i d  s t r i c t l y  on l y  asympto t i ca l l y  f o r  t ,  x and z l a rge . )  From 
G we may const ruc t  the region o f  i n f l uence  f a r  downstream o f  a  p o i n t  
SOU rce , / CUSPJ A w a v e  f r r n + l  
% 
Fig.2. Wave Pa t te rn  
The spreadin angle i s  found t o  be e x a c t l y  the same as the K e l v i n  s h i p  wave 
a n g l e ,  r in-' ?-$I  = 190.5 (probably by coincidence) . 
When v i s c o s i t y  i s  inc luded i n  the ana lys is  the spreading angle i s  
found t o  be approximately lo0 .  This va lue agrees we1 1 w i t h  the  observa- 
t i o n a l  data f o r  the spanwise growth o f  a tu rbu len t  t r a n s i t i o n  spot.  We ex-  
pect the s t rongest  disturbances t o  a r i s e  a long the cusps s ince  the  d i s t u r -  
bances decay more s lowly  i n  such regions. By i n t roduc ing  the expression 
fo r  the pressure i n t o  the equat ions o f  motion one can demonstrate t h a t  i t s  
e f f e c t  on the streamwise pe r tu rba t i on  v e l o c i t y  f o r  moderate t imes 
( t ~  4 A: u:/u:) i s  smal l ,  o f  order  d/~,  , compared t o  the  c o n t r i b u t i o n  
from &u'. This w i  1 1  no t  be the case f o r  the region very  near the  w a l l  
where -Pm+-. Over a longer per iod  o f  t ime, o f  ~rderR,~v>/I/:, t he  
pressures induced by the cor rugat ions  o f  the boundary l a y e r  edge w i l l  a c t  
t o  smooth these out ,  provided the boundary layer  i s  s tab le .  I f q" > 0 
then/eo= 7 0 , and the mean p r o f  i l e  would be unstable.  However, f o r  a t u rbu-  
l e n t  boundary l aye r  mean p r o f i l e  U" i s  always less than zero, so the  d i s -  
turbances are  s tab le  i n  the Rayleigh sense. 
Ignor ing  the pressure e f f e c t s ,  f o r  a f i r s t  approximation we cons ide r  
. . 
the behavior a t  l a rge  times 
'2 
C m *  t(%?(fr ' q r ) d l ~ , *  
0 
I f  we se t  4 = ~ - q ( ? , l t  and then consider t h i s  t o  d e f i n e  2, 3 7 ,  ({,) and 
g; U;= ( '- f)/ t  we have 
For l a rge  t, x ion where the d is tu rbance i s  f e l t  
( X  , , A 1 )  , x / t  ( x , t - ,  c9) i s  indepen- 
dent o f  I and 
The region o f  d is turbance thus cont inuously  elongates i n  the  streamwise 
d i r e c t i o n .  Now ) 
u = t V ( l )  - V L Y )  -- ud -Rm V C ~ ,  
Since &, i s  independent o f  the v e r t i c a l  coo rd ina t r  f o r  t l a r g e  (and y 
greater  than the value f o r  which v=~/ t  ) and V(2) v a r i e s  r e l a t i v e l y  
s l o w l y , u t =  u - u , ~  constant .  Thus, we expect a marked v e r t i c a l  coherence 
above a t h i n  shear l aye r  o f  a thickness o f  order  2, / ~ ' t  (see F ig .3) .  
"1 
Fig.3. Nature o f  So lu t ion .  
Numericill experiments were performed in which the initial velocity pertur- 
bation was 
An exponential velocity profile approximating the mean velocity profile in 
the wall region of a turbulent boundary layer was used. An internal shear 
layer is recognizable by t'r 10. I n  a qualitative sense the results com- 
pare very favorably with the experimental observations of Blackwelder and 
Kaplan (1976). 
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ABSTRACTS OF SEMINARS 
EFFECTS OF DENSITY STRATIFICATION ON TURBULENCE 
Laurence Armi 
Recent exper iments have shown t he  importance o f  l a r g e  s c a l e  cohe ren t  
s t r u c t u r e s  i n  most t u r b u l e n t  f lows.  The e f f e c t s  o f  s t r a t i f i c a t i o n  and den-  
s i t y  i n t e r f a c e s  on these s t r u c t u r e s  i s  be l i eved  t o  be the  key t o  unders tand-  
i n g  s t r a t i f i e d  f l o w  tu rbu lence ;  hence much o f  t h e  l e c t u r e  was spent  r e v i e w-  
i n g  t h e  exper imenta l  evidence f o r  t h e i r  ex i s t ence .  
Gene ra l l y  the  p i c t u r e  one has had o f  t u rbu lence  i s  a  s t a t e  o f  chaos 
and d i s o r d e r ;  b u t  a  p i c t u r e  i s  no t  deve lop ing  o f  o rgan ized  mo t i on  super im-  
posed on a background o f  sma l le r  s c a l e  mot ions.  Examples o f  such o r g a n i z e d  
mot ions have been known f o r  some t ime,  e.g., v o r t e x  shedding a t  h i g h  Rey- 
no lds  numbers, b u t  have always been c la imed as s p e c i a l  cases and n o t  cha rac-  
t e r i s t i c  o f  "wel l- developed"  tu rbu lence .  The s i m p l e s t  and most e a s i l y  v i s -  
u a l i z e d  examples o f  wel l- developed coherent  s t r u c t u r e s  i n  t u rbu lence  have 
been seen i n  recen t  s t u d i e s  o f  the  deve lop ing  f r e e  shear l a y e r ,  c . f .  Brown 
and Roshko (1974). These exper iments  show the  development and g rowth  o f  
l a r g e  v o r t e x  s t r u c t u r e s  by p a i r i n g  w i t h  ad jacen t  v o r t i c e s .  The f l o w  i s  w e l l -  
pedigreed, i .e. ,  i t  has a proper  -5/3 spectrum ( c . f .  Champagne, Pao and 
Wygranski, 1976), y e t  the  f l o w  v i s u a l i z a t i o n  c l e a r l y  shows t h e  e x i s t e n c e  o f  
p r i m a r i l y  o n l y  two sca les .  One sees a l a r g e  o u t e r  sca le  and a sharp f r o n t  
1 i k e  smal l  s c a l e  o r  " bra id"  as descr ibed  by Pa tna ik ,  Sherman and Corcos (1976) 
and Corcos and Sherman (1976). I t  i s  appa ren t l y  t h e  somewhat i r r e g u l a r  
modu la t ion  o f  these two sca les which g ives  t he  deve lop ing  f r e e  shear l a y e r  
t h e  appearance o f  hav ing a broad s p e c t r a l  range o f  sca les w i t h  a  "-5/3" 
spectrum. The e f f e c t  o f  s t r a t i f i c a t i o n  on the  p a i r i n g  and subsequent g row th  
by en t ra inment ,  i s  t o  suppress t h e  process when t h e  b u l k  Richardson number 
i s  g r e a t e r  than 0 (1 /4 ) .  
The importance o f  l a r g e  s c a l e  s t r u c t u r e s  i n  o t h e r  t u r b u l e n t  f l o w s  i s  
n o t  as c l e a r  as f o r  t he  m i x i ng  l a y e r ,  p a r t i c u l a r l y  f o r  t u r b u l e n t  boundary 
l a y e r s .  From e a r l y  observa t ions  i t  was thought t h a t  " b u r s t i n g"  was c o n f i n e d  
t o  a  r eg ion  near the  w a l l ,  bu t  i t  has now been shown by Rao, Narasimha and 
Narayanan (1971 ) and Lau fe r  and Narayanan (1 971 ) t h a t  t h e  mean b u r s t  i ng 
p e r i o d  c o r r e l a t e s  w i t h  t he  o v e r a l l  boundary l a y e r  th i ckness  6 .  The p e r i o d  
i s  T &  56 /U .  Measurements by W i l l m a r t h  and Tu (1967) have shown t h e  p r e -  
sence o f  l a rge- sca le  s t r u c t u r e s  convec t i ng  w i t h  a  v e l o c i t y  Uc % .8U1. A 
p i c t u r e  i s  emerging o f  t he  b u r s t i n g  phenomenon connected w i t h  c o n v e c t i o n  o f  
c h a r a c t e r i s t i c  3-dimensional  s t r u c t u r e s  on the  s c a l e  o f  t he  boundary l a y e r  
th i ckness .  The e f f e c t s  o f  s t r a t i f i c a t i o n  on these s t r u c t u r e s  i s  n o t  w e l l -  
understood. E a r l y  exper iments by Townsend (1957) show a c o l l a p s e  o f  t h e  t u r -  
b u l e n t  mot ion when t he  Richardson number exceeds a l i m i t  o f  about  0.08. The 
c o l l a p s e  i s  l i k e l y  due t o  t he  absence o f  en t ra inment  by t he  l a r g e  cohe ren t  
s t r u c t u r e s  o f  h i gh  momentum f l u i d  t o  m a i n t a i n  t h e  t u r b u l e n t  boundary l a y e r .  
G r i d  m i x i ng  exper iments have been reviewed e x t e n s i v e l y  by Tu rne r  
(1973). There i s  cons ide rab le  con t robe rsy  over  some o f  these,  i n  p a r t i c u -  
l a r  t he  d i f f i c u l t y  o f  r e c o n c i l i n g  t h e  d i f f e r e n c e  i n  en t ra inment  r a t e s  be- 
tween t he  g r i d  o s c i l l a t i o n  exper iments  o f  Turner  (1973) and t h e  s u r f a c e  
s t r e s s  d r i v e n  exper iments o f  Kato and P h i l l i p s  (1969) and Kantha, P h i l l i p s  
and Azad (1977). We suggest t h a t  the  d i f f e rence  can be r e c o n c i l e d  i f  i t  i s  
recognized t h a t  the  Kato and P h i l l i p s  s t y l e  exper iments a r e  a c t u a l l y  r o t a -  
t i o n a l  exper iments.  The r o t a t i n g  g r i d  in t roduces  a  sma l l e r  l e n g t h  sca le ,  
t he  t u r b u l e n t  Ekman l a y e r  th ickness .  The l a r g e s t  t u r b u l e n t  s t r u c t u r e s  w i l l  
s ca le  w i t h  t h i s  sma l le r  sca le  r a t h e r  than the  l a r g e r  mixed l a y e r  depth o f  
a 10 cm used by Kato and P h i l l i p s .  We f i n d  w i t h  t h e i r  exper imenta l  para-  
. . 
% U meters f .6 sec - l ,  u* = 1.4 cm/sec, t h a t  he u . 4  7 i c m .  I f  t h e  e x p e r i -  
mental r e s u l t s  a re  renormal ized w i t h  t h i s  new s h o r t e r  l e n g t h  t hey  agree 
more c l o s e l y  w i t h  those of  Turner (1973). 
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BOUNDARY M I X I N G  AND LATERAL ADVECTION: THE DYNAMIC DUO RESPONSIBLE 
FOR VERTICAL M I X I N G  I N  THE DEEP OCEAN 
Laurence Armi 
V e r t i c a l  d i s t r i b u t i o n s  o f  water  mass p r o p e r t i e s  i n  t h e  deep ocean 
a r e  o f t e n  n o t  i n c o n s i s t e n t  w i t h  s imple models i n v o l v i n g  a cons tan t  upward 
v e r t i c a l  v e l o c i t y  o f  % 1-4 cm/day and a cons tan t  v e r t i c a l  eddy d i f f u s i v i t y  
o f  .\I 1 cm2/sec. A summary o f  these so- cal  l e d  " thermocl ine"  models has been 
g iven  by Veronis (1969). Recent ly v e r t i c a l  eddy d i f f u s i v i t i e s  have a l s o  
been c a l c u l a t e d  by Sarmiento e t  aZ.,(1976), f o r  t he  deep ocean u s i n g  a one- 
dimensional  model which ignores h o r i z o n t a l  t r a n s p o r t ,  v e r t i c a l  a d v e c t i o n  and 
h o r i z o n t a l  m ix ing  r e l a t i v e  t o  v e r t i c a l  m ix ing .  One r e s u l t  o f  such a model 
i s  t h e  es tab l i shment  o f  an apparent r e l a t i o n s h i p  between v e r t i c a l  eddy d i f f u -  
s i o n  and t h e  inverse  buoyancy g rad ien t .  
V e r t i c a l  p r o f i l e s  o f  p o t e n t i a l  temperature, s a l i n i t y ,  and l i g h t  
s c a t t e r i n g  were presented which suggest t h a t  t he  ex i s tence  o f  an apparen t  
v e r t i c a l ,  o r  i n  the  con tex t  which f o l l o w s ,  cross isopycnal  eddy d i f f u s i v i t y ,  
i s  t h e  r e s u l t  o f  e s s e n t i a l l y  two processes: t he  l a r g e s t  c o n t r i b u t i o n  t o  t h e  
c ross  isopycnal  m i x i ng  occurs w i t h i n  % 50-150 m t h i c k  boundary l a y e r s .  The 
l aye rs  a r e  then advected i n t o  the  i n t e r i o r  o f  t he  bas in  a long  t h e i r  respec-  
t i v e  isopycnal  su r faces .  The s i gna tu re  o f  these l aye rs  i s  found near  t o  
topographic  fea tu res ,  whereas f a r  i n  t he  i n t e r i o r  o f  t he  b a s i n  t h e  d i s t i n c -  
t i v e  s tep  s t r u c t u r e  i s  n o t  as apparent.  One i s  reminded o f  t h e  arguments 
made by l s e l i n  (1939), Montgomery (1938), and Rossby (1936) on t h e  impor-  
tance o f  t he  r o l e  o f  l a t e r a l  tu rbu lence  and i s e n t r o p i c  m i x i n g  f o r  wa te rs  
w i t h  su r f ace  c h a r a c t e r i s t i c s .  For t he  deep ocean we a r e  sugges t ing  t h a t  a 
s i m i l a r  combinat ion o f  mechanisms i s  dominant. The combined e f f e c t  o f  
these two processes may be p a r a m e t r i c a l l y  d i sgu i sed  as a v e r t i c a l  eddy d i f -  
f u s i v i t y  i n  one-dimensional models. A crude es t ima te  shows t h a t  t h e  two 
processes can account f o r  a l l  the  v e r t i c a l  eddy d i f f u s i o n  apparent  i n  one- 
dimensional  models. The ac tua l  mechanism i s  f a r  f rom a s imp le  one-dimen- 
s i ona l  process. I t  invo lves  compl icated dynamics bo th  a t  t h e  boundary and 
i n  the  i n t e r i o r  about which we have much t o  l ea rn .  
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S P I N  UP OF A  RAPIDLY ROTATING GAS 
F r i t z  H. Bark 
The l i n e a r  s p i n  up problem f o r  a  r a p i d l y  r o t a t i n g  gas i s  so lved.  
The gas, which i s  assumed t o  be v iscous,  conduc t i ve  and i d e a l ,  i s  con- 
ta i ned  i n  an ax isymmetr ic  vessel  w i t h  f l a t  t op  and bottom w a l l s .  The 
w a l l s  o f  t he  con ta ine r  a r e  assumed t o  be p e r f e c t l y  conduct ing.  By r a p i d -  
l y  r o t a t i n g  i s  meant t h a t  e f f e c t s  o f  the  c e n t r i f u g a l  f o r c e  f i e l d  s t r o n g l y  
dominate ove r  those o f  the  g r a v i t a t i o n a l  a c c e l e r a t i o n .  Furthermore, t he  
r a t e  o f  r o t a t i o n  i s  assumed t o  be t oo  r a p i d  f o r  the  Boussinesq approxima- 
t i o n  t o  be app l i cab le .  
Mot ions on the  homogeneous s p i n  up t ime sca le  i s  cons idered.  I t  
i s  shown t h a t ,  on t h i s  t ime sca le ,  a  s l i g h t  change o f  the  r o t a t i o n  r a t e  
i s  e q u i v a l e n t  t o  a  smal l  u n i f o r m  c o o l i n g  o f  t he  w a l l s  o f  t h e  c o n t a i n e r .  
I f  the  r o t a t i o n  r a t e  i s  increased, and the  response o f  t he  gas i s  looked 
upon on t h e  homogeneous s p i n  up t ime sca le ,  t he  gas sp ins  up t o  a  s teady 
s t a t e  o f  non-uniform r o t a t i o n ,  which i s  everywhere s lower  than  t h e  i n -  
creased r o t a t i o n  r a t e  o f  the  con ta ine r .  Th i s  steady s t a t e  s l o w l y  evo lves  
toward t he  f i n a l  r i g i d  r o t a t i o n  on the  d i f f u s i v e  t ime sca le .  On t h e  d i f f u -  
s i v e  t ime sca le,  the  response o f  t he  gas t o  thermal o r  mechanical  f o r c i n g  
ecomes d  i f f e r e n t  . 
The boundary l aye rs  o c c u r r i n g  on the  homogeneous s p i n  up t ime  s c a l e  
a r e  on v e r t i c a l  boundaries,  i .e . ,  boundaries p a r a l l e l  t o  t he  a x i s  o f  r o t a -  
t i o n ,  o f  a  s i m i l a r  k i n d  as f o r  t he  s p i n  up process o f  a  homogeneous f l u i d .  
The s w i r l  and r a d i a l  v e l o c i t i e s  and t he  temperature f i e l d  a r e  ad jus ted  by 
an unsteady Stewartson l a y e r  o f  th ickness  E ' A  , whereas t h e  a x i a l  v e l o c i t y  
i s  ad jus ted  by a  quas is teady Stewartson l a y e r  o f  th ickness  E '3 . A t  t h e  
h o r i z o n t a l  boundaries,  t he  boundary l aye rs  resemble those o c c u r r i n g  f o r  
the  s p i n  up o f  an a x i a l l y  s t r a t i f i e d  Boussinesq f l u i d ,  i . e . ,  quas is teady  
Ekman l a y e r s  and unsteady l aye rs  o f  th ickness  E"' . I n  c o n t r a s t  t o  t he  
Boussinesq f l u i d  case, though, t he  f l o w  i n  the  h o r i z o n t a l  E 1 / 4  l a y e r s  do 
a f f e c t  t he  Ekman s u c t i o n  mechanism. 
A p e r t u r b a t i o n  s o l u t i o n  f o r  smal l  p e r i p h e r a l  Mach numbers and a  
numerical  s o l u t i o n  f o r  f i n i t e  p e r i p h e r a l  Mach numbers i s  presented.  I t  
i s  shown t h a t  f o r  an increased r o t a t i o n  r a t e  o f  the  c o n t a i n e r ,  t he  gas i s  
cooled everywhere. For f i n i t e  Mach numbers, i t  i s  found t h a t  t h e  r a d i a l  
v e l o c i t y  near the c e n t r e  o f  t he  con ta ine r  reverses,  i n  s p i t e  o f  t he  f a c t  
gas i s  sucked i n t o  the  Ekman l aye rs  over  the  whole top  and bottom. 
TURBULENT INTERFACE LAYERS 
Gabr ie l  T. Csanady 
Exper imenta l  da ta  have been analyzed t o  determine t h e  analogue o f  t h e  
law o f  t h e  w a l l  as i t  a p p l i e s  t o  t u r b u l e n t  f l o w  a l ong  a  sharp d e n s i t y  i n t e r -  
face. I t  was found p o s s i b l e  t o  parameter ize t h e  waviness o f  such an i n t e r -  
face  i n  terms o f  an e f f e c t i v e  v i s c o s i t y  and a  roughness l eng th .  The e f f e c -  
t i v e  v i s c o s i t y  determines t he  i n t e r f a c e  v e l o c i t y  g r a d i e n t  and t h e  v e l o c i t y  
d i s t r i b u t i o n  i n  a  v i scous  sub layer .  I t s  va lue  i s  the  geometr ic  mean o f  mo- 
l e c u l a r  v i s c o s i t y  and a  wave- v i scos i t y  formed by wave amp l i t ude  and c e l e r i t y .  
The p r o p e r t i e s  o f  t he  e f f e c t i v e  v i s c o s i t y  change w i t h  t h e  c h a r a c t e r i s t i c s  o f  
t he  waves: a t  low speeds a t  t he  a i r - w a t e r  i n t e r f a c e ,  f o r  example, c a p i l l a r -  
i t y  p lays  an impor tan t  r o l e ,  because i t  c rea tes  a  minimum i n  t h e  wave c e l e r i t y .  
l n t e r f a c e  roughness i s  a f f e c t e d  s i g n i f i c a n t l y  by i n t e r f a c e  s t a b i l i t y ,  
measured e i t h e r  by a  Richardson number o r  a  Keulegan parameter based on i n -  
ner  v a r i a b l e s .  H igher  s t a b i l i t y  reduces the  roughness l eng th .  The p h y s i c a l  
reason appears t o  be tu rbu lence  energy loss  through wo rk i ng  a g a i n s t  g r a v i t y .  
l n t e r f a c e  drag, shear and mass t r a n s f e r  c o e f f i c i e n t s  may be determined 
by matching i nne r  law v e l o c i t y  p r o f i l e s  t o  o u t e r  laws o f  conven t i ona l  t ype .  
The pa rame te r i za t i on  scheme which r e s u l t s  shows t h e  d rag  c o e f f i c i e n t  t o  be 
a  l o g a r i t h m i c  f u n c t i o n  o f  a  g r a v i t y  t o  v iscous f o r c e  r a t i o  and a l s o  t o  be 
a f f e c t e d  by t he  Keulegan parameter based on b u l k  v a r i a b l e s .  Simple a l g e -  
b r a i c  formulae connect shear and mass t r a n s f e r  c o e f f i c i e n t s  t o  t h e  d rag  
c o e f f i c i e n t .  
E x t r a p o l a t i o n  o f  these r e s u l t s  t o  t u r b u l e n t  Ekman l a y e r s  a l o n g  i n -  
c l i n e d  atmospher ic and oceanic  f r o n t s  and j u s t  below t h e  a i r - s e a  i n t e r f a c e  
show low d rag  c o e f f i c i e n t s  a t  f r o n t s  and a  h i g h  wind f a c t o r  a t  t he  f r e e  
sur face,  r e f e r r i n g  t o  t h e  s k i n  v e l o c i t y  o f  the  su r face .  
THE RETURN TO ISOTROPY OF HOMOGENEOUS TURBULENCE 
John L. Lumley 
The quest  ion  o f  whether, and how f a s t ,  a n i s o t r o p i c  (homogeneous, 
i so therma l )  tu rbu lence  w i t h o u t  mean v e l o c i t y  g r a d i e n t s  r e t u r n s  t o  i s o t r o p y  
i s  o f  f a i r l y  long  s tand ing .  Ro t t a  (1951) suggested an approx imate f o rm  f o r  
the  pressure g r a d i e n t - v e l o c i t y  c o r r e l a t i o n  which i s  r espons ib l e  f o r  t h e  i n -  
tercomponent energy in te rchange ;  t h i s  form be ing  p r o p o r t i o n a l  t o  t h e  energy 
d e f i c i t  i n  the  component, a  s i n g l e  t ime- constant  r e t u r n  t o  i s o t r o p y  i s  p r e -  
d i c t e d .  A l though t h e r e  i s  no a n a l y t i c a l  p r o o f  t h a t  t h i s  i s  so, t h e r e  i s  
f o l k  wisdom i n  the  t u rbu lence  community t h a t  i n  t he  absence o f  e x t e r n a l  agen- 
c i e s ,  an i so t r opy  should  decrease t o  avo id  a  second- law v i o l a t i o n . T h e  f i r s t  
measurements o f  t h i s  were Uberoi (1956, 1957), f o l l owed  by M i  11s and Co r r -  
s i n  (1959). These do indeed show a  r e t u r n  t o  i s o t r o p y ,  a l  though t h e  down- 
stream d i s t a n c e  i s  p a i n f u l l y  s h o r t ,  and the  i n d i c a t i o n s  near  t h e  end o f  t h e  
ducts  a r e  ( i f  end e f f e c t s  may be excluded, which i s  n o t  c l e a r )  t h a t  t h e  
r e t u r n  i s  weak. Adm i t t ed l y ,  i n  Uberoi  (1956) and M i l l s  and C o r r s i n  (1959) 
i t  was n o t  t he  major purpose t o  i n v e s t i g a t e  t he  r e t u r n  t o  i s o t r o p y  f o l l o w i n g  
the  c o n t r a c t i o n ,  b u t  r a t h e r  t o  examine the  e f f e c t  o f  t he  c o n t r a c t i o n  i t s e l f .  
We i n t e n d  t o  approach the  ques t i on  i n  a  way rem in i scen t  o f  t h a t  i n  
which t h e  school  o f  r a t i o n a l  mechanics approached the  q u e s t i o n  o f  c o n s t i t u -  
t i v e  r e l a t i o n s  f o r  non-Newtonian media. Eschewing d e t a i l e d  knowledge o f  
the  mechanisms respons ib l e  f o r  t he  s t r e s s ,  r a t i o n a l  mechanics a t tempted  to 
determine t h e  mathematical  c o n s t r a i n t s  t o  which c o n s t i t u t i v e  r e l a t i o n s  
were s u b j e c t ,  and f rom these t o  d e l i n e a t e  t h e  p o s s i b l e  forms o f  these r e l a -  
t i o n s .  When a  r e l a t i o n  had been reduced t o  a  smal l  number o f  i n v a r i a n t  
f u n c t i o n s ,  a  combinat ion o f  l i m i t i n g  cases and exper iment  c o u l d  be used t o  
determine these f u n c t i o n s ,  de te rmin ing  once f o r  a l l  t he  behav io r  i n  a  range 
o f  p o s s i b l e  s i t u a t i o n s .  Al though we know more about t h e  d e t a i l e d  mechanism 
o f  t u rbu lence  than we know about t he  s t a t i s t i c a l  mechanics o f  complex media,  
i t  i s  e v i d e n t  t h a t  we do n o t  y e t  know enough t o  make d e t a i l e d  p r e d i c t i o n s  
f rom f i r s t  p r i n c i p l e s  o f  such behav io r  as r e t u r n  t o  i s o t r o p y ;  t h e r e  i s  
t h e r e f o r e  some j u s t i f i c a t i o n  f o r  t a k i n g  a  s i m i l a r  approach t o  t u rbu lence .  
We w i l l  f i n i s h  w i t h  a  r a t i o n a l  c o n s t r u c t i o n  which, a l t hough  i t  may be termed 
sem i- emp i r i ca l ,  behaves l i k e  tu rbu lence  i n  a  range o f  c i rcumstances.  The 
concept o f  v i s c o s i t y ,  a l s o ,  may be shown r a t i o n a l l y  t o  d e s c r i b e  t h e  b e h a v i o r  
o f  c e r t a i n  media i n  a  range o f  c i rcumstances,  and s i n c e  t h e  va lue  o f  t h e  
v i s c o s i t y  i n  a  p a r t i c u l a r  medium must be determined f r om exper iment ,  i t  may 
be s a i d  t o  be semi- empi r i ca l .  
There i s ,  i n  f a c t ,  cons iderab le  s i m i l a r i t y  between t he  r e t u r n  t o  i s o -  
t r o p y  problem, and t h e  behav io r  o f  non-Newtonian media. I n  a  t u r b u l e n t  
f l o w  a t  h i g h  Reynolds number, t he  o n l y  impor tan t  s t r e s s  i s  the  Reynolds 
s t r e s s  - u ;  uj I n  t he  exper iments r e f e r r e d  t o ,  i n i t i a l l y  approx imate ly  i s o -  
t r o p i c  t u rbu lence  i s  sub jec ted  t o  an ax isymmet r i c  c o n t r a c t i o n  t o  produce t h e  
an i so t r opy ,  which i s  then a l lowed t o  decay. Measurements a r e  taken i n  t h e  
p r i n c i p a l  axes o f  t he  Reynolds s t r e s s  tensor .  Hence, t he  e q u i v a l e n t  p rob lem 
i n  a  non-Newtonian medium would be an ax isymmetr ic  d i s t o r t i o n  o f  m a t e r i a l  
i n i t i a l l y  i n  a  s t a t e  o f  i s o t r o p i c  s t r e s s ,  p roduc ing  unequal normal s t r e s s e s ,  
which a r e  then a l lowed t o  decay t o  e q u a l i t y .  I t  i s ,  o f  course,  dangerous t o  
draw s i m p l i s t i c  ana log ies ;  tu rbu lence  cannot be regarded as a  non-Newtonian 
medium f o r  a  number o f  reasons. Ch ie f  among these a r e  t he  f a c t  t h a t  i t  does 
no t  s a t i s f y  the  p r i n c i p l e s  o f  m a t e r i a l  i n d i f f e r e n c e  o r  de te rmine  (Lumley, 
1970), t h a t  t he re  a r e  reg ions near boundar ies i n  t ime  and space where l o c a l  
s t a t e s  a r e  n o t  un ique f u n c t i o n a l s  o f  f l o w  v a r i a b l e s  ( ~ u m l e y ,  1970), and t h a t  
the  t u r b u l e n t  energy,  which i s  r espons ib l e  f o r  the  t r a n s p o r t  phenomena, i s  
mainta ined by the  e x t e r n a l  energy i n p u t .  The l a t t e r  makes t he  mechanics o f  
tu rbu lence  evoca t i ve  o f  ( though i n  no way analogous t o )  t h e  laminar  mechanics 
o f  a  gas a t  cons tan t  d e n s i t y  and very  low temperature i n  t h e  sense t h a t  mo- 
l e c u l a r  momentum t r a n s p o r t  w i l l  be s u b s t a n t i a l  o n l y  where t he  tempera tu re  
i s  s u b s t a n t i a l  due t o  shear o r  some o t h e r  energy i n p u t .  Never the less ,  i n  
homogeneous t u r b u l e n t  f lows many o f  the  techniques and concepts o f  con t inuum 
mechanics can be a p p l i e d  t o  tu rbu lence ,  w i t h  g r a t i f y i n g  r e s u l t s .  
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TURBULENT VELOCITY PROFILES FROM STABILITY THEORY 
Wi l lem V.R. Malkus 
A v e l o c i t y - d e f e c t  law f o r  channel f l o w  i s  shown t o  r e s u l t  from a 
s i n g l e  requirement o f  Reynolds s t r e s s  spec t ra l  "smoothness" f o r  any mean 
p r o f i l e  mainta ined f r e e  o f  i n f l e x i o n s  by t r a n s i e n t  i n s t a b i l i t i e s .  The 
deduced v e l o c i t y  i s  a  l o g a r i t h m i c  f u n c t i o n  o f  p o s i t i o n  near  boundar ies and 
p a r a b o l i c  i n  mid- regions o f  t he  f l ow ,  independent o f  t he  d e t a i l e d  mech- 
anisms o f  momentum t r a n s p o r t  by t he  f l u i d .  However, i f  t h e  "smoothness" 
o f  t he  s p e c t r a l  t a i l  i s  decreased, a  second l o g a r i t h m i c  l a y e r  o f  s teeper  
s lope  emerges i n s i d e  t he  f i r s t  l a y e r .  P r o f i l e  da ta  f rom drag  r e d u c t i o n  
exper iments gathered by V i rk  (1975) e x h i b i t  t he  deduced i n n e r  l o g - l a y e r  
and i t s  t r a n s i t i o n  reg ion  t o  the  usual  o u t e r  f l ow.  The p o s i t i v e  d e f i n i t e  
cu rva tu re  o f  the  mean p r o f  i l e  i s  represented by I)" " 1" 1 , where 
T =  f ~~e l k p  - 0 
has the  c o r r e c t  1 i m i  t s  f o r  general  complex rep resen ta t i on  o f  U" . When 
fiIk = 011~ / h ) ,  the  asymptot ic  s t r u c t u r e  o f  the spectrum w i t h  an ex-  
ponen t t a  i 1 beyond &, , i s 
I I =  lo- 
\ 
where Y- '  measures t he  w i d t h  o f  t he  t a i  1 .  From the  V i  r k  da ta  
and b' c o n t r o l s  the  p o s i t i o n  o f  t r a n s i t i o n  f rom one l o g a r i t h m i c  r e g i o n  t o  
the  o t h e r .  
APPLICATION OF PHASE TRANSITION METHODS 
TO THE LARGE SCALE SPECTRAL PROPERTIES OF STIRRED FLUIDS 
Paul C .  M a r t i n  
I n  recen t  years,  methods have been developed f o r  s t u d y i n g  t h e  asymp- 
t o t i c  and non- ana l y t i c  behavior  o f  the  thermodynamic systems a t  l a r g e  d i s -  
tances and long  t imes. These methods, which go under the  name o f  t h e  r e -  
no rma l i za t i on  group, have made i t  p o s s i b l e  t o  deduce, f o r  example, t h e  s ingu-  
l a r  dependence o f  the energy on temperature,  and, a t  t he  t r a n s i t i o n  tempera- 
tu re ,  the  s i n g u l a r  dependence o f  t he  c o r r e l a t i o n s  on d i s tance .  These s i n g u l a r  
p r o p e r t i e s  r e s u l t  f rom the combined e f f e c t s  o f  a  l a r g e  number o f  degrees o f  
freedom and can be de r i ved  by ana l yz i ng  d i f f e r e n t i a l  equa t ions  wh ich  t e l l  
! / how t h e  p r o p e r t i e s  o f  t he  system change w i t h  a  smal l  change i n  t he  number 
o f  degrees o f  freedom. By s o l v i n g  non l i nea r  equa t ions  w i t h  r e g u l a r  c o e f -  
f i c i e n t s ,  one determines t he  na tu re  o f  t he  s i n g u l a r i t i e s  t h a t  appear as 
t he  number o f  degrees o f  freedom approaches i n f i n i t y .  
I n  t he  pas t  year ,  these methods have been employed t o  i n v e s t i g a t e  
t he  p r o p e r t i e s  o f  f l u i d s ,  which s a t i s f y  t he  Nav ier-Stokes and s i m i l a r  d i s -  
s i p a t i v e  equat ions,  when they a r e  sub jec ted  t o  random s t i r r i n g  f o r c e s .  I n  
t h i s  l e c t u r e  an a t tempt  has been made t o  desc r i be  those c a l c u l a t i o n s  p e r -  
formed by a  group p a r t l y  loca ted  a t  Harvard -- F o r s t e r ,  Nelson, and Stephen 
(PRL 36: 867 (1976) and an a r t i c l e  t o  be publ ished i n  Phys.Rev.A,Aug., 1977),  
by ~ . K ~ o r e s e ~  ( J . ~ h y s . c . ,  Sol i d  S t a t e  Phys ics ,  10: 1781 (1977) ) ,  and by  
t he  CNRS Turbulence group a t  t he  Observatoi  r e  d e N i c e  (J.D. Fou rn i e r  and 
U.Fr isch,  a b s t r a c t  June, 1977, o f  a  paper t o  be publ  i shed ) .  
What these papers e s p e c i a l l y  t he  f i r s t  two, cons ide r  i s  t he  gene ra l  
behav io r  a t  smal l  wave numbers o f  t he  s p e c t r a l  f u n c t i o n .  
o f  t he  F o u r i e r  components o f  t he  v e l o c i t y ,  < , ( ~ t )  
v; j~ w )  = / d t  J v; ( r t ) , t  - ;  &.I* ; w t  
i n  an incompress ib le  f l u i d  ( 9 - V )  = 0 s a t i s f y i n g  t he  f o r c e d  Navier-Stokes 
equa t ion  
- 
a+ % +  (vOv)v_= - w yp+,ov'v+f - 
i n  d-dimensions. As usua l ,  p  i s  t he   pressure,^, t h e  v i s c o s i t y  a p a r t  f o r  
the  c o n t r i b u t i o n  t h a t  r e s u l t s  f rom the  n o n l i n e a r  c o u p l i n g  te rm ( i . e .  t h e  
unrenormal i zed v i  scos i t y )  , and i s  the  random f o r c e .  
The average i s  taken over  a  f o r c e  which w i t h  Gaussian "whi t e- no i se"  
s t a t i s t i c s  s p e c i f i e d  e n t i r e l y  by t h e  two- po in t  c o r r e l a t i o n  f u n c t i o n  
so t h a t  ~ ( k )  c h a r a c t e r i z e s  t he  spectrum o f  t he  s t i r r i n g  f o r c e .  
When ~ ( k )  van i shes as k2  o r  more r a p i d l y  as k  -> 0,  t he  domi nan t  
behav ior  o f  G ;  ; ( k w )  f o r  smal l  k  and w i s  
f o r  d  ? 2, bu t  f a r  more compl icated f o r  d  d 2, i .e .  
G ( K  W )  = & Ig  ( w / I I ' )  
w i t h  z = 1 + 1/2d. The energy spectrum, ~ ( k ) ,  i s  p r o p o r t i o n a l  t o  
f o r  a l l  va lues o f  d b u t  f o r  d < 2, the  c o r r e c t i o n s  due t o  n o n l i n e a r  mode- 
coup1 i ng t o  t he  Nav ier- Stokes equa t ion  (which descr ibes  t h e  sho r t - range  
e f f e c t s  o f  mo lecu la r  c o l l i s i o n s )  comp le te ly  a l t e r  t he  hydrodynamic equa- 
t i o n  and d i s p e r s i o n  r e l a t i o n .  The manner i n  which these changes occur  i s  
the  sub jec t  o f  an ex tens i ve  l i t e r a t u r e  which goes under t h e  t i t l e  o f  " l ong-  
t ime t a i l s " .  I t  p r e d i c t s  some i n t r i g u i n g  and unexpected r e s u l t s  i n c l u d i n g  
a q u i t e  e x p l i c i t  c o r r e c t i o n ,  depending on t he  l o g a r i t h s  o f  t h e  wave number, 
t o  the  v i s c o s i t y  i n  two dimensions. 
The r e s u l t s  f o r  ~ ( k )  a re  a l s o  i n t e r e s t i n g  even i f  they  appear f a r  
f rom s t a r t l i n g .  The p o i n t  i s  t h a t  ~ ( k )  always has the  same fo rm  a t  smal l  
enough wave numbers when D(k) vanishes f a s t e r  than k2.  I t  ho lds  n o t  o n l y  
f o r  a f l u i d  i n  thermal e q u i l i b r i u m ,  b u t  a l s o  f o r  a qu iescen t  f l u i d  t h a t  
i s  s t i r r e d  randomly a t  l a r g e  wave numbers. Th i s  p r e d i c t i o n  agrees w i t h  
one made some t ime ago on o t h e r  grounds by Saffman, and con f i rmed by numer- 
i c a l  s t ud ies .  I t  answers a ques t ion  r a i s e d  here  l a s t  week by Malkus about  
how ~ ( k )  v a r i e s  w i t h  k when k i s  l ess  than t h e ' c h a r a c t e r i s t i c  s t i r r i n g  
wave number. 
When the system i s  s t i r r e d  more s t r o n g l y  a t  l a r g e  d i s tances ,  i .e . ,  
when D(k) i s  a cons tan t ,  Do, t he  behavior  o f  the  system i s  more s t r o n g l y  
mod i f i ed  a t  smal l  wave numbers, and d e v i a t i o n s  f rom the  spect rum and hydro-  
dynamics occur  whenever d 4. For such f o r c i n g ,  Fo rs te r ,  Nelson, and 
Stephen show t h a t  
E(k)  - kd-3 d > 4  
~ ( k )  - k2d/3 513 d < 4  
I t  i s  tempt ing t o  con t i nue  these arguments by cons ide r i ng  a s t i r r i n g  f o r c e  
where a i s  nega t i ve .  
Indeed, i f  one employs one o f  the  more success fu l  Markovian approx imat ion  
techniques -- one which goes by t he  name o f  t he  Eddy Damped Quasi-Normal 
Markovian (EDQNM) approximat i on  -- which g ives  
E(k) -k2/3d - 5/3 
f o r  a = 0, and d 4 4, one f i n d s  t h a t  f o r  a f o r c e  spectrum 
and d s u f f i c i e n t l y  less  than a number t h a t  increases as a decreases. 
E(k)  k -5 /3  + 2/3 (d+a) 
When a = -d, which i s  perhaps decep t i ve l y  sugges t i ve  o f  a s t i r r i n g  f o r c e  
o f  the  form ~ ( k )  - 6 (k )  , one f i n d s  an energy spectrum ~ ( k )  
~ ( k )  k -5'3 
f o r  a l l  d. I n  c o n t r a s t  t o  the r e s u l t s  f o r  a = 0,  and a = 2, which has been 
der ived  by renormal i z a t i o n  group (RNG) techniques and can be appl  i e d  t o  t h e  
l a rge  sca le  behav io r  o f  inverse  "cascades", the  r e s u l t  f o r  d = -a ob ta ined  
w i t h  the  EDQNM has no RNG foundat ion.  Whether t he  f a c t  t h a t  i t  y i e l d s  t h e  
Kolmogorov spectrum f o r  a l l  d has any meaning a t  a l l  remains t o  be seen. 
I n  genera l ,  we would expect  t h a t  i n  problems o f  s t r o n g  t u rbu lence  o f  t h e  
type discussed by Kolmogorov, the s t a r t i n g  p o i n t  i s  n o t  a p p r o p r i a t e .  I t  seems 
less  reasonable t o  go f rom the  d i s s i p a t i v e  regime t o  l ong  wavelengths o r  
small k than t o  beg in  by e l i m i n a t i n g  t he  e f f e c t s  o f  l a r g e  edd ies ,  and t o  
de r i ve  the  i n e r t i a l  Kolmogorov spectrum as a s h o r t  d i s t ance  o r  l a r g e  wave 
number approx imat ion.  Th is  i s  the  p i c t u r e  upon which recen t  work o f  N e l k i n ,  
Be1 1 ,  S i  gg ia ,  and o the rs  i s  based. 
For t he  moment, i t  i s  n o t  c l e a r  t h a t  t h e i r  s t ud ies  u s i n g  t he  r e -  
no rma l i za t i on  group and i n t e r p o l a t i o n  methods based on i t  w i l l  succeed, l e t  
a lone e x p l a i n  i n te r rn i t t ency .  Whi le t he  long wavelength r e s u l t s  desc r i bed  i n  
t h i s  l e c t u r e  do n o t  b r a r  on t h i s  ques t ion ,  I t h i n k  they a r e  i n t e r e s t i n g  and 
deserve a t t e n t i o n .  
GERSTNER EDGE WAVES IN A ROTATING STRATIFIED FLUID 
E r i k  Mol lo-Chr is tensen 
Gers tne r ' s  s o l u t i o n  f o r  f i n i t e  ampl i tude r o t a t i o n a l  waves can be 
extended t o  t r e a t  edge waves i n  a  r o t a t i n g  f l u i d .  The wave f i e l d  can be 
te rmina ted  by i n te r f aces  above and below, sepa ra t i ng  t he  wave f i e l d  f r o m  
a  f l u i d  moving a t  phase v e l o c i t y  i n  u n i f o r m  motion. The a d d i t i o n  o f  a  
cons tan t  v e l o c i t y  t o  p a r t i c l e s  i n  the  wave f i e l d  i s  inc luded  as a  non- 
t r i v i a l  m o d i f i c a t i o n  i n  a  r o t a t i n g  system, a l though the  same mod i f i ca-  
t i o n  i n  n o n r o t a t i n g  coord ina tes  i s  t r i v i a l .  
WAVE PACKETS 
E r i k  Mol lo- Chr is tensen  
Discuss ion o f  conc lus ions t h a t  one can draw f rom recen t  work on 
t heo ry  o f  non l i nea r  waves, such as modu la t iona l  i n s t a b i l i t y ,  group forma-  
t i o n ,  format ions o f  groups o f  permanent envelope (group s o l  i tons ) ,  a b i  l i t y  
o f  groups t o  s u r v i v e  c o l l i s i o n s .  From t h i s ,  one may conclude t h a t  a  wave 
f i e l d ,  i n i t i a l l y  c o n s i s t i n g  o f  independent ly  p ropagat ing  F o u r i e r  compo- 
nents ,  w i l l  tend t o  concen t ra te  an i nc reas ing  f r a c t i o n  o f  t he  t o t a l  energy  
i n  group s o l i t o n s .  These w i l l  s u r v i v e  c o l l i s i o n s ,  and a r e  b a s i c a l l y  
through w i t h  n o n l i n e a r  i n t e r a c t i o n s  t h a t  modi fy  t h e i r  s t r u c t u r e .  They 
should t h e r e f o r e  be expected t o  dominate the  s t a t i s t i c a l  measures o f  a  
wave f i e l d ,  such as spect ra ,  j o i n t  covar iances and t h e i r  F o u r i e r  t r a n s -  
forms, t he  c ross- spec t ra .  
Wi th  Ramamonjiarisoa, I have cons t ruc ted  a  model random wave f i e l d  
c o n s i s t i n g  o f  i d e n t i c a l  group s o l i t o n s ,  and examined i t s  s t a t i s t i c a l  mea- 
sures. The group s o l i t o n s  c o n s i s t  o f  Stokes waves, t h a t  i s  waves o f  p e r -  
manent form, mod i f i ed  by an envelope f u n c t i o n  ( ~ a u s s i a n )  t h a t  moves a t  
group v e l o c i t y .  Stokes waves have the  c h a r a c t e r i s t i c  t h a t  a l l  F o u r i e r  com- 
ponents propagate a t  the same phase v e l o c i t y ,  t h a t  o f  t he  fundamental .  
The groups have random phase and random envelope l o c a t i o n  a t  t ime  t = 0. 
The groups a re  t h e r e f o r e  unco r re l a ted ,  and t he  second o r d e r  s t a t i s t i c a l  
measures can be found by c a l c u l a t i n g  them f o r  one group and m u l t i p l y i n g  
w i t h  the  group popu la t i on  d e n s i t y .  The r e s u l t i n g  spec t ra  a r e  compared t o  
exper imenta l  data,  and show s t r o n g  s i m i l a r i t i e s  t o  the  c e l e r i t i e s  observed 
by Ramamonjiarisoa, as w e l l  as spec t ra  observed i n  the  ocean. The p r e -  
sence o f  i n t e r n a l  wave group s o l i t o n s  i s  suggested as a  p o s s i b l e  exp lana-  
t i o n  f o r  the  d i f f e r e n c e  po in ted  o u t  by G a r r e t t  and Munk between towed and 
buoy spec t ra .  The rep resen ta t i on  o f  random f i e l d s  i n  terms o f  " p a r t i c l e s "  
sueh as group solitons, i s  suggested as a p o s s i b l e  a l t e r n a t i v e  t o  rep re-  
s e n t a t i o n  i n  terms o f  independent ly  p ropagat ing  Fou r i e r  components. 
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ON MODELLING THE SUPERLAYER 
Stephen J.  M o r r i s  
I n  genera l ,  f r e e  t u r b u l e n t  f l ows  a t  h i g h  Reynolds numbers have a 
I sha rp l y  d e f i n e d  bounding sur face ,  o r  supe r l aye r ,  across which t h e  v o r t i c i t y  
f a l l s  t o  zero.  K e l v i n ' s  c i r c u l a t i o n  theorem f o r  a  homogeneous f l u i d  i m p l i e s  
t h a t  f l u i d  i n i t i a l l y  o u t s i d e  t he  bounding su r f ace  can become v o r t i c a l  o n l y  
by v i scous  d i f f u s i o n .  I t  i s  t h e r e f o r e  n a t u r a l  t o  ask how q u i c k l y  t he  bound- 
i ng  su r f ace  propagates through the  f l u i d .  The f r o n t  i s  u n l i k e  a  shock f r o n t  
i n  t h a t  bo th  i t s  p ropaga t ion  and non-zero t h i c kness  a r e  due t o  t he  same mo- 
l e c u l a r  e f f e c t s .  Thus, i t  i s  t o  be expected t h a t  any model wh ich  g i v e s  t h e  
p ropaga t ion  speed c o r r e c t l y  w i l l  a l s o  g i v e  a  d e s c r i p t i o n  o f  t h e  i n t e r n a l  
s t r u c t u r e  o f  t h e  f r o n t  and, i n  p a r t i c u l a r ,  an es t ima te  f o r  i t s  t h i c kness .  
Moreover, the  w i d t h  o f  tu rbu lence  grows i n  the  downstream d i r e c t i o n  a t  a  
r a t e  which i s  a t  most weakly dependent on v i s c o s i t y  (e .g .  Monin and Yaglom, 
Vol .1,  equa t ions  5.66 and 5.61). I t  f o l l o w s  t h a t  t h e  t o t a l  s u r f a c e  a rea  
across which t h e  s low process o f  d i f f u s i o n  occurs  must a d j u s t  i t s e l f  accord-  
i n g l y .  S i m i l a r l y ,  i f  ener d i s s i p a t i o n  i n  homogeneous t u r b u l e n c e  occu rs  
p r i m a r i  t y  i n  v o r t e x  sheets' (say) o f  th i ckness  h ,  and w i t h  an assoc ia ted  
v e l o c i t y  d i f f e r e n c e  V;t , the  v o l u m e t r i c  r a t e  o f  energy d i s s i p a t i o n  can be 
independent o f  v i s c o s i t y  i f  t he  su r f ace  area o f  t h e  v o r t e x  sheets  inc reases  
as V decreases. I n  bo th  cases the  su r f ace  area o f  a  random s u r f a c e  i s  i n -  
vo lved and i t  seemed t o  me t h a t  i t  would be u s e f u l  t o  have a s imp le  model o f  
the  bounding su r f ace  which descr ibes  how i t  propagates and how the  ad jus tmen t  
o f  t he  su r f ace  area occurs .  
When t h e  tu rbu lence  i s  marked by a  pass ive  contaminant  (hea t  say ) ,  
t he  bounding su r f ace  o f  t he  t u r b u l e n t  v e l o c i t y  f i e l d  and t h a t  o f  t he  con= 
c e n t r a t i o n  f i e l d  ( thermal  super layer )  appear t o  c o i n c i d e  we1 1 (e.g.  F i e d l e r  
1 @ The ac tua l  s t r u c t u r e  o f  t he  d i s s i p a t i n g  reg ions  i s  more compl i ca ted ;  see Kuo and C o r r s i n  (1972).  
and Head, 1966). Since the  govern ing equat ion  f o r  t he  pass ive  temperature 
f i e l d  i s  l i n e a r  y e t  r e t a i n s  t he  bas ic  e f f e c t s  o f  convec t ion  and mo lecu la r  
d i f f u s i o n ,  i t  i s  b e t t e r  t o  s tudy the  s t r u c t u r e  o f  t he  thermal supe r l aye r  
r a t h e r  than the v o r t i c i t y  super layer .  Moreover the bas i c  mechanism o f  p r o -  
pagat ion  i s  most e a s i l y  understood f o r  a  one-dimensional temperature f i e l d .  
Also, as t h e  super layer  i s  a  reg ion  i n  which convec t i ve  and d i f f u s i v e  e f f e c t s  
balance we wxpect t h a t  t he  s o l u t i o n  o f  t he  temperature equa t i on  w i l l  be i n -  
dependent o f  the d e t a i l s  o f  the  i n i t i a l  cond i t i ons .  Thus we seek a  s o l u t i o n  
t o  t he  i n i t i a l  va lue  oroblem 
Here v C ~ ;  t )  i s  t he  known v e l o c i t y  f i e l d  and x the  cons tan t  d i f f u s i v i t y .  
Now i t  i s  c l e a r  t h a t  f o r  small t imes, t he  i n i t i a l l y  d i scon t i nuous  tempera- 
t u r e  f i e l d  w i l l  be smoothed by d i f f u s i o n .  Simultaneously i t  w i l l  be con- 
vected by t he  v e l o c i t y  f i e l d  b u t  because t he  f r o n t  i s  i n i t i a l l y  ve ry  t h i n  
compared t o  the Kolmogorov mic rosca le  ( x k ) ,  v ( ~ , ; t )  wi  1 1  be e s s e n t i a l  l y  con- 
s t a n t  w i t h i n  the f r o n t  and equal t o  the  v e l o c i t y  o f  t he  f l u i d  p a r t i c l e  w i t h  
which t he  d i s c o n t i n u i t y  i n i t i a l l y  co inc ides .  As t ime passes, t h e  f r o n t  
t h i ckens  by d i f f u s i o n  and success ive ly  h i ghe r  o rde r  terms i n  t h e  T a y l o r  ex-  
pansion o f  ' v (y ; t )abou t  t h a t  f l u i d  ' ? a r t i c l e  become impor tan t .  I n  p a r t i c u l a r ,  
i f  t he  ( ~ u l e r i a n )  v e l o c i t y  g rad ien t  a t  t h e  l o c a t i o n  o f  t h a t  f l u i d  p a r t i c l e  
i s  nega t i ve  and . L ) / z > > l ,  o n l y  the  f i r s t  t h r e e  terms i n  t he  T a y l o r  expan- 
s i o n  need be inc luded.  Now l e t Y ( t )  be a  f unc t i on  o f  t ime, s h o r t l y  t o  be 
p resc r i bed ;  l e t  rl = y - Y ( "  and k ( q  ;t) = B l y  ;t) . Then, the  d imens ion less  
equa t ion  f o r  k ('I :t) i s  
Also, $ ( t )  and g ( t )  a re  p resc r i bed  f u n c t i o n s  which a r e  assumed f o r  t he  t ime  
be ing  t o  be o f  o rde r  one; FCt) i s  a l s o  assumed p o s i t i v e  f o r  t h e  moment.Let- 
t i n g  k = t ~ ~ " ' - t . ~ k ( ~ ~ t  O ( r a ) ,  
v(yLt);t)-e(t)= - c $ ( t ) +  O(€'), and choosing fl (t) so t h a t  t h e  pe r -  
t u r b a t i o n  expansion f o r  k ( ? ; t )  i s  u n i f o r m l y  v a l i d  i n  t ime g i v e s  
- 
* ( ? ; t \ =  +-(I--$ 2). 2 q 3 e  -T%/C~+ (J@ 2 1 ,  
and 
?("-v(Y(t);tt= 2 L ( ~ , T ) +  O(ta) .  Here a,T i s  a  bounded f u n c t i o n  o f  t irne dm 
which s a t i s f i e s  a  c e r t a i n  o r d i n a r y  d i f f e r e n t i a l  equa t ion ,  w h i l s t  t h e  t h i c k -  
ness ( r )  o f  the  f r o n t  s a t i s f i e s  another .  
Thus i n  a  frame o f  re fe rence  which propagates through t h e  f l u i d  a t  a  
speed 2 &(a2=) ocG i^ €'vK, the temperature p r o f i  l e  i s  a  s l  i g h t l y  d i s t o r t e d  
e r r o r  f u n c t i o n .  P h y s i c a l l y ,  when 9(t) i s  p o s i t i v e ,  the  v e l o c i t y  g r a d i e n t  
i s  s l i g h t l y  more nega t i ve  when < O t h a n  i t  i s  when q > o .  Thus i s  
a l s o  more nega t i ve  f o r Q 4 0  than f o r  9 7 o and because t he  hea t  f l u x  i s  p r o -  
p o r t  i o n a l  t o  - 2 , the thermal super layer  propagates. The propagat  i-on 
- 1 
speed i s  a  f a c t o r  o f  E' sma l l e r  than t he  Kolmogorov speed ( u ~ ) .  
When t h i s  c a l c u l a t i o n  i s  repeated i n  t h ree  dimensions t h e  same mech- 
i n i sm  induces a propagat ion v e l o c i t y  o f  o r d e r E 3 7 / j ( .  I n  a d d i t i o n  t he  s u r -  
face can a l s o  propagate by v i r t u e  o f  i t s  cu rva tu re ;  i t  i s  t h i s  second t e r m  
which c o n t r o l s  t he  amount o f  su r face  area across which d i f f u s i o n  can o c c u r .  
However, Pec le t  number s i m i l a r i t y  i s  n o t  p o s s i b l e  u s i n g  such a s im-  
p l e  model. To see t h i s ,  cons ider  an element o f  area on t h e  v o r t i c a l  super -  
l a y e r  o f  dimensions h,xX,. Now the thermal super layer  must have more a r e a  
than t h e  v o r t i c a l  super layer  because i t s  p ropagat ion  speed i s  sma l l e r  t h a n  
t h a t  o f  t he  v o r t i c a l  super layer .  Since t he  l a r g e  s c a l e  s t r u c t u r e s  on b o t h  
the super layers  must be t he  same, the  increased area o f  t he  thermal super-  
l a y e r  can o n l y  come f rom convo lu t i ons  o f  wavelength much s m a l l e r  than A, . 
C l e a r l y ,  the  f i n e  s t r u c t u r e  on the  thermal super layer  must be o f  wavelength 
a t  l e a s t  A T  , the  th ickness  o f  the  thermal super layer .  Moreover, i t s  a m p l i -  
tude i s  u n l i k e l y  t o  be g r e a t e r  than t he  d iameter  o f  the  s m a l l e s t  edd izs  i n  
the  t u r b u l e n t  f l o w  i l l k )  and the  area o f  thermal supz r l aye r  f o r  each Ah a r e a  
o f  v o r t i c i t y  super layer  i s  thus a t  most I' = . Thus t h e  e n t r a i n -  
.K A F  
ment v e l o c i t y  f o r  the  thermal super layer  I S  
I i t l L y  ,+om L O O  . Pec le t  number s i m i l a r i t y  i s  thus im- 
p o s s i b l e  accord ing  t o  t h i s  s imp le  model. 
The p e r t u r b a t i o n  method which has been used b r i n g s  o u t  t he  mechanism 
o f  p ropagat ion  n i c e l y  b u t  i s  unable t o  g i v e  Pec le t  number s i m i l a r i t y  w i t h o u t  
be ing  mod i f ied .  Th is  snag can be untangled by r e c a l l i n g  t h a t  t h e  propaga-  
t i o n  speed o f  the  f r o n t  i s  smal l  because the v a r i a t i o n  i n  v e l o c i t y  g r a d i e n t  
across i t s  th ickness  i s ,  s imp l y  because the  thermal f r o n t  i s  t h i n  compared 
t o  a, . However i f  the v e l o c i t y  g r a d i e n t  a t  the super layer  i s  a l lowed t o  
be random i n  s i gn  r a t h e r  than s t r i c t l y  nega t i ve ,  as has been assumed so f a r ,  
the thermal f r o n t  w i l l  be much t h i c k e r  on average than t he  e q u i l i b r i u m  
sca le  h7 . Hence the  l a y e r  w i l l  be more s t r o n g l y  d i s t o r t e d  and t he  propaga-  
t i o n  speed l a r g e r .  I  have made some ve ry  rough c a l c u l a t i o n s  which suggest  
t h a t  an ent ra inment  v e l o c i t y  which v a r i e s  weakly w i t h  E may be p o s s i b l e  
us ing  t h i s  mechanism. I am about t o  a t tempt  a  more r i g o r o u s  c a l c u l a t i o n .  
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PHOTON BUBBLES 
Edward A. Spiegel  
I n  a  h o t  s t e l l a r  atmosphere, r a d i a t i o n  may produce s i g n i f i c a n t  
dynamical as w e l l  as thermal e f f e c t s .  L e t  F  be t he  f l u x  o f  r a d i a n t  energy 
i n  t he  s t a r ' s  r e fe rence  frame. The f l u x  of- radiant momentum i s  measured 
by E/c, va l ue  c  i s  t h e  speed o f  l i g h t .  Le t  x  be t h e  c ross  s e c t i o n a l  area 
per  u n i t  mass o f  s t e l l a r  m a t e r i a l  f o r  s c a t t e r i n g  o r  absorb ing  l i g h t  and 
l e t  p be t h e  d e n s i t y  o f  s t e l l a r  m a t e r i a l .  Then px  i s  t h e  i n v e r s e  o f  t he  
mean f r e e  pa th  o f  photons. The f o r c e  per  u n i t  volume o f  t h e  r a d i a t i o n  o r  
s t a t i c  ma t t e r  i s  then pxF/c. I f  the  ma t t e r  i s  moving w i t h  v e l o c i t y  & 
w i t h  respec t  t o  t h e  star: t he  r a d i a n t  f l u x  as seen i n  t h e  l o c a l  r e s t  f rame 
- 
o f  t he  ma t t e r  i s ,  approx imate ly ,  F  = F  - 3 ~ 4 ,  where E i s  t he  d e n s i t y  o f  
r a d i a n t  energy.  (The 4/3  i s  a  c o ~ r e c ~ i o n  a r i s i n g  f rom t h e  r e l a t i v i s t i c  
na tu re  o f  l i g h t . )  Hence t he  r a d i a n t  f o r c e  d e n s i t y  on moving m a t t e r  i s  
approx imate ly  pxF/c. - 
Suppose t h a t  we t h i n k  o f  t he  r a d i a t i o n  as a  f l u i d  w i t h  v e l o c i t y  
(w . r . t .  t h e   star)^ = f / (+E).  The r a d i a n t  f o r c e  i s  then w r i t t e n  
p x ( y - z ) / c ,  and i s  p r o p o r t i o n a l  t o  the  r e l a t i v e  v e l o c i t y  o f  t h e  two 
f l u i d s .  Th i s  fo rce  can be comparable t o  t h e  g r a v i t a t i o n a l  f o r c e  on t he  
ma t t e r .  When t h e  two f o r ces  a r e  equal and u  = 0,  astronomers say t h e  s t a r  
i s  a t  t he  Eddington l i m i t .  I n  t h a t  case t h z s i t u a t i o n  i s  i n  many ways 
l i k e  t h a t  i n  a  f l u i d i z e d  bed. How good i s  t he  analogy? 
There a r e  some f a i l u r e s .  I n  t he  f l u i d i z e d  bed t he  d rag  c r o s s  sec- 
t i o n  per  p a r t i c l e  i s  r a t h e r  s e n s i t i v e  t o  p a r t i c l e  d e n s i t y .  The analogous 
a s t r o p h y s i c a l  q u a n t i t y ,  x ,  does depend on d e n s i t y ,  b u t  n o t  so c r i t i c a l l y .  
P a r t i c l e s  i n  a  f l u i d i z e d  bed may f e e l  t he  e f f e c t s  o f  c l o s e  pack ing ;  n o t  
so the  p a r t i c l e s  i n  a  s t e l l a r  atmosphere. The l i g h t  may be absorbed i n  
s t e l l a r  atmospheres; no analagous phenomenon i s  s i g n i f i c a n t  i n  f l u i d i z a -  
t ion.  
Desp i te  these d i f f e r e n c e s  s i m i l a r  dynamical behav io r  may be en- 
countered i n  t h e  two s i t u a t i o n s .  Th i s  p o s s i b i l i t y  leads t o  t h e  n o t i o n  o f  
photon bubbles,  vo i ds  i n  t he  ma t t e r  c o n t a i n i n g  (a lmos t )  e x c l u s i v e l y  r a d i a -  
t i o n .  I f  these e x i s t  they must work about as f o l l o w s :  
Consider a s p h e r i c a l  r e g i o n  i n  the  atmosphere i n  which t h e  ma t t e r  
d e n s i t y  i s  lowered ( t o  ze ro  i n  the  i dea l  case) .  R a d i a t i o n  f l o w i n g  f rom 
below tends t o  move through t he  ho le .  ( p i c t u r e  t he  analogous case o f  
f l o w  i n  a  porous medium w i t h  a  ho le . )  The r a d i a n t  f l u x  1 ines w i l l  l ook  
l i k e  those i n  F ig .1 .  I n  t he  frame o f  the  bubbles,  o u t  i n  f r o n t ,  t h e  r a-  
d i a n t  f o r c e  pushes t h e  ma t t e r  as i de  so t h a t  i t  goes around t h e  h o l e  (see 
F ig .2 ) .  L i f e  i s  more compl i ca ted  on t he  t r a i l i n g  edge, as one sees i n  
f l u i d i z e d  beds. 
There a r e  some equa t ions  t h a t  go w i t h  a l l  t h i s ,  o f  course ,  b u t  I 
f e a r  t h a t  they do n o t  h e l p  much. There i s  a l s o  a  l i s t  o f  peop le  who have, 
c o n t r i b u t e d  t o  the  developments such as they a re  - Hsieh, L l oyd ,  Marzek, - 
and o f  course, t h e r e  i s  a  f l u i d i z a t i o n  l i t e r a t u r e  which has been t h e  main 
guide. 

EXTREME DISCHARGE I N  TURBULENT AND OTHER INDETERMINATE FLOWS 
Me lv i n  E. S te rn  
D 
We seek the  maximum d ischarge  Q = ( ~ ( t ) d f  f o r  a  f u l l y  t u r b u l e n t  
0" 
mean f l o w  u(2) i n  a  channel w i t h  g i ven  w a l l  s t r e s s  /r and v i s c o s i t y  7J) 
s u b j e c t  t o  c e r t a i n  " s t r u c t u r a l  cons t ra i n t s" .  One o f  these i s  t h e  assump- 
t i o n  t h a t  t h e  f l o w  i s  l oga r i t hm ic ,  ( o r  d V / d r  ='?"'~sk,where K = Von Karman's 
cons tan t )  i n  t he  f a r  f i e l d  r > z b .  The boundary l a y e r  depth i l b  i s  con- 
s t r i c t e d  by p l o t t i n g d ~ / d z  as a  f u n c t i o n  o f  z and by drawing t h e  tangent  
l i n e  t o  t h a t  curve from the  o r i g i n  ( i . e . t = o , d ~ / d t = l ' / / ) .  The i n t e r s e c -  
t i o n  o f  t h a t  tangent w i t h  t he  t a x i s  de f i nes  zb , and t h i s  tangent  l i n e  i s  
a  lower bound on d v / d t .  The second impor tant  s t r u c t u r a l  assumpt i o n  i s  
t h a t  t h e r e  e x i s t s  some "TRIAL" stream f u n c t i o n  ly , ~ith+[x,o)=o=aJtOld;i(%,o)/d~ 
such t h a t  
0 = 7 
Th is  f unc t i ona l  i n e q u a l i t y  i s  shown t o  be c o r r e c t  i n  f a c t  (by u s i n g  
t he  exper imenta l  Z b  and d W / ~ E  a1 though we do no t  know why. L i kew ise ,  t h e  
v a l i d i t y  o f  the  l o g  law above Zb i s  shown t o  be c o r r e c t  i n  f a c t ,  a l t hough  
we do no t  know why. Using these and o t h e r  s t r u c t u r a l  c o n s t r a i n t s  ( b u t  
us i ng  no e m p i r i c a l l y  a d j u s t a b l e  parameters) we seek a  maximum f o r  K, t h i s  
be ing  equ i va len t  t o  maximizing Q. The v a r i a t i o n a l  fo rma l i sm shou ld  a l s o  
g i v e  the  d e t a i l e d  s t r u c t u r e  o f  V i n  t he  e n t i r e  t u r b u l e n t  boundary l a y e r .  
The r e s u l t s  o f  a  p r e l i m i n a r y  c a l c u l a t i o n  a r e  then presented, i n  wh ich  a  t r i a l  
form o f  i s  assumed, and ( o n l y )  K = 0.32 i s  computed by t he  t heo ry .  The 
c o r r e c t  t h e o r e t i c a l  va lue  o f  K should be somewhat l a r g e r  than t h i s ,  and 
f u t u r e  work w i l l  a l s o  be d i r e c t e d  towards the second cons tan t  i n  t h e  l o g  
law. Since the  c o n s t r a i n t s  a r e  known t o  be c o r r e c t  ( i n  f a c t ) ,  t h e  agreement 
between observed and p r e d i c t e d  K i n d i c a t e s  the  cor rec tness  o f  t h e  assump- 
t i o n  t h a t  t he  t u r b u l e n t  f l o w  i n  a  channel tends t o  min imize t h e  d i scha rge  
f o r  a  g iven  downstream pressure g rad ien t .  Th i s  con f i rms  one aspec t  o f  Mal-  
kus '  o r i g i n a l  proposal ;  b u t  our  c o n s t r a i n t s  a r e  very  d i f f e r e n t ,  i n  s p i r i t  
as w e l l  as form. 
THE BETA SPIRAL AND THE DETERMINATION OF THE ABSOLUTE VELOCITY 
FIELD FROM HYDROGRAPHIC STATION DATA 
Henry Stommel* 
Because t he  h o r i z o n t a l  component o f  v e l o c i t y  r o t a t e s  w i t h  dep th  i n  
the  open ocean, abso lu te  v e l o c i t i e s  can be ob ta ined  f rom obse rva t i ons  o f  ' 
the d e n s i t y  f i e l d  alone. I f  i n  t he  mean, t he re  i s  no f l o w  across  d e n s i t y  
sur faces,  i f  t he  f l o w  i s  geos t roph ic ,  and i f  t he  l i n e a r  v o r t i c i t y  ba lance 
Henry Stornmel and F r i e d r i c h  Schott ,  l n s t i t u t  f u r  Meereskunde. K i e l .  
on a  beta- plane ob ta ins ,  then 
where h  represen ts  t he  he igh t  o f  a  g iven  d e n s i t y  su r face .  D i f f e r e n t i a t i o n  
o f  t h e- f i r s t  equa t ion  w i t h  respect  t o  z, and s u b s t i t u t i o n  f rom the  rema in ing  
- 
equat ions y i e l d s  
which ho lds  a t  d i f f e r e n t  d e n s i t y  sur faces a t  many depths.  S ince hxz and ' 
h  , can be determined f rom the  observed d e n s i t y  a t  any mid-ocean l o c a t i o n ,  
tXe d i r e c t i o n  o f  the  abso lu te  v e l o c i t y ,  v/u, i s  known as a  f u n c t i o n  o f  dep th .  
I f  e i t h e r  c o e f f i c i e n t  ( o f  u  o r  v )  vanishes w i t h o u t  t h e  o t h e r  van i sh ing  a t  
some p a r t i c u l a r  depth one cf t h e  components o f  t he  abso lu te  v e l o c i t y  a l s o  
vanishes there ,  thus f i x i n g  t he  " depth o f  no motion" i n  t h a t  d i r e c t i o n .  
Because o f  "eddy-noise" these c o e f f i c i e n t s  can n o t  ( w i t h  p resen t  q u a n t i t y  
o f  data)  be very  w e l l  determined, and t h e r e f o r e  the  abso lu te  v e l o c i t y  can 
be determined b e t t e r  by simultaneous use o f  da ta  a t  a l l  depths i ns tead  o f  
by l o c a t i o n  o f  the  dep th  where the  c o e f f i c i e n t s  i n d i v i d u a l l y  van ish .  We 
w i l l  use the  i n f o r m a t i o n  conta ined i n  the  main thermoc l ine ,  e x c l u d i n g  
depths near  the su r f ace  where unknown s t resses  and h e a t i n g / c o o l i n g  occur .  
Thus, i n t r o d u c i n g  t he  n o t a t i o n  u  = uo + u t ,  v  = vo + v ' ,  where t he  p r imes  
represent  the  r e l a t i v e  geos t roph ic  v e l o c i t y  w i t h  respec t  t o  a  re fe rence  
l e v e l  where the  abso lu te  v e l o c i t i e s  a re  uo and vo. Equat ion ( 1 )  can t hen  
be r e w r i t t e n  i n  the  form: 
W r i t i n g  t h i s  f o r  severa l  depths y i e l d s  an overdetermined system f o r  uo,vo. 
A " b e s t - f i t "  corresponds t o  the  s o l u t i o n  f o r  which t h e  sum o f  t h e  squares 
o f  the  res idua l s ,  R, i s  l e a s t .  Sudo (1965) used t h i s  r e l a t i o n  i n  a  f o rm  
v e r t i c a l l y  i n t e g r a t e d  t o  the  Ekman l a y e r  as a  top  boundary c o n d i t i o n ,  t h u s  
i n t r o d u c i n g  the very  u n c e r t a i n  s p e c i f i c a t i o n  o f  the  mean w ind- s t ress ;  he 
a l s o  d i d  n o t  a t tempt  t o  smooth o u t  "eddy-noise" . 
The b e t a - s p i r a l  i n  the cen te r  o f  the  s u b t r o p i c a l  gy re  o f  t he  No r th  
A t l a n t i c  Ocean a t  2 8 O ~ ,  3 6 ' ~  i s  a  good example o f  t he  phenomenon. The hx 
was determined by smoothing over  AtZa?ztis s t a t i o n s  5754 - 5765 a t  28 '~.  
The hy was determined f rom Discovery s t a t i o n s  3594 -3607 a t  24ON, and 
3627 - 3641 a t  32'~.  p was determined f rom the  AtZantis d a t a .  The v e r t  i- 
c a l  d e r i v a t i v e s  o f  t he  curves shown i n  F ig .1  a r e  the  c o e f f i c i e n t s  o f  E q .  
( 1 )  : h,, approaches zero  near 900 meters, suggest ing t h a t  v  vanished near  
there ;  near 300 meters bo th  c o e f f i c i e n t s  tend t o  van ish  t oge the r  thus mak- 
i n g  y/u inde te rmina te  there .  The a l t e r n a t e  curve  (dashed) f o r  hx was ob-  
ta ined  by averaging t he  slopes a long  2 4 ' ~  and 32ON, and suggested a  deeper 
l e v e l  o f  van ish ing  - v, more c o n s i s t e n t  w i t h  the  f i n d i n g s  o f  Leetmaa, N i i l e r ,  
and Stommel (1977). 
Computing t he  " b e s t - f i t "  f rom Eq. (2) w i t h  r e fe rence  l e v e l  a t  1000 
meters, we f i n d  uo = +0.34 "-.0 -03 ,  vo - +0.06 * .013 cm/sec - t h e  e r r o r s  
a r e  standard e r r o r s .  Rather d i f f e r e n t  va lues a r e  ob ta i ned  i f  t h e  dashed 
curve f o r  hx ( ~ i g . 1 )  i s  used: uo = 0.55 3. .06, vo = 0.25 f .04, sugges t i ng  
long-per iod,  l a rge- sca le  v a r i a b i l i t y  i n  t he  d e n s i t y  f i e l d  o f  t h e  main t h e r -  
mocl ine on these sec t i ons ,  and p o i n t i n g  t o  the  need f o r  more hyd rog raph i c  
FIGURE 1. SLOPES OF THE SIGMA-T SURFACES AT 28'N 36'W 
FIGURE2. THE SPIRAL AT 28'N 36'W. 
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ERROR BARS AT THE ORIGIN 
FIGURE 3. COMPUTED W AT 28'N 36'W 
I NORM. LEAST SQUARE RESIDUALS 1 
FIGURE 4. NORMALIZED LEAST SQUARE RESIDUALS FOR 
28'N 36'W. DENSITY DATA COMPUTED FOR 
VARIOUS VALUES OF LATITUDE 
s t a t i o n  data throughout the wor ld,  i n  order  t o  ob ta in  s t a b l e  r e s u l t s .  
The s p i r a l  i n  absolute v e l o c i t y  i s  shown i n  Fig.2, w i t h  the  uo, vo 
e r r o r  bars a t  the o r i g i n .  Once u and v a re  known, w can be computed from 
the f i r s t  equat ion and i s  shown Tn ~ i ~ 7 - 3 .  I t  appro~ches a nega t i ve  value 
toward the sur face as i s  expected from the wind-stress d i s t r i b u t i o n  i n  
t h i s  l oca t i on ,  and hence we have i n  p r i n c i p l e  a means o f  computing mean 
wind- stress from hydrographic s t a t i o n  data. The least- square res idua ls  
could, w i t h  more data f o r  b e t t e r  smoothing, be reduced f u r t h e r  by a d d i t i o n  
o f  an eddy d i f f u s i o n  and f l ow  across isopycnals, and hence we have i n  p r i n  
c i p l e  a means o f  determin ing t h i s  i n t e r e s t i n g  quan t i t y .  I n  our  t e s t  loca-  
t i o n  and range o f  depths used, pZ i s  remarkably constant  w i t h  depth, thus 
exc lud ing  the a p p l i c a t i o n  o f  t h i s  idea. 
I n  F ig.  4 we show the l e a s t  square res idual  (normal ised t o  the non- 
homogeneous term) computed f o r  var ious f a l s e  values o f  B / f  and a l s o  the 
rea l  one a t  28O~.  The curve shows a s t rong minimum a t  the c o r r e c t  l a t i t u d e ,  
thus demonstrating tha t  the dens i t y  f i e l d  i n  the ocean "senses" i t s  l a t i -  
tude. 
I t  appears t h a t  eddy-dynamical processes are  n o t  necessary t o  ac- 
count f o r  the major features o f  the main thermocl ine i n  mid-oceanic p a r t s  
o f  the subt rop ica l  gyres, and t h a t  w i t h  more adequate data coverage, the 
mean pressure f i e l d  a t  the bottom o f  the ocean could be c a l c u l a t e d .  More- 
over s ince w might then be extended t o  the bottom, p r o p e r t i e s  o f  the bot tom 
f r i c t i o n a l  i a y e r  could be studied.  
The notor ious  "unknown reference l eve l"  controversy , and the  " law 
o f  p a r a l l e l  solenoids"  are  seen t o  be degenerate cases on the  f- p lane w i t h  
wset equal t o  zero. 
We w i l l  document the c a l c u l a t i o n s  o f  t h i s  example and f o r  o the r  
l oca t i ons  more f u l l y  i n  a l a t e r  communication. I n  sub t rop i ca l  gyres the 
be ta- sp i ra l  ro ta tes  i n  the same sense as the Ekman s p i r a l ;  i n  subpolar 
gyres i n  the opposi te sense - but  here we have found s t rong evidence o f  
s t rong enhancement due t o  deep coo l ing .  Some a n a l y t i c a l  examples o f  beta-  
and c o o l i n g - s p i r a l s  w i l l  a l s o  be given t h a t  may be use fu l  f o r  expos i t i on .  
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COHERENT TEMPERATURE STRUCTURES I N  SHEAR FLOW 
Charles W. Van A t t a  
A  ramp model o r i g i n a l l y  developed
k 
f o r  deducing t h e  mean p r o p e r t i e s  
o f  c e r t a i n  coherent  s t r u c t u r e s  i n  atmospheric boundary l a y e r s  can c o r r e c t l y  
account f o r  the  behavior  o f  s t r u c t u r e  f unc t i ons  o f  temperature measured i n  
a  v a r i e t y  o f  l a b o r a t o r y  and atmospheric f l ows .  The model produces the  c o r -  
r e c t  s i g n  o f  t he  odd-order s t r u c t u r e  f unc t i ons ,  which v a r i e s  w i t h  d i f f e r e n t  
f lows,  and i n  t he  i n e r t i a l  subrange y i e l d s  the  general  v a r i a t i o n  w i t h  separ-  
a t i o n  d i s t a n c e  r observed i n  the  exper iments.  I n  i t s  p resen t  s t a t e ,  t h e  
model can s t i l l  o n l y  g i v e  the  mean values f o r  t he  ramp ampl i tude  a  and 
r e p e t i t i o n  pe r i od ,  (1 + s ) ,  which a r e  found t o  be n o t  ex t reme ly  s e n s i t i v e  
t o  the cho i ce  o f  p r o b a b i l i t y  d e n s i t y  f o r  the  ampl i tude.  The c o n t r i b u t i o n s  
o f  the non-coherent p a r t  o f  t he  t u r b u l e n t  s i gna l  t o  the  measured s t r u c t u r e  
f unc t i ons  a r e  found t o  be a lmost  independent o f  the  p r o b a b i l i t y  d e n s i t y  a .  
I n c l u d i n g  a l l  h i ghe r  terms i n  r/L , which a r e  neg lec ted  i n  the  
e a r l i e r  model, leads t o  two simultaneous equat ions f o r  t he  mean va lues o f  
a  and ramp l e n g t h  4 . For a v a i l a b l e  data,  these equat ions appear t o  have 
no s o l u t i o n s  o r  t o  be a t  most severe ly  i l l - c o n d i t i o n e d .  Cons ide ra t i on  o f  
the v a r i a t i o n  o f  the  mean leng th  o f  t he  qu iescent  p e r i o d  s  w i t h  y i e l d s  
use fu l  bounds on a l l owab le  values o f  4 and s .  
.1 
" Ef fec t  o f  coherent  s t r u c t u r e s  on s t r u c t u r e  f u n c t i o n s  o f  temperature i n  t he  
atmospheric boundary layer" ,  Arch ives o f  Mechanics - 29(1 ) :  161-171. 
MODEL OF WORLD OCEAN CIRCULATION 
George Ve ron i s  
A model o f  wo r l d  ocean c i r c u l a t i o n  d r i v e n  by w ind- s t resses  and d i f -  
f e r e n t i a l  hea t i ng  i s  developed f o r  a  two- layer  ocean w i t h  i d e a l i z e d  bounda- 
r i e s  and cons tan t  depth. The p r i n c i p a l  focus o f  t he  p resen t  s tudy  i s  t h e  
de te rm ina t i on  o f  the  magnitudes and l o c a t i o n s  o f  l o c a l i z e d  sources and s i n k s  
o f  upper- layer  water .  The e f f e c t  o f  d i f f e r e n t i a l  hea t i ng  i s  parameter ized 
here by a  u n i f o r m  u p w e l l i n g  o f  deep water  through the  i n t e r f a c e  ( t h e r m o c l i n e ) .  
,The magnitude o f  the  upwe l l ing ,  as w e l l  as the  l o c a t i o n s  o f  t h e  sources and 
s inks ,  i s  determined by s p e c i f y i n g  t he  l a t i t u d e s  o f  sepa ra t i on  o f  the  Kuro- 
s h i o  and the  East A u s t r a l i a n  c u r r e n t s .  The l a t t e r  can be deduced i f  t he  
e f f e c t s  o f  hea t i ng  were known, b u t  i t seemed p r e f e r a b l e  t o  use t he  (eas i 1 y  
i d e n t i f i e d )  separa t ion  l a t i t u d e s  t o  o b t a i n  i n f o r m a t i o n  about t h e  complex 
thermal processes t h a t  e x i s t  i n  the ocean. The mechanism f o r  sepa ra t i on  
emerged from an e a r l i e r  s tudy ( ~ e r o n i s  1973); consequent ly ,  t h e  b a s i c  phy-  
s i c a l  process i s  no t  masked by the  s p e c i f i c a t i o n  o f  the  sepa ra t i on  l a t i t u d e s .  
I t  i s  found t h a t  about n i n e  Sverdrups o f  t r a n s p o r t  f l o w  eastward f rom t h e  
A t l a n t i c  t o  the  I nd ian  t o  the  P a c i f i c  t o  the A t l a n t i c ,  coming i n  a t  t h e  
southwestern corner  as a  deep western boundary c u r r e n t  and d e p a r t i n g  as t he  
v e s t i g e  o f  an upper- layer ,  separated western boundary c u r r e n t  a t  t he  sou th-  
eastern e x t r e m i t y  o f  each ocean. The c o n s t r u c t i o n  o f  the  c i r c u l a t i o n  f o r  
each ocean i s  n o t  un ique l y  determined by the l i m i t e d  number o f  c o n s t r a i n t s  
invoked here. The ac tua l  c o n s t r u c t i o n  i s  determined by t he  assumption 
t h a t  sources o r  s inks  o f  upper- layer  water a r e  in t roduced o n l y  when they 
a r e  r e q u i r e d  by the a n a l y s i s .  Th is  assumption leads t o  a  c i r c u l a t i o n  i n  
the  South P a c i f i c  i n  which the  East A u s t r a l i a n  Cur ren t  separates f rom 
the  coas t  and f lows  around New Zealand, p a r t  c lockwise  around t h e  n o r t h  
and t h e  remainder coun te rc lockwise  around t he  south. Where t h e  two 
branches r e j o i n ,  the  c u r r e n t  separates and f lows  due eastward, e v e n t u a l l y  
t o  supply  t he  Peru and the  Cape Horn Currents .  Heat f l u x  balances ( d e t e r -  
mined by s i n k i n g  o f  upper- layer  water  and upwe l l i ng  o f  l owe r- l aye r  wate r )  
a r e  determined f o r  the  A t l a n t i c  and P a c i f i c  Oceans. The c a l c u l a t i o n s  a r e  
c a r r i e d  o u t  w i t h  w i n t e r  and annual mean winds, each case be ing  t r e a t e d  
as i f  i t  were a  s teady- s ta te  system. The r e s u l t s  show,that t h e  No r th  Paci  
f i c  tends t o  absorb heat  f rom the  atmosphere and the  Nor th  A t l a n t i c  tends 
t o  re lease  heat  t o  the  atmosphere. Hence, i n  the  o v e r a l l  heat  ba lance o f  
the  ea r th ,  which requ i res  a  f l u x  o f  heat  f rom e q u a t o r i a l  t o  p o l a r  reg ions ,  
the  p r i n c i p a l  oceanic  c o n t r i b u t i o n  must come f rom the  A t l a n t i c .  
BUILDING BLOCKS FOR OCEAN CIRCULATION THEORY 
P i e r r e  Welander 
Whi le  the  geos t roph ic  and h y d r o s t a t i c  balance equat ions  a r e  gen- 
e r a l l y  accepted as t he  zero o rde r  dynamic equat ions f o r  t he  i n t e r i o r  
mean ocean c i r c u l a t i o n ,  away from sur face ,  bottom and s i d e  boundary l a y -  
e rs ,  t h e r e  i s  an u n c e r t a i n t y  about the  conserva t ion  equat ions f o r  t he  den- 
s i t y  ( r a t h e r ,  p o t e n t i a l  d e n s i t y ) .  The recen t  6 - s p i r a l  c a l c u l a t i o n  by 
Stommel and Schot t  ( ~ e e p  Sea Research, 1977), suggests t h a t  t h e  ocean i s  
n e a r l y  advec t i ve ,  w i t h  l i t t l e  cross- isopycnal  m ix ing ,  a t  l e a s t  i n  t he  cen- 
t r a l  reg ions  o f  the  s u b t r o p i c a l  gyres ( s t i l l ,  m i x i ng  a long  i sopycna ls  may 
be impor tant  f o r  the  t r a n s p o r t  o f  heat and s a l t ) .  
Thus, t h e r e  a r e  reasons f o r  a  new t h e o r e t i c a l  a t t a c k  on t h e  thermo- 
c l i n e  problem a long  t he  " advect ive l i n e "  proposed by the  au thor  i n  1959 
(see T e l l u s  1 1 :  3p. 309).  An o u t l i n e  o f  a  new model was g i ven  i n  t h e  
l e c t u r e .  The main p o i n t  i s  t h a t  the d e n s i t y  a t  the top  i s  p r e s c r i b e d  o n l y  
i n  reg ions  w i t h  downward Ekman v e r t i c a l  v e l o c i t y .  So lu t i ons  a r e  worked 
ou t  by an i t e r a t i o n  scheme, s t a r t i n g  f rom a  guessed d e n s i t y  f i e l d .  The 
thermal wind equat ion  and the  Sverdrup t r a n s p o r t  equa t ion  determine t he  
c u r r e n t  f i e l d  t o  the  nex t  approx imat ion.  The v e l o c i t y  t r a j e c t o r y  f i e l d  
i s  then found, and go ing backward a long  these, new d e n s i t y  va lues  a r e  
p icked  up f rom the boundary c o n d i t i o n s .  Some general  f ea tu res  o f  such 
s o l u t i o n s  a re :  
i )  The s o l u t i o n  i s  s t a t i c a l l y  s t a b l e  o n l y  i f  the  p r e s c r i b e d  sur face  
d e n s i t y  f i e l d  has no extremum away f rom boundaries (po in ted  o u t  be fo re  
by P.  ~ i l  l w o r t h ) .  
i i )  F requent l y  t he re  appears sepa ra t i on  l i n e s  a t  boundar ies,  f r e e  
d i s c o n t i n u i t y  su r face  ( f r o n t s )  between down and u p w e l l i n g  reg ions ,  and 
one may a l s o  f i n d  deep s tagnant  poo ls ,  which a r e  n o t  f e d  from t h e  su r f ace ,  
and the  d e n s i t y  o f  which cannot be c a l c u l a t e d  un less some d i f f u s i o n  i s  
added. 
i i i )  The s o l u t i o n s  g e n e r a l l y  d i f f e r  f rom the  s i m i l a r i t y - t y p e  so lu-  
t i o n s  s t u d i e d  e a r l i e r .  
The s i d e  boundaries pose a  problem, as t h e r e  i s  geos t roph i c  f l o w  
through these when t he re  i s  any along-boundary d e n s i t y  v a r i a t i o n .  Adding 
t he  s imp les t  h igher  o rde r  dynamics ( l a t e r a l  f r i c t i o n  o f  Munk's t y p e ) ,  t h e  
c o n d i t i o n  o f  zero normal and t a n g e n t i a l  f l o w  can, however, be s a t i s f i e d  
a t  a l l  s i d e  boundaries, f o r  any p resc r i bed  su r f ace  d e n s i t y  f i e l d .  A t  
present ,  t h i s  model i s  be ing  tes ted .  
The d e n s i t y  da ta  f o r  t he  ocean a c t u a l l y  i n d i c a t e  t h a t  seve ra l  ad- 
v e c t i v e  regimes e x i s t ,  separated by f r o n t s .  For example, i n  t h e  South 
A t l a n t i c  one f i n d s  d i f f e r e n t  r e l a t i o n s  between p o t e n t i a l  v o r t i c i t y  and 
d e n s i t y  n e x t  t o  the  equator ,  down t o  50°S, and south o f  50°S (see F i g . ) .  
Thus i t  seems u n l i k e l y  t h a t  a  u n i f o r m  s i m i l a r i t y  t ype  s o l u t i o n  w i l l  work 
w e l l  f o r  t h e  oceans. I f  t he  advec t i ve  model i s  app l i cab le ,  a l lowance  must 
a t  l e a s t  be g iven  f o r  " cracks"  a t  c e r t a i n  p laces.  The p r e d i c t i o n  o f  t hese  
cracks i s  p a r t  o f  t he  problem t o  be so lved.  
Values o f  geos t roph ic  p o t e n t i a l  v o r t i c i t y  p l o t t e d  a g a i n s t  
Ct i n  the South A t l a n t i c ,  c a l c u l a t e d  f rom "Meteor" da ta .  
Crosses a r e  near- equator  va lues,  open c i r c l e s ,  va lues down 
t o  50°s, f i l l e d  c i r c l e s  South o f  50°S. 
RAYLE I GH-B&ARD CONVECTI  ON, LAM I NAR AND TURBULENT 
John A. Whitehead, J r .  
A h i s t o r y  o f  t he  exper imental  observa t ions  o f  t r a n s i t i o n s  t o  more 
compl i c a t e d  convect i o n  s t a t e s  i n  ~e /nard  convect i o n  was g iven .  A f t e r  r e -  
v iew ing  t he  e a r l y  observa t ions  o f  t r a n s i t i o n s  i n  heat f l u x ,  an exper iment  
was descr ibed  where c o n t r o l l e d  p e r t u r b a t i o n s  p r i o r  t o  the  onse t  o f  mot ion,  
produced two-dimensional convec t ion  c e l l s  o f  a r b i t r a r y  w id th- depth  r a t i o s  
(Chen and Whi tehead 1968). The c o n d i t i o n s  employed correspond t o  t h e  
f i n i t e - a m p l i t u d e  Rayle igh s t a b i l i t y  problem f o r  a  cons tan t  v i s c o s i t y ,  
l a r g e  P rand t l  number, Boussinesq f l u i d  w i t h  r i g i d ,  conduc t ing  boundar ies.  
The r e s u l t s  (Busse and Whitehead (1971)) agree w i t h  t he  t h e o r e t i c a l  p re-  
d i c t i o n s  by Busse and show two d i s t i n c t  types o f  i n s t a b i l i t y  i n  t h e  form 
o f  n o n - o s c i l l a t o r y  d is tu rbances .  The ' z i gzag  i n s t a b i l i t y '  corresponds t o  
a  bending o f  the  o r i g i n a l  r o l l s ;  i n  t he  ' c r o s s - r o l l  i n s t a b i l i t y '  r o l l s  
emerge a t  r i g h t  angles t o  the  o r i g i n a l  r o l l s .  R o l l s  w i t h i n  a  c e r t a i n  
bandwidth a r e  s t a b l e  a t  Rayle igh numbers below 23,000. A t  Ray le igh  numbers 
above 23,000 r o l l s  a r e  uns tab le  f o r  a l l  wave-numbers and a r e  rep laced  by a 
three- dimensional  form o f  s t a t i o n a r y  convec t ion  f o r  which t he  name " b i -  
modal convec t i on '  has s i nce  been used. A t  h i ghe r  Ray le igh  numbers (Busse 
and Whitehead, 1974), two mechanisms o f  i n s t a b i l i t y  f o r  bimodal convec- 
t i o n  can be separated f rom the e f f e c t s  o f  random no ise .  The o s c i l l a t o r y  
i n s t a b i l i t y  o f  bimodal c e l l s  in t roduces  s tand ing  waves c l o s e l y  resembl ing 
those o c c u r r i n g  i n  low P rand t l  number convect ion.  The c o l l e c t i v e  i n s t a -  
b i l i t y  in t roduces  spoke- pat tern convec t ion  which i s  c h a r a c t e r i s t i c  f o r  
t u r b u l e n t  l a r g e  P rand t l  number convect ion.  Both i n s t a b i l i t i e s  o r i g i n a t e  
p r i m a r i l y  f rom the momentum advec t ion  terms i n  t he  equat ions  o f  mot ion,  
as i s  ev i den t  f rom the  s t r ong  P rand t l  number dependence o f  t h e  c r i t i c a l  
Ray le igh number R t  f o r  the  onset o f  o s c i l l a t i o n s .  The r e s u l t s  a r e  d i s -  
cussed i n  r e l a t i o n  t o  p rev ious  exper iments and recen t  t h e o r e t i c a l  work. 
The bimodal f l o w  i s  observed t o  be s t a b l e  f o r  g i ven  bandwidths and ranges 
o f  Rayle igh numbers when the  c o n f i g u r a t i o n  o f  bimodal f l o w  i s  f l a w l e s s  -- 
w i t h o u t  any d i s r u p t i o n s  i n  the p e r i o d i c  m a t r i x  (whitehead and Chan (1976) ) .  
The s t a b i l i t y  range d i f f e r s  f rom e a r l i e r  exper iments and f rom o u r  own ex-  
per iments i n  which t he  bimodal p lan fo rm i s  u n c o n t r o l l e d .  
D i s l o c a t i o n s  can a l s o  nuc lea te  o t h e r  t r a n s i t i o n  mechanisms (wh i t e-  
head, 1976). When Rayl e  i gh-~e/nard convect i o n  i s generated under random 
cond i t i ons ,  the  f i n i t e  amp l i tude  r o l l s  and bimodal f l o w  a r e  observed t o  
possess randomly-placed d i s l o c a t i o n s  where t he  r o l l s  f i t  t oge the r  p o o r l y .  
The d i s l o c a t i o n s  move i n t o  the small wavelength convec t ion ,  and hence p ro-  
v i d e  a s ize- adjustment  mechanism. I t  i s  observed t h a t  t he  d imens ion less  
speed o f  the movement i s  sma l le r  f o r  l a r g e r  P rand t l  number f l u i d .  
L a s t l y ,  the  s t a b i l i t y  range f o r  ve ry  h i g h  P rand t l  number (8600) con- 
v e c t i o n  admits a  s t a b l e  range o f  square convec t ion  c e l l s ,  whose s t a b i l i t y  
p r o p e r t i e s  were discussed. 
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HYDROMAGNETIC TURBULENCE 
Robert H. Kra i chnan 
T h i s  t a l k  reviews recent  work on hydromagnetic t u rbu lence  i n  i n f i n -  
i t e  f l u i d s ,  w i t h  emphasis on the  e f f e c t s  o f  h e l i c i t y .  As F r i s c h  and t h e  
Nice school have shown, a l o t  can be learned f rom the r e l a t i v e l y  s imp le  
a n a l y s i s  o f  t he  e q u i l i b r i u m  s t a t i s t i c a l  mechanics o f  t he  d i s s i p a t i o n l e s s  
hydromagnetic system c u t  o f f  a t  some h i g h  wavenumber. I n  t he  presence o f  
h e l i c i t y  t h e r e  a re  e q u i l i b r i a  w i t h  s t r ong  magnet ic e x c i t a t i o n  a t  low wave- 
numbers. These e q u i l i b r i a  suggest t h a t  a p p r o p r i a t e  n o n e q u i l i b r i u m  s t a t e s  
w i l l  t r a n s f e r  energy i n t o  low wavenumbers o f  the  magnet ic f i e l d .  The a rgu-  
ments a r e  in t roduced by f i r s t  cons ide r i ng  t h e  s imp le r ,  analogous arguments 
t h a t  app l y  t o  two-dimensional hydrodynamic tu rbu lence .  
Even when t h e r e  i s  no mean h e l i c i t y  t o  the  tu rbu lence ,  s t r o n g  am- 
p l i f i c a t i o n  o f  low wavenumbers o f  the  magnet ic f i e l d  can occur  p rov ided  
t he re  a r e  p e r s i s t e n t  f l u c t u a t i o n s  o f  h e l i c i t y  i n  the  v e l o c i t y  f i e l d  a t  
h i ghe r  wavenumbers. Th i s  i s  deduced f rom q u a l i t a t i v e  arguments and sup- 
por ted  a l s o  by computer s imu la t i ons  o f  t he  e v o l u t i o n  o f  weak magnet ic f i e l d s  
i n  a conduc t ing  f l u i d .  
Hydromagnetic tu rbu lence  w i t h  h e l i c i t y  f l u c t u a t i o n s  makes severe 
demands on tu rbu lence  c l o s u r e  approx imat ions.  The p h y s i c a l  and mathemat- 
i c a l  reasons why t h i s  i s  an e s p e c i a l l y  d i f f i c u l t  problem a r e  d iscussed.  
1 .  AN AXISYMMETRIC OCEAN CIRCULATION MODEL 
J u l e  G .  Charney 
Over the oceans the  i n t e r t r o p i c a l  convergence zone ( ITCZ) o f  t h e  
atmosphere tends t o  p a r a l l e l  the  equator  bu t  t o  be d i s p l a c e d  severa l  de- 
grees f rom i t ,  approx imate ly  t o  where the  sea- sur face temperature i s  warm- 
e s t .  I f  one wishes t o  e x p l a i n  t he  l o c a t i o n  o f  t he  ITCZ, i t  i s  n o t  enough 
t o  observe t h a t  c o l d  e q u a t o r i a l  u p w e l l i n g  occurs  i n  t he  presence o f  t h e  
p r e v a i l i n g  e q u a t o r i a l  e a s t e r l i e s ;  i t  i s  necessary t o  e x p l a i n  t h e  genera- 
t i o n  o f  the  e a s t e r l i e s  as w e l l  as o f  the  ITCZ, i . e .  t o  e x p l a i n  t h e  low- 
l a t i t u d e  c i r c u l a t i o n s  o f  bo th  the  atmosphere and oceans as p a r t s  o f  a 
coupled mechanical system. I have con jec tu red  t h a t  the  l ow- leve l  conver-  
gence o f  a i r  i n  the ITCZ i s  f r i c t i o n a l l y  inducedl and t h a t  t he  ITCZ forms 
as a c o n d i t i o n a l  i n s t a b i l i t y  o f  the  second k i n d  ( C I S K ) ~ ,  whereby an i n i -  
t i a l  increase o f  low- leve l  c y c l o n i c  v o r t i c i t y  causes, i n  sequence, enhanced 
f r i c t i o n a l  convergence o f  mo is t ,  c o n d i t i o n a l l y  uns tab le  a i r ,  enhanced r e -  
lease o f  heat  o f  condensat ion by cumulus convect ion,  and t h e r e f o r e  enhanced 
increase o f  c y c l o n i c  v o r t i c i t y  by v o r t e x  s t r e t c h i n g .  I f  one assumes t h e  
ITCZ t o  be f r i c t i o n a l l y  c o n t r o l l e d  by some such mechanism, then  i t s  d i s -  
placement f rom the equator would be exp la ined  i f  i t s  e q u i l i b r i u m  c o n f i g u r a -  
t i o n  a t  the  equator were shown t o  be uns tab le  f o r  l a t e r a l  d isp lacements.  
I t  seems l i k e l y  t h a t  such i s  indeed t he  case, f o r ,  i f  we assume t h a t  t h e  
atmosphere - ocean system i s  approx imate ly  ax isymmetr ic  away f r om bounda- 
r i e s ,  the f o l l o w i n g  p l a u s a b i l i t y  argument can be made. L e t  t h e  ITCZ be 
d isp laced  f rom the  equator ,  say t o  t he  no r th .  Then i t  w i l l  draw zonal r i n g s  
o f  a i r  f rom south o f  the  equator t o  the  equator ,  where, hav ing  lower  angu- 
l a r  momentum, they w i l l  appear w i t h  an e a s t e r l y  (westward) v e l o c i t y  compo- 
nent .  The r e s u l t i n g  upwe l l i ng  o f  c o l d  water w i l l  p reven t  t h e  ITCZ f r om 
moving back t o  the  equator .  A t  the  same t ime c y c l o n i c  shear ac ross  t h e  
ITCZ w i l l  be generated because r i n g s  approaching the  ITCZ f rom t h e  n o r t h  
w i l l  have lower angular  momentum than r i n g s  coming f rom the  south,  s i n c e ,  
assuming symmetry o f  displacements,  they w i l l  have o r i g i n a t e d  c l o s e r  t o  
the  e a r t h ' s  a x i s .  Thus t he  displacement w i l l  produce no t  o n l y  u p w e l l i n g  
bu t  a l s o  c y c l o n i c  shear and t h e r e f o r e  enhanced f r i c t i o n a l  convergence. 
To i n v e s t i g a t e  the  na tu re  o f  the  coupled c i r c u l a t i o n s ,  Eugenia 
~ $ l n a ~ - ~ i v a s ,  Edwin Schneider and I have cons t ruc ted  s imp le  ax isymmet r i c  
Venus model f o r  the  ocean and symmetr iz ing the  general  c i r c u l a t i o n  model 
o f  the Goddard I n s t i t u t e  f o r  Space Study f o r  the  atmosphere. To t e s t  t h e  
ocean model, p r e l i m i n a r y  numerical  i n t e g r a t i o n s  have been performed w i t h  
an ax isymmetr ic  model d r i v e n  by smoothed, annua l l y  averaged, observed 
zonal wind s t resses  and heat  f lows3 a t  the  upper boundary, as shown i n  
F ig .1 .  The ocean model and the  c i r c u l a t i o n s  w i l l  now be descr ibed .  The 
i n t e g r a t i o n s  f o r  the coupled model have no t  y e t  been completed. 
An upper mixed l a y e r  was incorpora ted  i n  t he  model by t h e  method 
o f  Rory ~ h o m ~ s o n . ~  Heat was d i f f u s e d  h o r i z o n t a l  l y  and v e r t i c a l  l y  i n  t h e  
i n t e r i o r  and momentum v e r t i c a l l y .  The d i f f u s i o n  c o e f f i c i e n t s  were taken  
0 t o  be X H  = / o ~ ~ x - ~ , X , ,  s & =. , . , , L ~ ~ - !  
The equat ions o f  mot ion, 
' ~ h a r n e ~ ,  J .  1971 Mathematical Problems i n  the  Geophysical Sciences, - 1 .  
Geophys.Fl.Dyn. Lectures i n  app l i ed  Mathematics, Vo1.13, - Amer.Mathemati- 
c a l  Soc ie ty ,  Providence, Rhode I s l and ,  pp.355-68. 
2 ~ h a r n e y  and E l  iassen, 1964 J.A.S. - 21 : 68-75. 
3 ~ 0 r t ,  A.H. and T.H.VonderHaar, 1976 J.Phys.Ocean. - 6: 781-800. 
4~hompson, R. , 1976 J. Phys. Ocean, - 6: 496-503. 
were in tegra ted  i n  t ime w i t h  the boundary cond i t ions ,  
u n t i l  the s o l u t i o n  converged t o  a  steady s ta te .  The depth H was taken t o  
be 2 km ra the r  than a  more r e a l i s t i c  4 o r  5 km merely t o  save i n t e g r a t i o n  
time. For comparison purposes, i n teg ra t i ons  were a l so  performed f o r  ze ro  
surface s t ress .  For bo th  s t ress  cond i t ions ,  advect ion o f  r e l a t i v e  momen- 
turn was n e g l i g i b l e  except w i t h i n  a  degree o r  two o f  the equator ,  whence 
1.6 4 v - --b = 3, L L 3 3 r  e 
from which one der ives  the boundary cond i t ions :  
The zonal f l ow  cons is ts  o f  a ba ro t rop i c  component ~ ~ ( 6 )  s a t i s f y i n g  
1 1 .  f o r  the bottom Ekman laye r ,  and a  b a r o c l i n i c  component LL/#,I) s a t i s f y i n g  
8.  and 9. In t roduc ing  the mer id ional  stream func t i on  Y by 
I ,  12 c'3s 4 = - y2 , 
we get 
from 8 and 9. I n  the  zero s t r e s s  case, U O  ( 4 )  = 0 and W i s  t o o  smal l  i n  
the  upper boundary l a y e r  t o  advect p . I n  the  f i n i t e  s t r e s s  case, 
t o  s a t i s f y  ll., p i s  s t r o n g l y  advected i n  t he  upper boundary l a y e r ,  s t r o n g  
u p w e l l i n g  occurs a t  the  equator ,  and elsewhere downwel l ing o r  u p w e l l i n g  
occurs accord ing  as t he  Ekman pumping i s  downward o r  upward, t h e  v e r t i c a l  
mot ion ge ing  g i ven  by 
I n  t h e  zero- s t ress  case, temperature advec t i on  i s  everywhere sma l l  
and t he  e q u i l i b r i u m  temperature f i e l d  i s  determined s imp ly  by d i f f u s i v e  
e q u i l i b r i u m .  I n  t he  non-zero s t r e s s  case, i t  i s  necessary t o  t ake  i n t o  
account h o r i z o n t a l  advect i o n  o f  temperature (dens i t y )  i n  t he  upper boundary 
l a y e r  as w e l l  as v e r t i c a l  u p w e l l i n g  near the equato r ,  succeeded by down- 
w e l l i n g  and u p w e l l i n g  poleward o f  t he  equator .  The temperature,  m e r i c i o n a l  
stream f u n c t i o n ,  and zonal v e 1 o c i . t ~  f i e l d s  a r e  shown i n  F igs .  2 (a,b,c) and 
3 (a,b,c). 
Poleward o f  SO0 t o  55O, i n  t he  reg ion  o f  heat  l oss  f rom the  su r f ace ,  
v e r t i c a l  convec t ion  takes p l ace  and the  temperature and d e n s i t y  a r e  n e a r l y  
constant  i n  the  v e r t i c a l .  The h igh  d e n s i t y  ( low temperature)  wa te r  i n  mid-  
d l e  and h i g h  l a t i t u d e s  i s  d i f f u s e d  equatorward, c r e a t i n g  a poo l  o f  c o l d  
bottom water  w i t h  weak temperature g rad ien ts .  I n  bo th  cases a weak t h e r -  
mocl i n e  s t r u c t u r e  e x i s t s  equatorward o f  30° t o  40'. 
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2. A TWO-DIMENSIONAL MODEL OF THE THERMOHALINE CIRCULATION 
The ac tua l  c i r c u l a t i o n  o f  the oceans i s  o f  course n o t  axisymmetr ic.  
With a view toward cons t ruc t i ng  a simple two-dimensional model o f  the  
thermohal ine c i r c u l a t i o n  o f  the oceans f o r  coup l ing  w i t h  an e q u a l l y  s imple 
model o f  t h e  atmospheric c i r c u l a t i o n ,  I have adopted the f o l l o w i n g  a l t e r n a -  
t i v e  t o  the  s i m i l a r i t y  approach o f  Robinson, Stommel, Welander and o the rs .  
S t a r t  w i t h  the Boussinesq equations and mean densi t y f i  = 1;:' 
gr = -p3 3 (2.1 ) 
u,+ q + w 3  = 0 > 
fk + u & + v f i + u P  S ' v j ' a a + X H  f ' y y ~  
where? and p are  dev ia t ions  f r o m - p o g j a n d  Po respec t i ve l y .  Expand the  
dependent var iab les  i n  powers o f  x: 
cv 
['p.p, ~l(~,y.a.t) r-2, ~ " E ~ ~ . h r * n ) ( y  taj+' .  
h t l  
(2.2) 
and s u b s t i t u t e  i n  the above equat ions. Equating powers o f  x, we get  
Consider now on ly  the f i r s t  power terms, corresponding t o  u = 1 : 
These may be solved sub jec t  t o  i n i t i a l  cond i t ions  and the boundary 
cond i t ions ,  
I ~ ; ( Y ,  o ) = u ~ ; ~ ( Y . o , )  ( w ~ = x W , ~  = Ekman pumping) 
F o  X v G  (71 " -  ( F = X ~ ;  see Eqs.I .6 and / .7  o f  f i r s t  s e c t i o n )  7m (2.5) ( y j - ~ )  = U~;E (3,-H) 
The zero p o i n t  o f  x  must be taken a t  t he  eas te rn  boundary t o  have u  van i sh  
there .  
A l l  dependent v a r i a b l e s  may be expressed i n  terms o f  w l .  Thus 
and s u b s t i t u t i o n  i n  t he  thermal equa t ion  g i ves  
w i t h  the  boundary c o n d i t i o n s  de r i ved  from 2: 
A p a r t i c u l a r l y  s imple equa t ion  may be a t t a i n e d  by i g n o r i n g  l a t e r a l  
d i f f u s i o n  and assuming t h a t  wl  i s  independent o f  y. Then t he  Ekman pump- 
i n g  must a l s o  be independent o f  y,  and the hea t  f l u x  c o n d i t i o n  r e q u i r e s  
t h a t  FI be p r o p o r t i o n a l  t o  f2/f,. I n  t h i s  case the equa t i on  t o  be so l ved  
f o r  s t a t i o n a r y  f l o w  becomes s imb ly  
'"; qsJI = X v ~ ; 1 ~ ~ ~ ~  
Solu t ions  o f  t h i s  equa t ion  and o f  2.7 w i l l  be presented i n  a  l a t e r  p u b l i -  
c a t i o n .  Those o f  2 . 9  a r e  o f  t h e  boundary- layer  type w i t h  a  sharp thermo- 
c l  ine.  
MICRO-SYMPOSIUM ON GEOSTROPHIC TURBULENCE 
Abs t rac ts  o f  Seminars 
TWO-DIMENSIONAL TURBULENCE ABOVE TOPOGRAPHY" 
Franc is  P. B re ther ton  
I n  a t u r b u l e n t  two-dimemsional f l o w  enst rophy s y s t e m a t i c a l l y  cas-  
cades t o  very  smal l  sca les ,  a t  which i t  i s  d i ss i pa ted .  The k i n e t i c  energy,  
on t he  o t h e r  hand, remains a t  l a r g e  sca les and t he  t o t a l  k i n e t i c  energy i s  
constant .  Above random topography an i n i t i a l l y  t u r b u l e n t  f l o w  tends t o  a 
steady s t a t e  w i t h  s t reaml ines  p a r a l l e l  t o  contours  o f  cons tan t  depth,  a n t i -  
c y c l o n i c  around a bump. A numerical  exper iment v e r i f i e s  t h i s  p r e d i c t i o n .  
I n  a c losed  bas in  on a beta- plane the  s o l u t i o n  w i t h  minimum ens t rophy  im- 
p l i e s  a westward f l o w  i n  the  i n t e r i o r ,  r e t u r n i n g  i n  narrow boundary l a y e r s  
t o  t he  n o r t h  and south.  Th i s  r e s u l t  i s  i n t e r p r e t e d  us ing  a parameter i za-  
t i o n  o f  t he  e f f e c t s  o f  t h e  eddies on the  l a rge- sca le  f l ow .  The numer ica l  
s o l u t i o n  i s  i n  q u a l i t a t i v e  agreement, bu t  corresponds t o  a minimum o f  a 
more complex measure o f  the  t o t a l  enstrophy than the  usual  q u a d r a t i c  
i n t e g r a l  . 
::From a paper by F ranc i s  P. B re the r ton  and Dale B. Haidvogel . 
THE TRANSITION TO - AND THE REGION OF - GEOSTROPHIC TURBULENCE 
I N  A ROTATING, DIFFERENTIALLY HEATED ANNULUS* 
George Buzyna 
The t r a n s i t i o n  t o  - and t he  reg ion  o f  - geos t roph ic  t u rbu lence  was 
s tud ied  expe r imen ta l l y  i n  a r o t a t i n g ,  d i f f e r e n t i a l l y  heated annulus o f  
f l u i d  w i t h  Prand t l  number 19. The s tudy was conducted i n  a r e g i o n  o f  d i -  
mensionless parameter space where t he  wave f l o w  i s  h o r i z o n t a l l y  quas i -non-  
d i ve rgen t  and quas i- geos t roph ic .  The exper imenta l  da ta  c o n s i s t e d  o f  t ime  
sequences o f  f l u i d  temperatures ob ta ined  from a network o f  2016 t h e r m i s t o r  
probes d i s t r i b u t e d  i n  t he  i n t e r i o r  o f  the f l u i d .  A s e r i e s  o f  18 exper iments  
was s tud ied .  T h e i r  l o c a t i o n  i n  the  RoT - Ta d imension less parameter p l a n e  
i s  shown i n  F ig .1 .  S i x teen  o f  these exper iments were performed a t  t h e  
same ex te rna l  temperature con t ras t ,  A T, a t  success ive ly  i n c r e a s i n g  r o t a -  
t i o n  ra tes .  The remain ing two exper iments a r e  a t  the  l a r g e s t  b u t  a t  d i f -  
f e r e n t  values o f  A T. 
The da ta  f rom these exper iments revea ls  t h a t  t h e  f l u i d  mot ion  i n  t h e  
wave regime i s  t ime dependent and t h a t  t h ree  d i f f e r e n t  r eg ions  o f  t ime  de- 
pendent mot ion can be i d e n t i f i e d .  I n  p a r t i c u l a r ,  the  t ime-dependent phe- 
nomena observed a t  success ive ly  l a r g e r  values o f  SL may be categorozed as 
amplitude vaci Zlation, t i l t e d  trough vaci Zlation and geostrophic turbulence 
w i t h  a gradual t r a n s i t i o n  f rom p e r i o d i c  t o  a p e r i o d i c  t ime dependence. The 
t ime-averaged az imuthal  temperature spec t ra  a l s o  exh i  b i  t s  d i f f e r e n t  charac-  
t e r i s t i c s  i n  t he  d i f f e r e n t  reg ions and the  s p e c t r a l  c h a r a c t e r i s t i c s  o f  geo- 
s t r o p h i c  tu rbu lence  a r e  a l s o  e s t a b l i s h e d  g r a d u a l l y  w i t h  success i ve l y  l a r g e r  
A .  The d i f f e r e n t  c h a r a c t e r i s t i c  reg ions a r e  i d e n t i f i e d  i n  F ig .1 .  The 
reg ion  o f  t r a n s i t i o n  f rom t i l t e d  t rough  v a c i l l a t i o n  t o  geos t roph i c  t u r b u -  
SYMMETRIC 
AT* ( Oc ) REGIME 
5 10 15 
Figure 1. Regime diagram f o r  t h e  experiments conducted. The d o t s  i n d i c a t e  e x p e r i -  
ment l oca t ion ,  t h e  number next  t o  t h e  do t  i n d i c a t e s  t h e  dominant wave 
I form, and t h e  l e t t e r s  r e f e r  t o  t h e  experiments t o  be  presented  i n  t h e  
fol lowing f igu res .  
exp. B [ .'5 
Figure 2 .  Time averaged azimuthal temperature va r i ance ,  (T, a t  mid-depth and 
mid-gap width, a s  a  func t ion  o f  wave number, k,  k a t  f o u r  d i f f e r e n t  
p o i n t s  i n  parameter space ( see  Fig.  1 ) .  
lence i s  i n d i c a t e d  by the  s t i p p l e d  band. A r ep resen ta t i ve  t ime  averaged 
az imuthal  temperature var iance,  ( T ~ ) ~ ,  a t  mid-depth and mid-gap w i d t h ,  as 
a f u n c t i o n  o f  az imuthal  wave number, k,  corresponding t o  each o f  t h e  reg ions ,  
i n c l u d i n g  the  t r a n s i t i o n  reg ion,  i s  shown i n  F ig .2 .  The wave number s p e c t r a  
corresponding t o  the  amp1 i tude vac i  1 l a t i o n  reg ion  ( ~ i g .  2a) a r e  c h a r a c t e r i z e d  
p r i m a r i l y  by a s i n g l e  dominant mode o r  by a dominant mode and i t s  s i d e  bands. 
The ampl i tude  o f  the  dominant mode and t he  t o t a l  eddy temperature v a r i a n c e  
undergo a l a r g e  c y c l i c  v a r i a t i o n  w i t h  t ime (100 t o  50 r o t a t i o n s )  i n  t h i s  
reg ion .  A t  h i ghe r  JL , the  wave number spec t ra  corresponding t o  t he  t i l t e d  
t rough reg ion  ( ~ i g .  2b) a re  cha rac te r i zed  by t he  dominance o f  a  s i n g l e  wave 
number and i t s  h i ghe r  harmonics. The t ime v a r i a t i o n  o f  t h e  amp l i t ude  o f  
the dominant mode i s  r e l a t i v e l y  sma l l .  The c h a r a c t e r i s t i c  t ime  v a r i a t i o n  
here i s  a  modulated, almost p e r i o d i c  f l u c t u a t i o n  i n  the  r a d i a l  p o s i t i o n  o f  
the main energy concent ra t ion .  The t ime sca le  o f  t h i s  r a d i a l  v a c i l l a t i o n  
i s  between 15 t o  20 r o t a t i o n s .  The spec t ra  i n  the  t r a n s i t i o n  r e g i o n  t o  geo- 
s t r o p h i c  tu rbu lence  a r e  cha rac te r i zed  by a much broader spectrum o f  modes 
such t h a t  the  harmonics o f  the  dominant mode, a l though s t i l l  d i s t i n g u i s h -  
able,  a r e  now less  prominent ( ~ i ~ .  2c )  As JI i s  increased i n  t h i s  r e g i o n  
the  t ime dependence acqu i res  i n c r e a s i n g l y  a p e r i o d i c  c h a r a c t e r i s t i c s .  
The wave number spec t ra  i n  t he  geos t roph ic  tu rbu lence  r e g i o n  a r e  
cha rac te r i zed  by a broad spectrum o f  modes. The temperature va r i ance  a t  
the lower wave numbers i s  cons ide rab l y  l a r g e r  than i n  t he  o t h e r  r eg ions ,  
and t he  spectrum a t  h i g h  wave numbers d i s p l a y s  a nominal - 4  power s l ope  
( ~ i g .  2d) .  The t ime dependent behav io r  i n  t h i s  r eg ion  i s  c h a r a c t e r i z e d  by 
a cons iderab le  degree o f  a p e r i o d i c i t y  i n  the  t ime v a r i a t i o n  o f  t he  amp l i -  
tudes o f  the  i n d i v i d u a l  modes and t h e  t o t a l  eddy temperature va r i ance ,  as 
w e l l  as i n  the  r a d i a l  p o s i t i o n  o f  t he  ampl i tude c o n c e n t r a t i o n  o f  t h e  i n d i v i -  
dua 1 modes and the  t o t a  1 eddy temperature concent r a t  ion .  
The t ime averaged azimuthal  temperature var iance  s p e c t r a  o f  t h e  f i v e  
exper iments i n  the  geos t roph ic  tu rbu lence  reg ion  can be demonstrated t o  be 
s i m i l a r  i n  charac te r  by s u i t a b l e  n o r m a l i z a t i o n  o f  the  coo rd ina tes .  We n o t e  
t h a t  t h e  dominant az imuthal  wave number, k ,  corresponds c l o s e l y  t o  t h e  
Rossby rad ius  o f  de fo rmat ion  sca le  ks  = 2'11R/hs, whe reAS  i s  t h e  Rossby r a -  
d ius  o f  deformat ion (As = Nd/(2fl), N2 = ~ ~ ( 6 7 1 6 ~ ) ;  d, 8 ,  6?/6z and R a r e  t he  
depth o f  the  f l u i d ,  the  c o e f f i c i e n t  o f  thermal expansion, t he  v e r t i c a l  
s t r a t i f i c a t i o n ,  and the  rad ius ,  r e s p e c t i v e l y ) .  We a l s o  n o t e  t h a t  t h e  t ime  
averaged temperature var iance,  (Tk12, i s  p r o p o r t i o n a l  t o  ( A  T ) ~ .  The r e s u l  t s  
o f  the  f i v e  exper iments,  normal ized as above, w i t h  respec t  t o  t he  para-  
meters i n  exper iment D ( t h e  a s t e r i s k  des igna t i on ) ,  a re  shown i n  F ig .3 .  I n  
the above rep resen ta t i on  we have assumed t h a t  6T/6z w i l l  be p r o p o r t i o n a l  t o  
a T. 
The depth o f  the  f l u i d  was a l s o  incorpora ted  i n  t he  temperature 
var iance  a x i s  t o  account f o r  a  d i f f e r e n t  f l u i d  depth o f  exper iment  H ;  t h e  
p a r t i c u l a r  form was suggested by a non-dimensional f o r m u l a t i o n  o f  t h e  d a t a  
t o  be g iven  below. A l l  exper iments,  w i t h  the  excep t i on  o f  exper iment  E ,  
show a nominal - 4  p r o f i l e  i n  the  " i n e r t i a l  range". Experiment E i s  r ep re-  
sented b e t t e r  by a nominal -3 p r o f i l e .  A more ex tens i ve  s e r i e s  o f  e x p e r i -  
ments i n  t he  t u r b u l e n t  range i s  c u r r e n t l y  be ing  ana l i zed  t o  s tudy  t h i s  
Figure  3. Time averaged azimuthal  temperature var iance spec t ra  of t h e  f i v e  
experiments i n  t h e  geostrophic turbulence r e g i o n  represented i n  a 
normal ized coord ina te  system. 
d i f f e r e n c e  c lose r .  The turbulence r e s u l t s  presented above can a l s o  be ex-  
pressed i n  a simple form p ropo r t i ona l  t o  the nondimensional parameters ROT 
and Ta. For such a fo rmu la t i on  i t  i s  necessary t o  in t roduce the  f a c t o r  
 IN/^)^, (? i s  the mean temperature and g i s  the a c c e l e r a t i o n  o f  g r a v i t y )  
s imi  l a r  t o  Charney's treatment (1971, J.A.S., 28: 1087-1095) o f  t he  temper- 
a tu re  variance spectrum. We can thus represent the data i n  the  app rop r ia te  
experiments and range by 
where C i s  a constant .  We expedt t h a t  C i s  i nve rse l y  p r o p o r t i o n a l  t o  T s ince  
the temperature var iance spectrum should no t  be a f u n c t i o n  o f  T a lone w i t h  
a1 1 o the r  var iab les  he ld  constant .  
!;From a paper by George Buzyna, Richard P f e f f e r  and Robin Kung. 
LOW-FREQUENCY FLUCTUATIONS BENEATH THE GULF STREAM AT 5 5 ' ~  
Ross Hendry 
A k i nema t i ca l  and s t a t i s t i c a l  d e s c r i p t i o n  o f  low- f requency f l u c -  
t u a t i o n s  o f  deep h o r i z o n t a l  c u r r e n t s  and temperature was d e r i v e d  f rom one 
year o f  moored measurements i n  a  zonal a r r a y  beneath t he  G u l f  Stream du r-  
i n g  1975 and 1976. Three inst ruments a t  4000 m depth gave sepa ra t i ons  o f  
30, 40 and 70 km between 55 and 56OW long i t ude  a long  40°301N l a t i t u d e .  
The c u r r e n t  measurements revealed ene rge t i c  f l u c t u a t i o n s  a t  p e r i o d s  g r e a t e r  
than 20 days, w i t h  root-mean-squared c u r r e n t s  o f  12 cm/s. Energy l e v e l s  
i n  east-west and nor th- sou th  f l u c t u a t i o n s  were n e a r l y  equa l ,  b u t  t h e r e  was 
evidence f o r  h i ghe r  zonal energy l e v e l s  a t  t he  longes t  t ime  sca les  r e -  
solved. A r i s e  i n  energy between 30- and 40-day pe r i ods  was no ted  f o r  
bo th  zonal and mer i d i ona l  c u r r e n t s .  The c o r r e l a t i o n s  between h o r i z o n t a l l y  
separated moorings decreased n o t i c e a b l y  over  t he  range o f  sca les  i n  t h e  
a r ray ,  and suggested a dominant s p a t i a l  s ca le  o r  eddy rad ius  near  70 km. 
Time-lagged c o r r e l a t i o n  a n a l y s i s  showed westward p ropagat ion  o f  f e a t u r e s  
i n  the  c u r r e n t  v a r i a t i o n s ,  w i t h  apparent phase speeds i n  excess o f  10 cm/s, 
w h i l e  t h e  temperature v a r i a b i l i t y  appeared t o  be dominated by l a r g e  spa- 
t i a l  sca les  o r  low f requencies and the  temperature c o r r e l a t i o n s  between 
inst ruments was g r e a t e s t  a t  ze ro  t ime lag .  The G u l f  Stream i s  a  r e g i o n  
o f  h i g h  energy, and a l though the  Stream does no t  extend i n t o  t h e  deep wa te r  
as a coherent  f l ow,  i t  cou ld  c o n t r i b u t e  t o  t he  f l u c t u a t i o n s  i n  t h e  deep 
water through i n s t a b i l i t y  processes, f o r  example. Thus t h i s  exper iment  i s  
loca ted  i n  the  n e a r - f i e l d  o f  a  l a r g e  energy source and p robab l y  r ep resen ts  
a  fo rced  regime o f  mesoscale oceanic v a r i a b i l i t y .  
STATISTICAL THEORY OF STRATIFIED FLOW ABOVE TOPOGRAPHY 
Jackson Herr  i ng 
Quasi- two-dimensional r o t a t i n g  t u r b u l e n t  f l o w  above a random topog-  
raphy i s  discussed w i t h i n  t he  framework o f  the  d i r e c t  i n t e r a c t i o n  approxima- 
t i o n  (DIA),  and c e r t a i n  ideas drawn from s t a t i s t i c a l  mechanics. The DIA i s  
presented as an expansion about randomness - i n  which t he  E u l e r i a n  acce le ra-  
t i o n  i s  modeled as a Gaussian random s t i r r i n g ,  and s imu l t aneous l y  an eddy 
v i s c o s i t y  i s  in t roduced t o  ma in ta i n  the f l o w s '  conse rva t i on  p r o p e r t i e s .  The 
topographic  component o f  the  E u l e r i a n  a c c e l e r a t i o n  i s  i nco rpo ra ted  w i t h i n  
t h i s  framework by an ensemble averaging over  topographies,  o r  e q u i v a l e n t l y ,  
by g e n e r a l i z i n g  t he  system s tud ied  t o  i nc l ude  an equa t i on  o f  mo t i on  f o r  t h e  
topography, h  (x ,  t ) , 
a h ( r , t ) / 3 t  -. o (1)  
To i l l u s t r a t e  ideas,  cons ider  a  s i n g l e  l a y e r  whose v o r t i c i t y  
s a t i s f i e s  
where we have chosen u n i t s  such t h a t  t he  t o t a l  l a y e r  t h i ckness ,  k? , and 
C o r i o l i s  parameter, f ,  make no e x p l i c i t  appearance ( f . / H z 1 ) .  I n  ( 2 ) ,  
_v(x_ , t )  i s  def ined so t h a t  &= v%?(X,t), aur  problem i s  t o  f i n d  ensemble- 
mean second moment i n fo rma t i on ,  
g i ven  t h e  i n i t i a l  ( h o r i z o n t a l l y  homogeneous) spec i f i cab t ion  o f  9 , and 
/ 
H ( g ,  8 ) . Homogeneity makes Fou r i e r  t ransforms o f  (1)  and (2)  a t t r a c t i v e  
and we denote t h e  transformed equat ions as, 
where 
and 9(5,t,*') = ~ ~ Z ~ ( - L ( ~ - Z * ) .  - _ ~ ) + ( x , t :  x , t l ) d  ( 5 . ~ ' )  (4 )  
The D IA f o r  t he  system (3) reads: 
Here, x ( k , t )  = <f;(k) 5 (& , t ) )  . How t o  o b t a i n  i t s  D I A  e q u a t i o n  
o f  mot ion  w i l l  be i n d i c a t e d  s h o r t l y .  
t- 
A1 SO 
a ~ ( k , t , + ' ) / d t =  - it, drrl  ( x ,  t 1 5 )  G ( ~ . 5 , e - ' )  , 
When, as i n  (5) Jq(fi , t ls)ds . . serves t h e  r o l e  o f  t he  r e l a x a t i o n  r a t e  o f  
a  smal l  p e r t u r b a t i o n  in t roduced i n t o  t he  v o r t i c i t y  f i e l d  $ ( ! ( , t )  a t  t ime  t ' .  
~ i m i  l a r l y ,  ( h , t ,  s) serves t he  r o l e  o f  t he  r e l a x a t i o n  r a t e  o f  t h e  f i e l d  
due t o  a  smal l  p e r t u r b a t i o n  i n  h ( k )  a t  t ime  t i .  We s h a l l  n o t  r eco rd  t h e i r  
e x p l i c i t  form here, b u t  s imp ly  no te  t h a t  they  a r e  such as t o  imp ly  f o r  (5 )  
energy and t o t a l  ent rophy conserva t ion .  
I n  (5), the  s u b s c r i p t  "ONti a t tached  t o  t he  ensemble mean o f  
F ( ~ ) F ( s )  means t o  eva lua te  t h i s  term as i f  f i e l d s  ( $ , h \  were m u l t i v a r i a t e  
Gaussian. I f  t h i s  were the  o n l y  term on the  r i gh t - hand  s i d e  o f  (5), t h e  
equa t ion  f o r  @ would be t h a t  f o r  a  system acted 0% by a random Gaussian 
f o r c e  f i e l d ,  ~ ( t ) .  The l a s t  two terms i n  (5) 9 and a r e  gene ra l i zed  eddy 
d i s s i p a t i o n  terms whose r o l e  i s  t o  r e s t o r e  conse rva t i on  p r o p e r t i e s  i n  t h e  
presence o f  a  model i ng o f  Fk ( t )  as random. As i s  we1 1 -known ( ~ r a  i chnan , 
1959), (5) (w i t hou t  h )  r e s u l t s  f rom a sys temat ic  p e r t u r b a t i o n  procedure ap- 
p l i e d  t o  the  s t a t i s t i c s  o f G ( 5 , t ) .  I t  a l s o  i s  exac t  covar iance  e q u a t i o n  f o r  
a  model ( f i r s t  i n t roduced by Phy th ian  (1969) whose amp1 i tude equat ions  o f  
mot ion - f o r  the  p resen t  problem - a re :  .t 
i n  (6) 5 (k, t )  i s  a  Gaussian random v a r i a b l e ,  whose second o r d e r  s t a t i s -  
t i c s  a r e  t he  same as 5 C e l t ) .  The ex i s tence  o f  an ampl i tude  e q u a t i o n  o f  
mot ion su f f i ces  t o  guarantee t he  r e a l i z a b i l i t y  o f  the  covar iance  e q u a t i o n  
(5 ) .  An equat ion  f o r  X ( ~ , t )  r e s u l t s  f rom mu1 t i p l y i n g  (6) by h ( 3 )  and 
ensemble averaging.  
We nex t  b r i e f l y  no te  c e r t a i n  general  aspects o f  s o l u t i o n s  t o  ( 5 ) ,  
which a r e  amenable t o  s tudy w i t h o u t  recourse t o  numerical  computat ion.  
F i r s t ,  O ( k , t , t l )  = ~ ( k ) , ~ ( k )  = - ~ ( k )  i s  an exac t  s o l u t i o n  t o  ( 5 ) .  Such a 
s o l u t i o n  i s  complete ly  s t a t i c  (a f rozen  E u l e r i a n  f i e l d ) ,  and s i m p l y  c o r r e s-  
ponds t o  t h e  f a c t  t h a t  5 (k_, t )  = -h(k)  s a t i s f i e s  (3 )  w i t h  i3 5 /a t = 0 . 
Another "non-cascading" s o l u t i o n  t o  the  equat ions o f  mot ion i s  t h e  a b s o l u t e  
e q u i l i b r i u m  s o l u t i o n ,  
Equat ion (7) may be es tab l i shed  by the  f l u c t u a t i o n  d i s s i p a t i o n  theorem, . 
( ~ e i  t h ,  1976), which s ta tes  t h a t  i f  ri (t) a r e  a se t  o f  coupled dynamical  
v a r i a b l e s  possessing quad ra t i c  cons tan t (s )  o f  motion, then t h e  s t a t i o n a r y  
e q u i l i b r i u m  s t a t i s t i c s  a r e  cha rac te r i zed  by,  
Using f o r  X ;  the  s e t  ( 5  (K), h [ K )  , and i n s e r t i n g  the  e q u i l i b r i u m  va lues  
f o r  { r ;  (t') x j C*'> ) obta ined  by Salmon et aZ., (1976) y i e l d s  ( 7 ) .  We shou ld  
no te  t h a t  (7) i s  a p h y s i c a l l y  r e a l i s t i c  s o l u t i o n  o n l y  i f  t he  a wave number 
range f o r  (5) i s  compact, o the rw i se  0(k)---, const.  as k -0,  an unac- 
cep tab le  r e s u l t  f o r  d i s s i p a t i v e  tu rbu lence .  
Another c l ass  o f  s o l u t i o n s  t o  (5)  a r e  s t a t i o n a r y ,  comp le te l y  
" frozen"  i n  the sense o f  our  f i r s t  example above, and a r e  most e a s i l y  d i s -  
cussed i n  terms o f  t he  f requency-Four ier  t r ans fo rm  o f  0 ( k ,  t - t  ' )  , ~ ( k ,  t - t '  ) . 
These have been known f o r  some t ime ( ~ r a i c h n a n ,  1965) f o r  s imp le  t u rbu lence ,  
b u t  they a r e  supposed t o  be uns tab le  t o  n o n- s t a t i c  p e r t u r b a t i o n s .  T h e i r  
ex i s tence  corresponds t o  t he  f a c t  t h a t  t h e r e  e x i s t  a c l a s s  (measure ze ro  ?)  
o f  comple te ly  laminar  s o l u t i o n  s o f  the  Navier-Stokes equat ions ,  even f o r  
the  f o r ced  d i s s i p a t i v e  case. The presence o f  topography may s t a b i l i z e  
t h i s  c l a s s ,  indeed the  numer ica l  exper iments o f  B re the r ton  and Haidvogel 
(1976) a t  one t ime seemed t o  so i n d i c a t e .  Numerical s o l u t i o n s  t o  ( 5 ) ,  con- 
s t r u c t e d  t o  roughly  match t he  numerical  models, i n d i c a t e  however t h a t  these 
comple te ly  s t a t i c  s o l u t i o n s  a r e  n o t  s t ab le ;  t he  forced,  d i s s i p a t i v e ,  s t a -  
t ionary  s o l u t i o n s  have a s t a t i c  component (as does ( 7 ) ,  whose magni tude i n -  
creases as the topographic  s t r eng th ,  and a dynamica l l y  a c t i v e  component 
( g d ( k , t - t ' )  --+ 0 as t - t '  -> m, whose lagged c o r r e l a t i o n  t i m e  decreased 
w i t h  topography - a t  l e a s t  f o r  tu rbu lence  mainta ined by s t a t i c  f o r c i n g .  
The t r a n s i t i o n  from s ta t i c - dom ina ted  f l o w  t o  dynamica l l y - ac t i ve  f l o w  
appears t o  occur smoothly a t  I Y - v ~ ~  , / I Y . V ~ ~ &  I .  
Some i n s i g h t  i n t o  the  dynamics o f  t he  t r a n s f e r  mechanism i m p l i e d  by 
(5) may be ob ta ined  Qy wave-number Tay lo r  s e r i e s  expansions f o r  t h e  t r a n s -  
f e r  f u n c t i o n  T(k )  = 0 ( k , t , t ) ,  assuming k so l a r g e  t h a t  a l l  c o n t r i b u t i o n s  t o  
the  energy spectrum a r e  a t  much sma l l e r  k .  For example, f o r  non- topographic  
turbu lence,  and a t  s h o r t  t imes,  t ,  (5)  reads, 
A ) ~ r , r . t ) = t  1 d p d g ( p ? ~ ' ) ( ( - ~ ' ) ( ~ ( p ) ~ ~ 8 ~ - ~ ~ ~ V ~ ~ ' ~ b ~ ~ p . , % )  
u[n)=~ 'd ( l< ) ,  a3 (k,~,$) can form a t r i a n g l e .  
n A For l a r g e  k ,  e v a l u a t e j  d p d s  a . . by expanding (%:I C - g 1 ) a b o u t  2 0, 
r e t a i n i n g  o n l y  t he  f i r s t  non- vanish ing terms. There r e s u l t s ,  
0 
an equa t i on  which (p lausab ly?)  s t a t e s  t h a t  b i s  p r o p o r t i o n a l  t o  t h e  mean 
squared d i s t o r t i o n  o f  a  f l u i d  element t imes the  l eng th  o f  t ime,  &, t h e  d i s -  
t o r t i o n  process l a s t s  t imes a homogeneous d i f f u s i o n  ope ra to r  a c t i n g  on 
0 ( k ) .  The l a t t e r  d i s p l a y s  a "cascade" charac te r  i n  t h a t  ens t rophy  i s  
t r a n s f e r r e d  o n l y  f rom ne ighbor ing  k ' s .  ( ~ o t e  a l s o  t h a t  0 ( k )  = km4 ( i . e . ,  
~ ( k )  - k-3) makes ? ( k )  = 0.)  A t  l a r g e  r, t i n  (8) must be rep laced  by a 
t ime s c a l e  f o r  l i m i t i n g  the  ( s t r a i n )  d i s t o r t i o n  o f  f l u i d  elements.  P l a u s i -  
k h '4 
b l y  t h i s  should b e-  ( pdpO(p))''a; however the  DIA (5) g i ves  w (k)  1 dpO(p)), 
a  q u a n t i t a t i v e  e r r o r  whose magnitude numerical  s t u d i e s  i n d i c a t e  i s  n o t  
se r i ous  i n  t h e  energy c o n t a i n i n g  reg ion ,  b u t  o f  se r i ous  magnitude i n  t h e  
enst rophy d i s s i p a t i o n  range. 
App ly ing  t he  above arguments t o  topographic  t u rbu lence  (5)  y i e l d s  
f o r  g ( k ) = < I $  ~s)+h(! ) I ) ,  
where k 
~ , = t l p d p d ( p ) ,  
and 
Two e f f e c t s  a t t r i b u t a b l e  t o  topography a r e  incorpora ted  i n  ( 9 ) .  The f i r s t  
( N  4) i s  a  d i f f u s i v e  cascade, which i f  a c t i n g  a lone  would lead  t o  an en- 
ergy spectrum k" ins tead  o f  k-3.  I t  stems from the  d i s t o r t i o n  o f  f l u i d  e l e -  
ments by l a rge- sca le  topography. The second represen ts  a  d i r e c t  dumping o f  
enst rophy i n t o  sca les  k - '  f rom p o s s i b l y  ve ry  d i s t a n t  wave number reg ions ,  
and hence i s  non-cascade i n  na tu re .  Depending on t h e  shape o f  H ( k )  , t h i s  
term may be l a rge ,  un less  9 ( k )  5 0, o r  0 ( k ) r  ~ ( k )  Z+ - ~ ( k ) .  
We nex t  b r i e f l y  d iscuss  two- layer  tu rbu lence  above topography. F i r s t ,  
we may no te  t h a t  t h e  f l u c t u a t i o n  d i s s i p a t i o n  theorem s t i l l  i m p l i e s  a s t a t i c  
component f o r  bo th  l e v e l s  (1 = top  and 2 = bot tom).  Denot ing these s t a t i c  
components Y j , z I, 2 we f i n d  f rom (8 ) ,  
, g.cy_c. f o r  ( 2 - -1 ) .  
Here, x ; ;  (5; h }  . P re l  i rn inary numerical  c a l c u l a t i o n s  i n d i c a t e  t h a t  f o r  
topographies t y p i c a l  o f  those used i n  (most?) numer ica l  s i m u l a t i o n s ,  t h e  
normal ized spectrum o f  XI i s  q u i t e  sma l l ,  l ead ing  t o  t he  e x p e c t a t i o n  t h a t  
where topographic  e f f e c t s  a r e  s i g n i f i c a n t ,  they a c t  t o  s i g n i f i c a n t l y  decor -  
r e l a t e  l e v e l s  1 and 2.  
I I I n  c l o s i n g ,  we should s t r e s s  t h a t  t he  s t a t i s t i c a l  t heo ry  con ta ins  i n  
i t s  e x p l i c i t l y  c a l c u l a t e d  l i s t  o f  i ng red ien t s  a u x i l i a r y  q u a n t i t i e s  which 
a r e  o f  i n t e r e s t  by themselves, f o r  example, t ime sca le  i n f o r m a t i o n  i s  con- 
ta i ned  i n  t h e  ~ ~ ~ ( k , t ' )  used i n  ( 5 ) ,  and Tts g e n e r a l i z a t i o n  t o  two l e v e l s .  
An i n t e r e s t i n g  byproduct o f  G f o r  a  b a r o t r o p i c  l aye r  i s  t h e  t ime s c a l e  f o r  
the  s t a t i s t i c a l  d i f f u s i o n  o f  a  small p e r t u r b a t i o n  o f  v e r y  l a r g e  l e n g t h  
sca le  - compared t o  tu rbu lence  and topographic  f ea tu res .  The r e c i p r o c a l  
o f  t h i s  t ime sca le  i s  an e f f e c t i v e  eddy d i s s i p a t i o n  ( r e a l l y  a  topograph ic  
where we rough ly  may es t ima te  v ( l p ) o n  the r igh t- hand s i d e  o f  t h i s  expres- . 
s i o n  b y d j d p ~  . Note t h a t  q ( k )  tends t o  a  f i n i t e  l i m i t  as k  ---t 0. 
At smal l  k, X(k) -0, so t h a t  we'expect ~ ( o )  .0 , b u t  i t s  p r e c i s e  va lue  de- 
pends on s p e c t r a l  d e t a i  1s. I t  vanishes f o r  the  s t a t i c  so lu t ion,$ LA )= -hCK) .  
F i n a l l y ,  we should p o i n t  o u t  t h a t  t h e  methods o f  s t a t i s t i c a l  c l o s u r e  
a r e  suspect f o r  f lows c o n t a i n i n g  reg ions o f  s t r ong  t r app ing ,  a  c o n d i t i o n  
which w i l l  be ob ta ined  i n  a p p l i c a t i o n s .  We do no t  know t o  what e x t e n t  t r a p -  
p i n g  e f f e c t s  v i t i a t e s  s t a t i s t i c a l  tu rbu lence  theory.  However, one hopefu l  
recen t  s i g n  t h a t  t r a p p i n g  coes n o t  wreck t h i n g s  stems f rom the  work o f  Ho l-  
loway (1977) ' (see a1 so h i s  paper i n  the p resen t  volume) , who has appl  ied  
the  t e s t  f i e l d  model t o  the  topography problem. H is  r e s u l t s  .- which i n c l u d e  
a  comparison t o  numerical  s imu la t i ons  s t a r t i n g  from random i n i t i a l  cond i -  
t i o n s  - appear very  encouraging. 
A more d e t a i l e d  account o f  much o f  t h i s  work w i l l  soon appear i n  
J.A.5. ( ~ e r r i n g ,  1977). 
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STATISTICAL ACCOMMODATION AMONG QUASIGEOSTROPHIC -E D D I E S  
(what can you l ea rn  from a box o f  red and b lue  marbles?) 
Greg Hol loway 
The s t a t i s t i c a l  behavior o f  a s t r a t i f i e d  f low i n  a c losed bas in  
o f  a r b i t r a r y  shape, i nc lud ing  the e f f e c t s  o f  se l f - advect ion ,  o f  l a t i t u d i -  
na l  v a r i a t i o n  o f  C o r i o l i s  parameter and o f  i r r e g u l a r  bottom topography, 
may be understood q u a l i t a t i v e l y  as a tendency t o  increase entropy.  Given 
very a r t i f i c i a l  r e s t r i c t i o n s  whereby the motion i s  represented on f i n i t e l y  
many e igenfunct ions w i thou t  f o r c i n g  o r  d i s s i p a t i o n ,  exact c a l c u l a t i o n s  o f  
maximum entropy s ta tes  (" thermal" equi 1 i b r i a )  are poss ib le .  General i za -  
t i o n s  o f  such equi 1 i b r i um ideas as temperature ( t he  inverse o f  the  v a r i a -  
t i o n  o f  entropy w i t h  respect t o  some parameter o f  the f l ow)  may a l s o  p ro-  
v ide  a h e u r i s t i c  account o f  forced, d i s s i p a t i v e ,  d i s e q u i l i b r i u m  f lows.  
A f l o w  whose spectrum i s  more red than energy e q u i p a r t i t i o n  i s  charac- 
t e r i z e d  by a temperature def ined w i t h  respect t o  v o r t i c i t y  var iance,  wh ich  
i s  p o s i t i v e  and small o r  "cold" . I f  an i n i t i a l  c o n d i t i o n  i s  considered 
i n  which eddies are  randomly d i s t r i b u t e d  over a bas in  and uncor re la ted  
among layers o f  motion and w i t h  under ly ing  topography, then temperatures 
de f ined w i t h  respect t o  these c o r r e l a t i o n s  a re  i n f i n i t e  o r  "hot". I n  
the  ensuing evo lu t ion ,  the f l ow  becomes ba ro t rop i c  i n  l a rge r  sca les  o f  
motion, becomes co r re la ted  w i t h  bottom topography and develops a westward 
f low i n  the i n t e r i o r  w i t h  eastward cur ren ts  a t  the n o r t h  and south boun- 
da r ies  o f  the  basin. This  e v o l u t i o n  describes a coo l i ng  o f  the  uncorre-  
l a t e d  d i s t r i b u t i o n  w i t h  a warming o f  the v o r t i c i t y  var iance spectrum. An 
in tense western boundary cu r ren t  develops as a p a r t  o f  the "heat" t r a n s f e r  
from hot  t o  co ld  reservo i rs .  
A1 though the simple idea o f  a tendency toward " thermal" equi 1 i b r a -  
t i o n  accounts q u a l i t a t i v e l y  f o r  many observed features o f  ocean c i r c u l a -  
t i o n  models, a q u a n t i t a t i v e  est imate o f  s t a t i s t i c a l  e v o l u t i o n  depends upon 
f i n d i n g  approximations f o r  ra tes  o f  i n t e r a c t i o n .  Such approximate r a t e s  
can be est imated on ly  f o r  l i m i t e d ,  i dea l i zed  cases, here the cases o f  
ba ro t rop i c  p lanetary  waves and ba ro t rop i c  motion above i r r e g u l a r  topography, 
both considered t o  be s p a t i a l l y  s t a t i s t i c a l l y  homogeneous i n  an ensemble 
average. 
Nonl inear ba ro t rop i c  p lanetary  waves are  g iven by ~ ~ ( < + p y )  = D ( g )  
where Dt  i s  a subs tan t i a l  d e r i v a t i v e  f o l l o w i n g  the motion induced by a 
v o r t i c i t y  f i e l d  = ? .  c u r l  & a n d b  L t )  i s  an a r b i t r a r y  d i s s i p a t i o n  ope ra to r .  
I f  5 ,  i s  a Four ie r  c o e f f i c i e n t  o f  T , e v o l u t i o n  o f  the t ime-simultaneous 
variance Z,, = < X , ,  'I;-,> i s  sought i n  a form 
where Bkpg i s  a geometric f a c t o r  g iven by the equat ion o f  mot ion and €3 PPh 
. . 
i s  a t ime scale es t ima t ing  the coherence t ime among t r i p l e s  o f  v o r t i c i t y  
coef f i c ien ts ' ( ,<  , T ,  and 'C5 . An approximation f o r  OM,, i s  ob ta ined by 
observing tha t  the equat ion which purpor ts  t o  descr ibe the s t a t i s t i c a l  
evo lu t i on  o f  3, i n  f a c t  describes e x a c t l y  the s t a t i s t i c s  o f  a model v a r i a -  
b l e  TI< governed by 
where 
aR= - p ~ , / ~ s  and #, i s  a  random f o r c e  whose var iance  i s  
Then Bkpg i s  taken as the  coherence t ime f o r  t r i p l e s  o f  model v a r i a b l e s  
- 
, a d  i . e .  9) 
~ K + N ~  + A ~ ,  e = 
&P% (J.4*+,up+.& X I = +  (sr,+sr,+fig,)' 
where n o m i n a l l y p , 2 b k  
* 1 ~  ' I n  f a c t ,  t o  o b t a i n  a  0 which  i s  n o t  Kp9, 
u n r e a l i s t i c a l l y  o v e r s e n s i t i v e  t o  mot ion on l a r g e  sca les ,  Ak i s  mod i f ied  
/r 
where 8!,, i s  another  geometr ic  f a c t o r ,  here suggested by t h e  t u r b u l e n t  
" t e s t  f l e ? d  model", and h i s  an e m p i r i c a l  cons tan t  o f  o r d e r  u n i t y .  
Nonl inear  b a r o t r o p i c  mot ion above i r r e g u l a r  topography i s  desc r i bed  
s i m i l a r l y .  The equat ion  o f  mot ion i s  D k ( < + h ) , 8  ( 5 , )  where t he  depth o f  
f l u i d  i s  H ( x , y ) = H , ( l - h ( r , y ) / + '  w i t h  f the  C o r i o l i s  parameter and h/H, 
a  smal l  number o f  o rde r  t he  Rossby number. Equat ions f o r  e v o l u t i o n  o f  t ime-  
simultaneous var iance  Zk and c o r r e l a t i o n  Rk = Real< r,, h-,O a r e  sought i n  
a  form [& = ' K +  2 T K ) z K  = c* 2yK R k  
where vH,\ and f, a re  g i ven  by sums over  second moments and p a i r w i s e  p ro-  
ducts  o f  second moments Z Rp and H = s hph.p7 weighted by a  coherence P  ' P 
t ime @,p$. Again the equat ions f o r  Zk and Rk desc r i be  e x a c t l y  a  model v a r i a -  
b l e  governed by 
d ( - ' 4 + y K ) f , z f K + 7 h ~  
Then % p q  = (A,'+ AP+,UB) - '  where 
Ckpq and Dkpq, which appear i n  , are  geometric c o e f f i c i e n t s  obta ined 
from the equat ion o f  motion. 
Comparison o f  these s t a t i s t i c a l  p red i c t i ons  w i t h  numerical  f l o w  
s imula t ions  shows good agreement. An e a r l i e r  emp i r i ca l  es t imate  o f  f rom 
s tud ies  o f  two-dimensional turbulence i s  found t o  agree w i t h  s t a t i s t i c s  bo th  
o f  p lane ta ry  waves and o f  f l ow  over topography f o r  a  number o f  choices o f  
topographic spectra and d i s s i p a t i o n  operators.  The p lane ta ry  wave c l o s u r e  
p r e d i c t s  (1) the  i n h i b i t i o n  due t o  wave propagation o f  the  tendency o f  two- 
dimensional f lows t o  organize energy i n t o  l a rge r  scales o f  mot ion and (2) 
the evo lu t i on ,  from an i n i t i a l l y  i s o t r o p i c  eddy f i e l d ,  o f  an i so t ropy  p re-  
f e r r i n g  zonal motion. The c losure  above topography p r e d i c t s  (1) the e f f e c t  
o f  topography enhancing o r  i n h i b i t i n g  spec t ra l  t r a n s f e r  depending on t h e  
s t reng th  o f  c o r r e l a t i o ~  Rk and (2) the development o f  a  steady p a r t  o f  t h e  
v o r t i c i t y  f i e l d ,  v i z .  CK 2 Y, h, (O,cq,')-' , 
Two i n t e r e s t i n g  remarks are, f i r s t l y ,  t h a t  Qkpg which appears i n  t he  
p lanetary  wave c losu re  1 i m i  t s  on e~~~~ : Rd(Jl~f ipi lr l , )  when the  motion i s  
weak, i .e. pka/J2,'-r 0 , and w i thout  d i s s i p a t i o n .  I n  t h i s  1 imi t the  
c losure  cont inuously  recovers the wave resonant i n t e r a c t i o n  approximat ion 
and suggests a  more general formal ism f o r  approximating i n t e r a c t i o n l a m o n g  
f i n i t e  amp1 i tude waves. Another remark i s  t h a t  the model v a r i a b l e  c o r -  
responding t o  the c losure  above topography depends l i n e a r l y  on hk a l though 
hk does no t  appear i n  the equat ion o f  motion o f  the  ac tua l  v a r i a b l e  q K  . 
APPROXIMATE MODELS OF TURBULENCE 
Robert Kraichnan 
Turbulence i s  a  n o n l i n e a r l y  coupled process which e x h i b i t s  w e l l -  
def ined s t ruc tu res  (shear surfaces, v o r t i c e s ,  e t c . )  whose p r e c i s e  form i s  
p l a s t i c  and which are  put  together  i n  a  p a r t l y  random fash ion  t o  made up 
the whole f low. I t  i s  very d i f f i c u l t  t o  adequately descr ibe  t h i s  s i t u a t i o n  
i n  simple s t a t i s t i c a l  terms. Nevertheless, considerable success has been 
a t ta ined  by c losu re  models which deal o n l y  w i t h  low-order moments. The 
d i r e c t - i n t e r a c t i o n  approximation i s  c e n t r a l  t o  such models and has a  b u i l t -  
i n  consistency which exp la ins  i n  p a r t  why the models work. The r e l a t i o n  o f  
such models t o  pe r tu rba t i on  theory,  and the extension o f  the  models t o  deal  
p rope r l y  w i t h  the  convect ion o f  small scales by l a rge  scales i s  discussed 
i n  t h i s  l ec tu re .  Some outstanding problems f o r  f u t u r e  work, i n c l u d i n g  
numerical i n t e g r a t i o n  o f  the models, t h e i r  use i n  subgr id- sca le  representa-  
t i ons ,  and the treatment o f  i n te rm i t t ency  i n  small scales,  a r e  o u t l i n e d .  
THE GENERAL CIRCULATION I N  A B-PLANE CHANNEL 
James C .  McWil l iams 
The problem s tud ied  can be descr ibed  as f o l l o w s :  A s t a b l y  s t r a t i -  
f i e d  two- layer  f l u i d  i s  fo rced  by a steady, zonal body f o r c e  i n  t he  upper 
l aye r .  The f l u i d  i s  r o t a t i n g  w i t h  a  l i n e a r  mer i d i ona l  g r a d i e n t  i n  t h e  
C o r i o l i s  parameter ( t h e  B-plane approx imat ion) .  The geometry i s  t h a t  o f  
a  channel w i t h  zonal p e r i o d i c i t y .  H y d r o s t a t i c  and quas igeos t roph ic  assump- 
t i o n s  a r e  made. There i s  a  l i n e a r  Rayle igh f r i c t i o n a l  d rag  f o r c e  (bo t tom 
f r i c t i o n )  i n  the  lower l a y e r  and a (numer i ca l l y  weak) l a t e r a l  Newtonian 
f r i c t i o n  i n  both l aye rs .  For s u f f i c i e n t l y  in tense  f o r c i n g ,  t h e  r e c t i -  
l i n e a r l y  d r i v e n  mot ion becomes uns tab le  be fo re  a steady f r i c t i o n a l  ba lance  
can occur .  Therefore,  the e q u i l i b r i u m  s o l u t i o n  i s  a  s t a t i s t i c a l  one w i t h -  
the  t ime  mean c i r c u l a t i o n  balanced by t r a n s i e n t ,  t u r b u l e n t ,  geos t roph i c  
eddy f l u x e s .  A numerical  s o l u t i o n  f o r  t h i s  e q u i l i b r i u m  s t a t e  i s  descr ibed .  
The t u r b u l e n t  eddies a r e  an e s s e n t i a l  element i n  t he  c a l c u l a t i o n ,  and have 
n o t  been pa rame t e  r i zed. 
The s o l u t i o n  has the  charac te r  o f  a  meandering j e t ,  i n  phase i n  
the two l aye rs  b u t  more in tense  i n  the  upper,  t h i n n e r  l a y e r .  The upper 
l a y e r  e x h i b i t s  sma l l e r  h o r i z o n t a l  sca les than the  lower .  The t r a n s i e n t  
eddies have t h e i r  va r iance  concentrated i n  t he  reg ion  o f  t he  mean j e t ,  and 
have an r.m.s. amp l i tude  i n  s t reamfunc t ion  o f  about 20% o f  t he  mean. The 
percentage i s  h i ghe r  i n  v e l o c i t y ,  v o r t i c i t y ,  e t c .  The t o t a l  t r a n s p o r t  o f  
f l u i d  down the  channel i s  cons tan t  i n  t ime d u r i n g  t he  e q u i l i b r i u m  p e r i o d ,  
whereas t he  volume i n teg ra ted ,  t o t a l  energy shows v igorous  f l u c t u a t i o n s .  
The energy c y c l e  o f  the  e q u i l i b r i u m  s t a t e  can be summarized as 
f o l l o w s :  The mean zonal f o r c i n g  does work on the f l u i d ,  gene ra t i ng  mean 
upper l a y e r  k i n e t i c  - energy. - P a r t l y  t h i s  i s  communicated downwards th rough 
mean p ressure  work (w p)  and so l o s t  t o  mean bottom f r i c t i o n ,  p a r t l y  t h i s  
i s  b a r o c l i n i c a l l y  conver ted t o  eddy energy.- The eddyenergy i s  communi- 
cated v e r t i c a l l y  by eddy pressure work (w' p ' )  e i t h e r  t o  a  l o s s  th rough 
eddy bot tom f r i c t i o n  o r  t o  a  b a r o t r o p i c  reverse  convers ion  between eddy 
and mean, upper l a y e r  k i n e t i c  energ ies.  I n  a  mean momentum budget,  down- 
g rad ien t  t r a n s f e r  o f  momentum i n  the  v e r t i c a l  can be i d e n t i f i e d  w i t h  t he  
b a r o c l i n i c  convers ion,  and an up- grad ien t  h o r i z o n t a l  Reynolds s t r e s s  d i -  
vergence wi t h  the  reverse b a r o t r o p i c  convers ion .  The v e r t i c a l  momentum 
t r a n s f e r  can a l s o  be cha rac te r i zed  as an isopycnal  form drag, a  h o r i z o n t a l  
eddy mass and buoyancy f l u x .  I n  a  mean p o t e n t i a l  v o r t i c i t y  budget,  ex-  
press ions o f  these processes can a l s o  be i d e n t i f i e d .  
One can make a numerical  i n t e r p r e t a t i o n  o f  the  e f f i c i e n c y  o f  t he  
v e r t i c a l  momentum t r a n s f e r  accomplished by the  geos t roph i c  t u rbu lence .  
I n  an e q u i l i b r i u m  s t a t e ,  the upper l a y e r  upper su r f ace  s t r e s s  ( f e l t  as a 
body f o r c e  i n  the upper l a y e r  momentum balance)  must have a magni tude 
equal t o  both the  bot tom f r i c t i o n a l  s t r e s s  and an e f f e c t i v e  i n t e r i o r  s t r e s s ,  
which we might parameter ize as - , -  
For a  sur face  s t r e s s  o f  1 dyne and a numerical  l y  c a l c u l a t e d  aa/a3 o f  
5 - I  i n  the  c  n t e r  o f  the j e t ,  the e q u i v a l e n t  v e r t i c a l  d i f f u s i v i t y  o f  t 2 momentum i s  Kv=10 crn /s.  Th is  i s  q u i t e  a  l a r g e  va lue  by t r a d i t i o n a l  
standards. 
An examinat ion o f  eddy frequency spec t ra  shows t he  presence o f  
severa l  moderate ly  broad peaks superimposed upon a  g e n e r a l l y  m o n o t o n i c a l l y  
decreas ing  ( i  .e., red) s t r u c t u r e .  The s p a t i a l  s t r u c t u r e  o f  t h e  edd ies  
assoc ia ted  w i t h  these spec t ra l  peaks i s  exposed by a  p r i n c i p a l  component 
a n a l y s i s ;  t h a t  i s ,  t h e  s t reamfunc t ion  i s  represented sepa ra te l y  as 
where t he  T i ( x L )  a r e  chosen as t he  orthonormal e igenvec to rs  o f  t h e  s p a t i a l  
covar iance  ma t r i x ,  Jzpz t 
A, = v 
V i s  t he  f l u i d  volume and d 5 t h e  volume element assoc ia ted  w i t h  t h e  
p o i n t x 4 .  The f u n c t i o n s  thus se lec ted  a r e  the  o p t i m a l l y  e f f i c i e n t  de- 
s c r i p t o r s  o f  the  volume i n t e g r a t e d  s t reamfunc t ion  var iance .  The f i r s t  
such f u n c t i o n  accounts f o r  34% o f  the  t o t a l  va r iance  and represen ts  a  
n e a r l y  b a r o t r o p i c  mer id iona l  displacement o f  the  j e t  w i t h o u t  increment  i n  
t r a n s p o r t .  Other f unc t i ons  occur  i n  p a i r s ,  r e l a t i v e l y  d i sp laced  by a  
q u a r t e r  c y c l e  i n  space and t ime:  they represent  z o n a l l y  p ropaga t i ng  p a i r s .  
Thei r cha rac te r  ( s p a t i a l  s t r u c t u r e  and phase propagat i on )  i s  qua1 i t a t  i v e l  y  
s i m i l a r  t o  t h a t  o f  l i n e a r ,  n e u t r a l l y  s t a b l e  j e t  modes ( M c ~ i l l i a m s ,  1977, 
J.P.o.). Each can be i d e n t i f i e d  w i t h  one o f  the frequency s p e c t r a l  peaks 
descr ibed  above. 
The f i r s t  t h r e e  such p ropagat ing  p a i r s ,  toge ther  w i t h  t h e  j e t  d i s -  
placement f unc t i on ,  account f o r  88% o f  the  s t reamfunc t ion  va r i ance .  
There i s  a  p a r t i c u l a r  p r i n c i p a l  component p a i r ,  assoc ia ted  w i t h  t h e  
h i ghes t  f requency s p e c t r a l  peak (pe r i od  n i n e  days) ,  which can be i d e n t i f i e d  
w i t h  t he  l i n e a r l y  p r e d i c t e d  maximal ly  uns tab le  mode f o r  t h e  t ime  and zona l  
mean j e t .  I - t s ' ho r i zon ta l  s c a l e  i s  s l i g h t l y  l a r g e r  than t h e  i n t e r n a l  d e f o r -  
mat ion rad ius .  ,Th is  uns tab le  component, however, i s  o f  r e l a t i v e l y  smal l  
energy. I t  accounts f o r  o n l y  one percen t  o f  the  t o t a l  s t r eamfunc t i on  
var iance.  Thus, whi l e  the  ba roc l  i n i c  energy convers ion - the  eddy genera-  
t i o n  r a t e  - i s  assoc ia ted  w i t h  a  b a r o c l i n i c a l l y  uns tab le  wave process,  t h e  
eddy enei-gy does n o t  r es i de  i n  t h e  uns tab le  wave. Rather i t  i s  e f f i c i e n t l y  
t r a n s f e r r e d  t o  l a r g e r  sca le ,  more b a r o t r o p i c ,  e n e r g e t i c a l l y  n e u t r a l  ( w i t h  
respect  t o  b a r o c l i n i c  convers ion)  eddies i n  a  manner analogous t o  t h e  
reverse cascade o f  two-dimensional tu rbu lence .  
A  f u l l e r  d i scuss ion  o f  t h e  preceding and r e l a t e d  r e s u l t s  can be 
found i n  McWil l iams, Hol land,  and Chow (1977, Dynamics o f  Atmosphere and 
oceans) . 
SIMULATED DYNAMIC BALANCES FOR MID-OCEAN MESOSCALE EDDIES 
W. Brechner Owens 
E u l e r i a n  p o t e n t i a l  v o r t i c i t y  and heat balances c a l c u l a t e d  f o r  a 
m u l t i - l a y e r e d  quas igeos t roph ic  model a r e  shown t o  be c o n s i s t e n t  w i t h  
those i n f e r r e d  f rom the  MODE data.  Above the  thermoc l ine  t h e  balances 
a r e  t he  r e s u l t  o f  t he  t u r b u l e n t  cascade o f  r e l a t i v e  v o r t i c i t y  which 
c rea tes  a gap between cen te rs  o f  mass o f  enst rophy and energy spec t ra  
so t h a t  r e l a t i v e  v o r t i c i t y  nea r l y  a c t s  as a pass ive  s c a l a r .  I n  t h e  
Lagrangian frame t h i s  advec t i ve  e f f e c t  i s  suppressed and one observes a 
coupled response by r e l a t i v e  v o r t i c i t y  and v e r t i c a l  v o r t e x  s t r e t c h i n g  
t o  changes i n  p l a n e t a r y  v o r t i c i t y .  I n  the  bot tom l a y e r  t h e r e  i s  a 
time-mean f l o w  f o l l o w i n g  f / H  contours  which i s  t he  consequence o f  a 
down-gradient f l u x  o f  v o r t i c i t y .  Superposed on t h i s  f l o w  a r e  topographic  
Rossby waves. The i n te rmed ia te  l aye rs  have a balance wh ich  i s  a m i x t u r e  
o f  those descr ibed  above. 
EDDY- INDUCED ABYSSAL-OCEAN CIRCULATION 
Pete r  B. Rhines and W i l l  iam R. Ho l land  
The s t r u c t u r e  o f  eddy- induced mean c i r c u l a t i o n  can be understood 
by i nvok ing  two p r o p e r t i e s  c h a r a c t e r i s t i c  o f  geos t roph ic  tu rbu lence :  
I ) ,  the  cascade o f  p o t e n t i a l  v o r t i c i t y ,  q, t o  small scales;. 2)  t h e  t r a n s -  
p o r t  o f  q i n  space, i n  t he  presence o f  l a rge- sca le  q - f i e l d s .  The s p a t i a l  
v o r t i c i t y  t r a n s p o r t  i s  d i r e c t l y  r e l a t e d  t o  the  s t resses  t r a n s f e r r e d  v e r -  
t i c a l l y  and l a t e r a l l y  i n  the f l u i d .  
The v o r t i c i t y  t r a n s p o r t  depends on the  Tay lo r  d i f f u s i v i t y  t enso r  
and the  g rad ien t  o f  t he  l a rge- sca le  f i e l d .  I n  extreme cases, "memory 
e f f e c t s "  may a l t e r  t he  t r a n s p o r t  and cause t he  d i f f u s i v i t y  t o  be e f f e c -  
t i v e l y  nega t i ve .  Th i s  i s  apparent,  f o r  example, when a z o n a l l y  o r i e n t e d  
channel i s  d r i v e n  by ex te rna l  f o r c i n g  whose t ime average vanishes. Then, 
the n e t  angu la r  momentum must vanish,  the  area-average d i f f u s i v i t y  vanishes,  
and eastward j e t s  appear, a l t e r n a t i n g  w i t h  broader westward f l ows .  
Often, as w i t h  the  ocean's abyssal f l ow ,  ne t  f o r c e s  a r e  a v a i l a b l e  
t o  mix  q. A dynamica l l y  c o n s i s t e n t  model f o l l o w s  f rom assuming t h a t  t h e  
deep f l o w  i s  weak r e l a t i v e  t o  the upper- leve l  c i r c u l a t i o n ,  and expanding 
"downward". The mean thermoc l ine  shape and B-e f fec t  p r o v i d e  t h e  l a r g e -  
sca le  q - f i e l d ,  and p o s i t i v e  d i f f u s i v i t y  then leads t o  two gyres o f  abys- 
sa l  f l o w  beneath each sur face  gyre. Th is  g ives  a dynamical model o f  
Wor th ing ton 's  abyssal  gyre,  observed beneath the  Gu l f  Stream system, and 
p r e d i c t s  a second, c y c l o n i c  c e l l  t o  the  south.  The l a t t e r  c i r c u l a t i o n  i s  
c o n s i s t e n t  w i t h  the  observed ene rge t i c  na tu re  o f  the  Western Boundary Under- 
cu r ren t ,  which i s  the  western boundary l a y e r  f o r  t h i s  r eg ion .  
TWO-LAYER QUASI-GEOSTROPHIC TURBULENCE 
Rick Salmon 
I n  t h e  case o f  equal l a y e r  depths and u n i f o r m  v e r t i c a l  energy 
dens i t y ,  t he  quad ra t i c  i n t e g r a l  i n v a r i a n t s  o f  two- layer  quas i -geos t ro -  
p h i c  f low a r e  c l o s e l y  analogous t o  t he  energy and ens t rophy  i n  two- 
dimensional  tu rbu lence .  L e t  U(k) be the  b a r o t r o p i c  k i n e t i c  energy and 
E(k) t h e  t o t a l  ba roc l  i n i c  energy ( i  .e. the  ba roc l  i n i c  k i n e t i c  p l u s  
a v a i l a b l e  p o t e n t i a l  energy) .  Under a d i a b a t i c  c o n d i t i o n s ,  t h e  two- layer  
f l o w  conserved the  t o t a l  energy, 
Z U(h) -+  E C E ) ,  
k (1 a) 
- 
and t h e  p o t e n t i a l  enst rophy ( o f  e i t h e r  l a y e r ) ,  
z k * U ( k ) +  ( A 2 + k ; ) E @ ) .  
k ( l b )  
- 
where k ~ '  i s  t he  i n t e r n a l  deformat ion rad ius .  
The i n v a r i a n t s  (1) a re  s i g n i f i c a n t  because they a r e  preserved 
by i n d i v i d u a l  t r i a d s .  Le t  - k, - p, - q be any t h r e e  h o r i z o n t a l  wavenumbers 
t h a t  sum v e c t o r i a l l y  t o  zero. The two- layer  f l o w  c o n s i s t s  o f  UUU t r i a d s  
and UEE t r i a d s  which a re  r e s p e c t i v e l y  cons t ra i ned  by 
u 2 o (2a) 
A ' V ( ~ I + P ' ~ ( P . ) +  8 L ~ ( q ) = 0  (2b) 
and 
The c o n s t r a i n t s  (2)  a re  the  same as i n  o r d i n a r y  two-d imens i o n a l  t u rbu lence .  
As i s  well-known, (2b) prevents  e f f e c t i v e  energy t r a n s f e r  between sca les  
o f  mot ion i n  bo th  ext remely  l o c a l  and ex t reme ly  non loca l  t r i a d s .  For i n -  
te rmed ia te  t r i a d s ,  the  spreading o f  energy f rom midd le  t o  o u t e r  wavenumbers 
genera 1 1 y  f avo rs  t he  lower wavenumber. 
For t h e  UEE t r i a d s ,  , c o n s t i t u t e s  a p h y s i c a l l y  impor tan t  d i v i d i n g  
sca le .  I f  k ,  p, q  >> k ~ ,  then the  c o n s t r a i n t s  ( 3 )  a r e  t h e  same as (2 ) ,  b u t  
i f  k, p, q, << kR then: 
( i )  t he  energy t r a n s f e r  i s  between b a r o c l i n i c  components o n l y ;  
( i i )  the  t r i a d  i n t e r a c t i o n s  may be l o c a l  o r  non loca l ;  
( i i i )  t he re  i s  no i n h i b i t i o n  aga ins t  energy t r a n s f e r  t o  h i ghe r  h o r i z o n t a l  
wavenumbe r s  . 
The above ideas may be used t o  i n t u i t  t he  general  f l o w  o f  energy i n  
a  two- layer  system. Le t  the  system be d r i v e n  near some minimum wavenumber 
k, << k ~ ,  and damped p r i n c i p a l l y  near ko and kD >> kR. The d i s s i p a t i o n  
a t  kD may be const rued as the  s c a t t e r i n g  o f  enst rophy i n t o  three-dimen-  
s iona l  f l o w  on sca les  t oo  smal l  t o  f e e l  the  s t r o n g  r o t a t i o n .  Now i f  kg ->>  kR, 
t he  n e t  p roduc t i on  o f  t o t a l  energy near ko must be zero  i n  a  steady s t a t e .  
The p o t e n t i a l  enst rophy p roduc t i on  a t  ko t h e r e f o r e  has t h e  s i g n  o f  t h e  
ba roc l  i n i c  energy p roduc t i on  ( c f .  l b )  , and i t  must be p o s i t i v e  s i n c e  t h e r e  
i s  o n l y  an enst rophy s i n k  a t  kD.  I t  f o l l o w s  t h a t  t he  o n l y  p o s s i b l e  s teady  
s t a t e  i s  one i n  which 
( i )  n e t  b a r o c l i n i c  energy i s  produced near ko; 
( i i )  t h e  b a r o c l i n i c  energy moves toward k~ i n  UEE t r i a d s ;  
( i i i )  t h e  b a r o c l i n i c  energy conver ts  t o  b a r o t r o p i c  mode near  kR; 
( i v )  b a r o t r o p i c  energy moves back toward ko i n  UUU t r i a d s .  The r i g h t -  
ward energy t r a n s f e r  may be ext remely  non loca l  as i n  b a r o c l i n i c  i n s t a -  
b i l i t y  ( k s  p = O(kR) >> q ) ,  o r  i t  may approach a t u r b u l e n t  cascade. 
I have s tud ied  b a r o c l i n i c a l l y - f o r c e d  e q u i l i b r i u m  f l o w  w i t h  a s i m p l e  
eddy-damped-Markovian tu rbu lence  c losure ,  which p r e d i c t s  t h e  e v o l u t i o n  o f  
wavenumber spec t ra  f rom the spec t ra  themselves. The e q u i l i b r i u m  s p e c t r a  
a r e  s u r p r i s i n g l y  s e n s i t i v e  t o  geophys i ca l l y  p l a u s i b l e  changes i n  t h e  f o r c -  
i n g  and d i s s i p a t i o n .  Moderately damped f l o w  has most o f  i t s  energy i n  
l a rge- sca le  b a r o t r o p i c  c u r r e n t s .  However, i f  the  damping i s  increased,  
the e q u i l i b r i u m  b a r o t r o p i c  decreases d r a m a t i c a l l y  a t  the  lowes t  wave- 
numbers and the  t o t a l  k i n e t i c  energy spectrum i s  a c t u a l l y  b imodal ,  w i t h  
a maximum i n  the  f o r c i n g  range a t  ko and another between ko and kR. 
EDDY-ENERGY I N  THE WESTERN NORTH ATLANTIC 
W i l l i a m  J. Schmitz 
Eddy k i n e t i c  energy i n  the  western Nor th  A t l a n t i c  i s  observed t o  
increase approaching the Gu l f  Stream System from the  i n t e r i o r  o f  t h e  sub- 
t r o p i c a l  gy re  a t  depths from 500 t o  4000 m a long  55OW l o n g i t u d e ;  by a f a c -  
t o r  o f  30 i n  the  thermoc l ine  and by over  two o rders  o f  magnitude a t  4000 v ,  
and a t  t h i s  l a t t e r  depth tends t o  decrease moving up t he  c o n t i n e n t a l  r i s e  
from the  Gu l f  Stream. The r e l a t i v e  v e r t i c a l  d i s t r i b u t i o n  o f  eddy k i n e t i c  
energy i s  found t o  be less  depth dependent approaching t h e  G u l f  Stream Sys- 
tem ( w i t h  i nc reas ing  energy l e v e l ? ) .  The shape o f  the  k i n e t i c  energy f r e -  
quency spectrum v a r i e s  w i t h  depth and w i t h  geographica l  p o s i t i o n ;  a l t h o u g h  
spec t ra l  es t imates  i n  the  thermocl i ne  i n  t he  MODE- I  area ( 2 8 O ~ ,  70°w) a r e  
dominated by longer  t ime sca les,  a t  a s i t e  near the  G u l f  Stream (370301N, 
5S0w) the  thermocl i ne spectrum i s  more weighted toward t h e  temporal  meso- 
sca le  (Q 100 days) t h a t  dominates a t  4000 m depth i n  the  MODE- I  area.  
Spec t ra l  est imates a t  depth appear t o  be f u r t h e r  weighted toward s h o r t e r  
t ime sca les approaching the c o n t i n e n t a l  r i s e ,  s lope,  and s h e l f .  
I f  the eddy k i n e t i c  energy i s  d i v i d e d  i n t o  p ieces  w i t h  p e r i o d s  l e s s  
than 100 days i n  one band and g rea te r  than 100 days i n  t he  second, then :  
(1) The r e l a t i v e  v e r t i c a l  d i s t r i b u t i o n  o f  eddy k i n e t i c  energy near  t h e  Gu l f  
Stream does no t  d i f f e r  s i g n i f i c a n t l y  f rom band t o  band, whereas i n  t h e  MODE 
r eg ion  t he  lower f requencies a re  much more depth dependent than  t h e  h i g h e r .  
( 2 )  The r e l a t i v e  v e r t i c a l  d i s t r i b u t i o n  o f  eddy k i n e t i c  energy f o r  p e r i o d s  
less  than 100 days i s  n o t  app rec iab l y  d i f f e r e n t  a t  the  two l o c a t i o n s .  (3 )  
The r e l a t i v e  v e r t i c a l  d i s t r i b u t i o n  o f  eddy k i n e t i c  energy a t  t h e  lower  
f requencies i n  t he  MODE- I  r eg ion  does n o t  d i f f e r  s i g n i f i c a n t l y  f r om t h e  
t o t a l  d i s t r i b u t i o n  a t  a s i t e  f u r t h e r  i n t o  the i n t e r i o r  o f  the  gyre.  
Time-averaged c u r r e n t s  a t  a l l  depths where da ta  a r e  a v a i l a b l e  show 
a r e l a t i v e l y  narrow and compara t i ve ly  depth independent r e t u r n  f l o w  f o r  t h e  
Gulf Stream System alon 55OW; transport ing roughly 70 x 106rn3s-' westward, 
w i t h  about 25 x 106m3s-7 r e l a t i v e  t o  the bottom and approximately 
45 x 1 06rn3s-l associated w i  t h  the "bottom transport" . 
-, , 
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FELLOWSH I P  LECTURES 
WAVE BREAKDOWN IN A  SIMPLE MODEL OF A DENSITY STRATIFIED FLOW 
Gregory G a r t r e l l ,  J r .  
1  . I NTRODUCT l ON 
Many problems i n  eng ineer ing  and oceanography i n v o l v e  t he  f l o w  o f  den- 
s i t y  s t r a t i f i e d  f l u i d s .  Examples a r e  the f l o w  o f  sewage d ischarged  t o  t he  
ocean, t he  spreading o f  h o t  water d ischarged f rom power p l a n t s  ove r  c o o l e r  
r e c e i v i n g  wate rs ,  as w e l l  as the  mot ions o f  oceanic  c u r r e n t s .  A good under-  
s tand ing  o f  t he  na tu re  o f  s t r a t i f i e d  shear f l ows  i s  necessary i n  o r d e r  t o  
so l ve  many eng ineer ing  and oceanographic problems. 
One problem o f  s p e c i a l  i n t e r e s t  i s  t he  sudden onse t  o f  t u rbu lence  i n  a  
s t a b l y  s t r a t i f i e d  f l u i d .  Woods (1968, 1969) has observed f lows  i n  t h e  ocean 
which, a l though  be ing  i n i t i a l l y  laminar  and s t a b l y  s t r a t i f i e d ,  suddenly expe- 
r i e n c e  breakdown and become t u r b u l e n t .  I n  genera l ,  he observed deep l a y e r s  o f  
l aminar  f l u i d  w i t h  smal l  d e n s i t y  g rad ien t s  separated by t he  l a y e r s  o f  f l u i d  
w i t h  much h i ghe r  d e n s i t y  g rad ien t s .  I n  a d d i t i o n ,  t h e r e  were i n t e r n a l  waves 
i n  the  t h i n  l aye rs  as w e l l  as s u b s t a n t i a l  v e l o c i t y  g rad ien t s .  Occas iona l l y  
Woods observed t he  i n t e r n a l  waves as they became uns tab le ,  and began t o  r o l l  
up. A f t e r  a  s h o r t  t ime, the  f l u i d  suddenly became t u r b u l e n t  i n  t he  t h i n  l a y e r .  
The w r i t e r  has observed, i n  l a b o r a t o r y  exper iments ,  s i t u a t i o n s  i n  
which a  t h i n  l a y e r  o f  l aminar  f l u i d  w i t h  moderate d e n s i t y  and v e l o c i t y  g ra-  
d i e n t s  separates deeper reg ions o f  t u r b u l e n t  f l u i d .  The f l u i d  i n  t h e  l am ina r  
r eg ion  i s  observed t o  have i n t e r n a l  waves p ropaga t ing  a l ong  i t .  I n  t h i s  case 
the  mix ing  between the  two l aye rs  i s  c r i t i c a l l y  dependent upon t h e  s t a b i l i t y  
o f  the i n t e r f a c e .  I n  b o t h  t h i s  problem, where t he  i n t e r f a c e  seems t o  be s t a -  
b l e  t o  smal l  d i s tu rbances  and i n  t he  f l ows  observed by Woods, a  n a t u r a l  ques- 
t i o n  a r i s e s  as t o  the  n o n l i n e a r  s t a b i l i t y  o f  s t r a t i f i e d  shear f l ows .  
The problem t o  be examined here  i s  a  s i m p l i f i e d  model o f  a  s t r a t i f i e d  
shear f l ow.  The model cons idered c o n s i s t s  o f  two i n f i n i t e l y  deep l a y e r s  o f  
f l u i d  o f  s l i g h t l y  d i f f e r e n t  d e n s i t i e s  separated by a  t h i n  t r a n s i t i o n  r eg ion .  
I t  i s  assumed t h a t  t he  d e n s i t y  i s  a  cont inuous f u n c t i o n  o f  t h e  v e r t i c a l  coor-  
d i n a t e ,  t h a t  t he  upper l a y e r  moves w i t h  v e l o c i t y  -Uo and t h a t  t he  t r a n s i t i o n  
r eg ion  i s  s t a t i o n a r y .  Thus, t h e r e  a r e  two i n t e r f a c e s  w i t h  a  v e l o c i t y  d i s -  
c o n t i n u i t y .  The e f f e c t s  o f  a  smal l  wave- l i ke  p e r t u r b a t i o n  on t he  mean f l ow  
a re  considered. I n  p a r t i c u l a r  t he  c o n d i t i o n s  f o r  which a  secondary wave o f  
smal l  sca le  can be t rapped and focused, as g i ven  by Landahl (1 972) and Lan- 
dahl  and C r im ina le  (1977),  a re  examined. I n  s e c t i o n  I I ,  some o f  t h e  w r i t e r ' s  
exper imenta l  work i s  p resen ted  as an i n t r o d u c t i o n  t o  t he  problem. Sec t i on  
I l l  g ives a  b r i e f  rev iew o f  p rev ious  work on s t a b i l i t y  i n  s t r a t i f i e d  f l o w s ,  
and a  summary o f  some o f  t he  r e s u l t s  o f  Landahl (1972)and Landahl and C r i -  
m ina le  (1977).  Sect ions I V  and V p resen t  t he  problem and t h e  breakdown con- 
d i t i o n s  f o r  t he  s i m p l i f i e d  f l o w  model cons idered.  
(7 1 1 .  EXPERIMENTAL WORK 
Experiments i n  s t r a t i f i e d  shear f lows  a r e  p r e s e n t l y  be ing  conducted i n  
the  Keck Hyd rau l i c s  Laboratory  a t  C a l i f o r n i a  I n s t i t u t e  o f  Technology. The ex-  
per iments a r e  c a r r i e d  o u t  i n  an open-channel f lume 40 m long,  60 cm deep and 
110 cm wide. A t  the upstream end, t he re  i s  a  h o r i z o n t a l  s p l i t t e r  p l a t e  a l o n g  
which t he  f l o w  en te rs  t he  channel. The water above the p l a t e  i s  heated t o  a  
temperature h i ghe r  than t h a t  o f  the  water  below the  s p l i t t e r  p l a t e .  I n  a d d i -  
t i o n  separate pumps a re  used t o  pump the  warm and c o l d  water .  Thus, bo th  t h e  
d e n s i t i e s  and mean v e l o c i t i e s  o f  t he  two l a y e r s  a r e  ea,ch independent ly  con- 
t r o l  led.  
T y p i c a l l y ,  the  mean v e l o c i t y  o f  the  upper l aye r  o f  wa te r  i s  between 
5  cm/s and 15 cm/s, w h i l e  the v e l o c i t y  o f  t he  lower l aye r  ranges between 
5 cm/s and 10 cm/s. The temperature d i f f e r e n c e  can be as l a r g e  as IOOC,  w i t h  
a  corresponding r e l a t i v e  dens i t y  d i f f e r e n c e , A  P/p, o f  about .003. The dep th  
o f  the upper l a y e r  i s  t y p i c a l l y  10 cm t o  15 cm, w h i l e  the  depth o f  t he  lower  
l a y e r  i s  30 cm. The o v e r a l l  Reynolds number o f  the  f l o w  i s  u s u a l l y  i n  t he  
range o f  8 x  l o 4  t o  105. 
I t  i s  observed t h a t  a  two-dimensional m i x i ng  l a y e r  develops immediate ly  
f o l l o w i n g  t he  end o f  t he  s p l i t t e r  p l a t e .  Then, i f  ~ P / p i s  l a r g e  enough and 
the v e l o c i t y  d i f f e r e n c e  between the layers ,  O U ,  i s  small enough, t he  m i x i n g  
l a y e r  co l l apses  and forms the i n t e r f a c e  between the  upper and lower l a y e r s .  
Whether o r  n o t  the m ix i ng  l aye r  co l lapses ,  o r  t he  two l aye rs  con t i nue  t o  m i x  
depends upon, among o t h e r  th ings ,  the  va lue o f  the  Keulegan number, 
().lga%)b~lJ, where Y i s  the  k inemat ic  v i s c o s i t y  and 3 i s  t he  acce le ra-  
t i o n  due t o  g r a v i t y .   h his number i s  ob ta ined  by combining t he  Reynolds nurn- 
ber  and t he  dens imet r i c  Froude number i n  such a  way t h a t  t h e  l eng th  s c a l e  i s  
e l  iminated. )  I f the m ix i ng  l aye r  c o l  lapses, then downstream one observes a  
laminar r eg ion  separa t ing  a  warm t u r b u l e n t  l a y e r  above f rom a  c o l d e r  t u rbu-  
l e n t  l a y e r  below. The tu rbu lence  i s  generated a t  the  boundaries o f  the  f l o w .  
Temperature measurements made w i t h  t he rm is to r s  i n d i c a t e  t h a t  t he  
i n t e r f a c i a l  reg ion  i s  u s u a l l y  t h i n ,  on the  o r d e r  o f  a few cen t imete rs .  I n  
a d d i t i o n  the  measurements show t h a t  the  i n t e r f a c e  has numerous i n t e r n a l  waves 
p ropagat ing  a long  i t .  
F igures  1 and 2  show t y p i c a l  c e n t e r l i n e  v e l o c i t y  and d e n s i t y  p r o f i l e s  
made a t  t h r e e  l o c a t i o n s  a long  the f lume. I n  t h i s  example, t he  mean v e l o c i t y  
was about 12 cm/s i n  t he  upper l a y e r  and about 6 cm/s i n  t h e  lower 1ayer.The 
temperature d i f f e r e n c e  2.6OC corresponding t o  a  va lue  o f  A /J/p o f  about 
8 x 10-4. The t o t a l  depth o f  the f l o w  was 40 cm. The v e l o c i t y  p r o f i  l e s  
were ob ta ined  f rom successive photographs o f  a  dye s t r eak  and temperature 
p r o f i l e s  were ob ta ined  f rom an a r r a y  o f  t he rm is to r s .  One can see t h a t  t h e  
v e l o c i t y  g rad ien t  g r a d u a l l y  decreases downstream. This  i s  t y p i c a l .  However, 
the f l ow  i s  smooth, almost always laminar  i n  the  i n t e r f a c e  reg ion .  The dye 
( f rom the  s t reaks  used f o r  photography) i n  the  i n t e r f a c e  does n o t  mix,  b u t  
remains t he re  i n  a  t h i n  s t reak ,  g r a d u a l l y  s t r e t c h i n g  o u t .  The dye above and 
below the  i n t e r f a c e  mixes i n  a  few meters. 
I f  t he  d e n s i t y  d i f f e r e n c e  i s  l a r g e  enough, and t h e  t u rbu lence  l e v e l  
small enough, the  i n t e r f a c e  u s u a l l y  changes o n l y  s l i g h t l y  downstream. I n  
general ,  the  i n t e r f a c e  sharpens a  smal l  amount, as water  a t  t he  edges o f  
the  i n t e r f a c e  i s  mixed by the tu rbu lence .  I n  t h i s  case t he  tu rbu lence  does 
no t  pene t ra te  the  i n t e r f a c e .  
Fig.1 V e l o c i t y  vs. depth f o r  t h r e e  f lume l o c a t i o n s .  V e l o c i t y  
i s  i n  cm/s, depth from su r face  i s  i n  cm, l o c a t i o n s  avove 
graphs a r e  i n  meters f rom the  s p l i t t e r  p l a t e d P / p z  .0008 
i n i t i a l l y ,  w h i l e  ~ a z  6 cm/s, i n i t i a l l y .  S p l i t t e r  p l a t e  
i f  10 cm below the  sur face .  
I n  the example presented, the d e n s i t y  d i f f e r e n c e  was smal l  so t h a t  t h e  
tu rbu lence  was a b l e  t o  cause a  very  smal l  amount o f  m i x i ng  i n  t h e  i n t e r f a c e .  
For the  most p a r t ,  however, the  i n t e r f a c e  was laminar .  There a r e  cases, how- 
ever ,  when the d e n s i t y  g rad ien t  i s  smal l  enough so t h a t  the  wate r  w i l l  con- 
t i n u e  t o  mix across the i n t e r f a c e  over  the  whole reach o f  the  f lume.  T h i s  i s  
i n  c o n t r a s t  t o  those cases i n  which t he  d e n s i t y  g r a d i e n t  i s  h i g h  enough 
(-10'3cm-', seemingly smal l ,  bu t  s t i l l  l a r g e  enough t o  have a  d r a s t i c  e f -  
f e c t )  t h a t  no m ix i ng  a t  a1 1 occurs across the  i n t e r f a c e ,  a f t e r  t h e  c o l  lapse  o f  
the i n i t i a l  m ix ing  l aye r .  Turbulence seems o n l y  a b l e  t o  produce i n t e r n a l  
waves i n  t h i s  case. 
The most i n t e r e s t i n g  f e a t u r e  o f  F i g .1  i s  t h a t  even f a r  downstream o f  
the  s p l i t t e r  p l a t e ,  t he re  s t i l l  e x i s t s  a  s i g n i f i c a n t  v e l o c i t y  g r a d i e n t  a t  t h e  
i n t e r f a c e .  I t  was found t h a t  i f  = 0 ,  the  i n i t i a l  shear a t  t he  s p l i t t e r  
Fig .2  Temperature vs.  depth f o r  t h ree  f lume l o c a t i o n s .  Tempera- 
t u r e  i n  OC, o t h e r  parameters as i n  Fig.1. 
p l a t e  i s  q u i c k l y  dest royed by the  m ix i ng  l a y e r  which develops and can no 
longer  be detected w i t h i n  a  few meters o f  the s p l i t t e r  p l a t e .  Thus, t h e  down- 
stream i n t e r f a c e  cont inues t o  e x h i b i t  s i g n i f i c a n t  d e n s i t y  and v e l o c i t y  g r a -  
d i e n t s .  
The n a t u r a l  ques t i on  a r i s e s  as t o  what k i nds  o f  d i s t u rbances  w i l l  
cause the i n t e r f a c e  t o  become uns tab le  and beg in  t o  mix. C e r t a i n l y ,  one 
would expect t h a t  i f  t he  tu rbu lence  l e v e l s  were h i g h  enough i n  t he  deep l a y -  
e rs ,  m i x i ng  would occur across t he  i n t e r f a c e .  Other s i t u a t i o n s  may cause i n -  
s t a b i l i t i e s  i n  the f l o w  as w e l l .  I n  t h i s  paper, t he  p o s s i b i l i t y  o f  waves o f  
small wavelength caus ing sudden m ix i ng  because o f  i n t e r a c t i o n s  w i t h  s t a b l e  
waves o f  l a rge  wavelength, w i l l  be discussed. I t  i s  hoped t h a t  w i t h  a  s im-  
p l i f i e d  model o f  what i s  observed expe r imen ta l l y ,  a  b e t t e r  unders tand ing  o f  
the s t r a t i f i e d  shear l a y e r  w i l l  be ob ta ined .  
I l l .  R E V I E W  OF SOME P R E V I O U S  WORK 
The s t a b i l i t y  o f  va r ious  types o f  s t r a t i f i e d  shear f l ows  has been ex-  
amined by many people i n  the  pas t .  I n  p a r t i c u l a r ,  Tay lo r  (1931) and Gold- 
s t e i n  (1931) found s t a b i l i t y  curves f o r  severa l  i n v i s c i d  cases. M i l e s  (1961) 
and Howard (1961) showed t h a t  f o r  i n v i s c i d  f low,  a s u f f i c i e n t  c o n d i t i o n  f o r  
s t a b i l i t y  i s  t h a t  t he  l o c a l  Richardson number 8 ) be everywhere 
g rea te r  than 1/4. A rev iew o f  much o f  the  work done w i t  s t r a t i f i e d  shear 
f lows i s  g iven  by Draz in  and Howard (1966), and Thorpe (1973). 
More recen t l y ,  w i t h  t he  advent o f  high-speed d i g i t a l  computer, work 
has been done on more complex f 1 ows . An examp 1 e i s the  work by  Hazel (1 972) , 
i n  which a f l o w  w i t h  U c ~ t c m h y  and pacexp(-tanhy) was considered. 
Usua l l y ,  these works have concentrated on f i n d i n g  n e u t r a l  s t a b i l i t y  
curves i n  t he  wavenumber-Richardson number p lane.  For f r e e  shear l aye rs ,  
these curves o f t e n  correspond t o  curves where the  wave speed o f  the  d i s t u r -  
bance, C , vanishes. Neut ra l  s t a b i l i t y  curves may n o t  always c o i n c i d e  w i t h  
the  curve f o r  C = 0 , however. A case f o r  which c = 0 i s  n o t  t he  n e u t r a l  
s t a b i l i t y  curve was po in ted  o u t  by Howard (1963), i n  which t h e  f l o w  was a n t i -  
symmetric about y = o . I n  cases l i k e  t h i s  one, t he  p r i n c i p l e  o f  exchange 
o f  s t a b i l i t i e s  does n o t  h o l d  and one must use more complex methods f o r  d e t e r -  
min ing the  curves o f  n e u t r a l  s t a b i l i t y .  
One s i t u a t i o n  which can occur i s  t h a t  a f i n i t e  p e r t u r b a t i o n  on t he  
mean f l o w  can change t h e  f l o w  i n  such a way t h a t  a secondary p e r t u r b a t i o n  
w i l l  become uns tab le .  Thus, one might expect a s i t u a t i o n  where i n t e r n a l  
waves i n  a s t a b l e  s t r a t i f i e d  hsear f l o w  modi fy  the  f l o w  so t h a t  t he  l o c a l  
Richardson number i s  l ess  than 1/4, thus a l l o w i n g  t he  p o s s i b i l i t y  o f  l o c a l  
i n s t a b i l i t i e s .  Woods (1968) f e l t  t h a t  t h i s  phenomenon was respons ib l e  f o r  
the observed sudden onset  o f  tu rbu lence  i n  the  s t a b l e  l aye rs .  
Landahl (1972) has g iven  c r i t e r i a  f o r  t he  breakdown o f  a f l o w  pe r-  
tu rbed  by a wave- l i ke  d is tu rbance  o f  f i n i t e  ampl i tude.  The f o l l o w i n g  con- 
d i t i o n s  a r e  f o r  a two-dimensional problem. The bas i c  idea behind t he  prob-  
lem i s  t h a t  the  p r imary  wave changes the  f l o w  so t h a t  uns tab le  secondary 
waves a r e  focused where they suddenly a t t a i n  l a r g e  ampl i tudes.  The f i r s t  
c o n d i t i o n  i s  t h a t  the  group v e l o c i t y  C g  o f  the  secondary waves be equal t o  
the phase speed c o f  the  n e u t r a l  p r imary  wave. I f  the  p r imary  wave i t s e l f  
i s  unstab le ,  then the  c o n d i t i o n  i s  C g  = - C  t c , where t h e  s u b s c r i p t s  * 
and x i n d i c a t e  d e r i v a t i v e s  h o l d i n g  the wavenu a / d  e r  cons tan t .  I f  C 1 = C  , 
then a secondary wave can be trapped a t  some l o c a t i o n  a long  t he  p r imary  wave 
I f ,  f o r  a non- d ispers ive  system, C J - C  decreases through the  c r i t i c a l  p o i n t ,  
where C g  E C , then t he  secondary waves w i l l  be focused, s i n c e  waves c l o s e  
t o  the c r i t i c a l  p o i n t  w i l l  tend t o  move toward the  c r i t i c a l  p o i n t .  For de- 
t a i  l ed  d iscuss ions ,  see Landahl (1972) and Landahl and C r im ina le  (1977). 
The p r imary  requirement t h a t  a l l ows  one t o  use Landah l ' s  t heo ry  f o r  
wave breakdown i s  t h a t  the  wave number o f  the  secondary d i s tu rbance  be much 
l a r g e r  than t h a t  o f  t he  p r imary  wave. I n  t h i s  case, inhomogeneit ies i n  t h e  
f l u i d  caused by the  p r ima ry  wave a r e  smal l  over  one wavelength o f  t he  second- 
a r y  wave. The o t h e r  requirement i s  t h a t  the  secondary waves be l o c a l l y  un- 
s tab le .  Landahl (1972) a p p l i e d  the  theory  t o  t he  sudden onset  o f  t u rbu lence  
i n  a boundary l a y e r  f low.  Landahl and C r im ina le  (1977) a p p l i e d  t he  theory  
t o  some s i m p l i f i e d  models o f  s t r a t i f i e d  shear f l ows .  I n  t h e i r  paper, they  
0 pointed o u t  t ha t  " the requirement f o r  the va l  i d i  t y  o f  the bas ic  theory t h a t  
the secondary wave causing breakdown must be o f  much smal ler  sca le  than t h e  
pr imary wave, i s  s a t i s f i e d  wherever the dens i ty  l a y e r i s  th ickness i s  much 
smal ler than the pr imary wavelengthi'. 
I n  t he  fo l l ow ing ,  we consider a s t r a t i f i e d  f l ow  where the  dens i t y  i s  
continuous, bu t  the v e l o c i t y  i s  discont inuous. I t  i s  assumed t h a t  there  i s  
a small wave- l ike pe r tu rba t i on  on the mean f low.  The v e l o c i t y  caused by t h e  
pe r tu rba t i on  w i l l ,  i n  general, be discont inuous a t  the i n te r faces ,  which a r e  
the l oca t i ons  where the  mean v e l o c i t y  and dens i ty  g rad ien t  a re  d iscont inuous.  
As pointed out  by Landahl and Criminale, unstable waves induced by the d i s -  
c o n t i n u i t y  i n  v e l o c i t y  w i l l  propagate a t  the mean o f  the v e l o c i t i e s  on e i t h e r  
s ide  o f  the d i s c o n t i n u i t y .  Thus, determinfing the c o n d i t i o n  f o r  breakdown i s  
much simp1 i f i e d .  
I n  summary, t o  determine the breakdown c 'ondi t ion,  i t  i s  assumed t h a t  
the secondary wave d is turbance has a wavelength much smal ler  than t h a t  o f  
the pr imary wave. The group v e l o c i t y  o f  a secondary d is turbance a t  v e l o c i t y  
d i s c o n t i n u i t i e s  i s  g iven by the mean o f  the v e l o c i t i e s  on e i t h e r  s ide  o f  t he  
d i s c o n t i n u i t y .  
I V .  THEORETICAL MODEL OF A STRATIFIED SHEAR FLOW 
I n  the fo l l ow ing ,  an i n v i s c i d ,  incompressible f l u i d  i s  assumed. The 
v e l o c i t y  i n  the f l u i d  i s  given  by^=^.(^)^+ U; ( x , ~ , t )  , where)%/ i s  
1 - 1  
small compared t o b o l  . The mean f low U o ,  i s  given by 
(1 1 
The dens i ty  o f  the f l u i d  i s  given b y p  = tp, (r, ~ , t )  where 
/r,I / P O I *  The mean d e n s i t y p o  i s  taken t o  be 2,-* y7l 
h e ' " %  ly ls l  ( 2  
A e d  y < - i  
Hence the dens i ty  i s  assumed t o  be continuous, bu t  the r e l a t i v e  dens i t y  
gradient  i s  discont inuous 
The o v e r a l l  Richardson number, R i ,  w i l l  be def ined as 3 . The equa- 
t i ons  o f  motion are:  
au a ?  x-momentum: p - c  pU dU + p ~ q  = - -
at a x  Y J X  ( 4 )  
y-momentum: p =+ ,OU + p V LY- = - C-PJ a t  a x  all a Y (5 )  
c o n t i n u i t y :  '3 + u: o a z  2% (6)  
i ncompress ib i l i t y :  E + u ~ + V ~  a t  0 ax a Y  ( 7  
The l a s t  equa t i on  r equ i r es  t h a t  a  f l u i d  p a r t i c l e  have cons tan t  d e n s i t y  as i t  I 
moves. Here, the pressure 'P i s  g i ven  b y - P . 3 3  +P&, t . A  s t ream f u n c t i o n  Y r  
i s  i n t r oduced  such t h a t  U ' UO (j)+ and d =  - . I n  a d d i t i o n  
ax 
t h e  t r ans fo rma t  ions p, =p, 5 F and VI fit's G a re  made t o  f a c i  1 i f a t e  t h e  r e -  
d u c t i o n  o f  t he  equat ions.  
S u b s t i t u t i n g  t he  t rans fo rmat ions  i n t o  Eqs. ( 4 ) - ( 7 )  and e l i m i n a t i n g  t h e  
pressure term, one o b t a i n s  
and 
where t h e  s u b s c r i p t s  denote p a r t i a l  d e r i v a t i v e s  and o n l y  terms o f  f i r s t  o r -  
der  i n  t he  p e r t u r b a t i o n  q u a n t i t i e s  have been re ta i ned .  I t  i s  now assumed 
t h a t  the  p e r t u r b a t i o n  q u a n t i t i e s  a r e  wave l i ke  i n  % and f : 
G =  $ c y ~ a x p  (ik ~ r - e t l )  a n d  F = f  (y)rxp ( i k  (x-et)). 
S u b s t i t u t i n g  these r e l a t i o n s  as we1 1 as Eqs. (1) and (2) i n t o  (8) and (9) , 
one f i n d s  t h a t :  
$ I ( -  k 2  #J -. o J Y  1 ~1 (lea) 
$ " - $ ( k s + s ' - 9 ~ / c ' ) ; ~  4 l j I L [  ( l o b )  
$ =  O , C P I  I $ >  (1 i a )  
I n  a d d i t i o n  t o  these equa t ions ,  i t  i s  r equ i r ed  t h a t  t h e  f l u i d  p a r t i -  
c l e  displacement,  3 , be cont inuous across t he  i n t e r f a c e s  a t  Y =  5 I and 
t h a t  the  p ressure  be cont inuous across t he  i n t e r f a c e s  as w e l l .  I t  i s  a l s o  
r equ i r ed  t h a t  the  p e r t u r b a t i o n  q u a n t i t i e s  van ish  a t  LJ = -C as. 
Three cases may be d i s t i n g u i s h e d ,  accord ing  t o  whether 
M * X " E  kL+ M+/Y - 3a/C* i s  l ess  than, g r e a t e r  than o r  equal  t o  zero.  I f 
i s  less  than zero  @ ( y i  i s  wave l i ke  i n  the  y - d i r e c t i o n ;  i f  &a Z- i s  g r e a t e r  
than zero,  # ( y )  i s  exponen t ia l  i n  cha rac te r .  Since these two cases a r e  s i m i -  
l a r  mathemat ica l l y ,  they  w i l l  be cons idered t oge the r .  
Case 1 ,  
Here, t he  s o l u t i o n s  are:  
d d e x p ( - k l y - l ) ) y  71 
• Now ? , the f l u i d  p a r t i c l e  displacement, i s  given by: 
7 = P/(c-u.) (1 3 )  
For convenience, the so lu t i ons  a re  w r i t t e n  as: 
G. 5, (t+ I) er p (LO*  k ~y+ [ ) -  ~ / z )  ( 14c) 
%I L-0 = 6 111 e x p ( i e - & / & )  (1 5c) 
where the subscr ip ts  I , L1 and m r e f e r  t o  the regions LJ > I  , J Y ~ ( - )  and 
, respect ive ly ;  w i t h  @ : k ( x  - c t )  and both dr and bm a r e  constant .  A: b u n d a r y  cond i t ions requ i re  
and 
a ( aw ( 1 )  a 4  C - 1 )  (C-,)*)= c ~ ~ , ( e + , ) a l ( f n " " :  CA 
>Y >Y a!i  ay 
where the l a s t  two equations a re  obtained from the Bernou l l i  equat ion.  
Apply ing the boundary cond i t ions  t o  (14) and (15) i t  i s  found t h a t :  
4 = A+$ ( c o n t i n u i t y  o f  7 a t  3: I )  ( 16a) 
- -A+* ( c o n t i n u i t y  o f  a t  LJ:-I) 
da - ( 16b) 
- (c 6, a = % C'(A + B) + C'A ( c o n t i n u i t y  of pressure a t  = 1) ( 1 6 ~ )  
a ( c + l )  da k = + c * ( ~ - A )  + ( c o n t i n u i t y  o f  pressure a t  tj=-1)(16d) 
I n  order  t o  ob ta in  n o n t r i v i a l  so lu t i ons ,  i t  i s  requi red t h a t  
C q ( ~ L + k ) +  C ) ( l a k ) +  c + ( ~ - ~ - , R E ) +  kL =-0 ( 17 )  
where the f a c t s  t h a t  2 R i = ) d  and ?fa r  0 have been used. This  i s  the d i s p e r -  
s ion  r e l a t i o n  f o r  Y 1  = 0 .  
Case 2, d f #  0 
The so lu t i ons  f o r  t h i s  case are: 
+a oc. ex p C k (y+ I ) )  ( 1 8 ~ )  
- Fol lowing the same procedure as i n  the prev ious case, one f i n d s  
I 
The boundary cond i t i  ons requ i r e  : 
oc Y -*I ( c o n t i n u i t y  o f  a t  g = l  ) 6==D,e  +D,e (21a) 
$fl=~,e-u'+Ds.ed7 ( c o n t i n u i t y  o f  7 a t y =  - l )  
k&(c+~)*=  ~ ' a ~ ~ e - * ~ ~ ~ , + l ) * ~ g e ~ ~ ( ? i - ' )  ( c o n t i n u i t y  o f  p ressu re  a t  tjz-1) (216) 
Again, f o r  n o n - t r i v i a l  s o l u t i o n s ,  the  d i s p e r s i o n  r e l a t i o n  i s  ob ta i ned :  
I f  I 6 l l < 4  1 then (22) reduces t o  
2 * ~ G ' ( 2 k ' + ~ ) + ( a & k ) e ' +  P ( I - ) L ~ - ~ R ~ ) +  K] ; o (23) 
where the  approx imat ion  tm t = 6 f o r \ € /  L C  I has been used. Equa t ion  ( 22 ) ,  
then reduces t o  Eq. (1 7) when(dt l44 l . 
For t he  case t h a t  a* i s  r e a l  and nega t i ve ,  t he  amp l i tudes  o f  t he  
p e r t u r b a t i o n  q u a n t i t i e s  a re  wave l i ke  i n  t he  r eg ion  o f  non-zero d e n s i t y  g ra-  
d i e n t .  Equat ion (21b),  i n  t h i s  case, i s  o f  t he  form 
where t he  fi s u p e r s c r i p t  denotes t he  complex con jugate.  T h i s  i m p l i e s  t h a t  
, I n a d d i t i o n ,  i f  i t  i s  r equ i r ed  t h a t  a t y = O , ? = = b e ) l p i @  
where 8 may i n c l u d e  an a r b i t r a r y  phase and b i s  r e a l ,  t h e n P ,  4D1 i s  r e a l  
( f rom Eq. (20b)) and, t h e r e f o r e  0,: D:. Th i s  means t h a t  t h e  amp l i t ude  o f  $J= 
i s  wave l i ke  i n  t he  y - d i r e c t i o n ,  b u t  the  waves a r e  s t and ing  waves. Hence, 
waves t r a v e l  o n l y  i n  t he  x - d i r e c t i o n .  
By s e t t i n g  i3' t o  ze ro  and us i ng  Eq. (17) ,  which i s  t h e  d i s p e r s i o n  
r e l a t i o n  f o r  t h i s  case, curves i n  the  wavenumber-Richardson number p l ane  
can be found which separate  t h e  reg ions  f o r  t he  d i f f e r e n t  types o f  so l u-  
t i o n s .  Equat ion (17) can be r e w r i t t e n  as:  
a. 2 (c-1) k%+kca[c'+ ZIIC+~)- & 2. = O  
w i t h  a R; = f ( k ' +  4%). 
Then, C can be used as a parameter t o  f i n d  the values o f  k and R j  . Two 
branches a r e  found, one fo r  C 4 I and the o the r  f o r  C 7 I .  These are  shown 
i n  F ig .3 ,  f o r  the case where N = lom3 . These curves correspond t o  one r o o t  
k 
- 
Boundaries f o r  types o f  so lu t i ons ,  curves f o r  Zf = 
- 
0.3 - 
- 
0.2 - 
R i  - 
0.1 - 
- 
0 
W a v e l i k e  
-f I I I I I 
0 
1 
0.4 . 0.8 4.2 
- 6  
o f  t he  q u a d r a t i c  equa t ion  f o r  k . The o t h e r  r o o t  corresponds t o  k < lo 
f o r  t h i s  case, and can be neg lec ted  f o r  t he  purposes o f  t h i s  d i s c u s s i o n .  
TaMing Eq. (22) and assuming iY*= 6 , where ( C ]  << I, t h e  reg ions  o f  wave 1 i ke 
amp l i tudes  ( ra< 0) and exponen t ia l  a m p l i t u d e s ( Y S 7 0 ) a r e  found. These a r e  
i n d i c a t e d  on F ig .  3. The i n t e r e s t i n g  f ea tu res  on F ig .  3 a r e  t h e  minimum on 
t he  branch o f  t he  curve f o r  C > l  and t he  f a c t  t h a t  t h i s  branch i s  asympto- 
t i c  t o  the  1 i n e  k = I . Though no t  obvious f rom the  f i g u r e ,  t h e  two 
branches converge as [c- 1 1 3 0- 
S t a b i l i t v  Cons idera t ions  
Here, i t i s  assumed t h a t  oc L c I . For t h e  case where k 4 < i , one 
would expect  t h e  s t a b i l i t y  o f  t he  problem t o  be s i m i l a r  t o  t h e  K e l v i n -  
Helmhol tz  problem. Th is  can be shown t o  be t r u e  i n  t he  f o l l o w i n g  way.Since 
k ~ <  1 , then a ' L ) . a . d c  I, and t o n h  2 d ~ z 2 a d ;  t h e  d i s p e r s i o n  r e l a t i o n s h i p  
reduces t o  Eq. (23) .  Since k L 4  I, k z  i s  neg lec ted  i n  comparison t o  
and t he  r e s u l t i n g  approx imat ion i s  
h c 4 + 2 ~ k  e*+c"~h-2 n ; ) + a %  --o (25) 
I f  k- 2 R ;  > O ,  then by Descartes r u l e  f o r  po lynomia ls ,  t h e r e  a r e  no r e a l  
p o s i t i v e  r oo t s  f o r  C and a t  most two nega t i ve  r e a l  r o o t s .   ere, we con- 
s i d e r  o n l y  p o s i t i v e  va lues o f  & . )  Hence, t he re  a r e  two complex r o o t s ,  
which a re  con jugates,  one o f  which corresponds t o  an u n s t a b l e  r o o t  ( lrn(c1) 0). 
I f  k - 2 R ;  4 0, then t h e r e  a re  a t  most two p o s i t i v e  r e a l  r o o t s  and two nega- 
t i v e  r e a l  r o o t s  f o r  C . Hence, f o r  smal l  fq , the  l i n e  R i  =k/a i s  a  s t a -  
b i l i t y  boundary, which i s  e x a c t l y  t h e  Ke lv in- He lmho l tz  r e s u l t .  
One can a l s o  show t h a t  C =  0 i s  no t  a  s t a b i l i t y  boundary. As d i s -  
cussed by Howard (1963) t he  ' p r i n c i p l e  o f  exchange o f  s t a b i l i t i e s '  may n o t  
always be v a l i d  f o r  an t i symmet r i c  s t r a t i f i e d  shear f l ows .  Cons ide r i ng  Eq. 
(22) ,  l e t C Z i t w h e r e  i s  a  p o s i t i v e  r e a l  number. Then 
d Y = ( k t +  da/* + 2 ~ i / ~ * ) ~ k ,  
where h andRLeare a l l  r e a l .  Since t he  imaginary p a r t  o f  (22) i s  equal  t o  
zero,  one f i n d s  
- i 6 ' 1 o i k  t u n h  2 o c ~  = o (26) 
Th i s  i s  s a t i s f i e d  f o r  d =  0 ,  k + 0  o r  Y =  0 .  R e j e c t i n g  t he  f i r s t  two cases 
as t r i v i a l ,  i t  i s  found t h a t  c(= 0. Since k , oc , /Zi and 6 a r e  a1 1 r e a l  t h e  
Richardson number, Ri , must be nega t i ve ,  which i s  t he  case where t h e  d e n s i t y  
i n  t he  upper l a y e r  i s  g r e a t e r  than t h e  d e n s i t y  i n  the  lower l a y e r .  As G - 7 0  
the  Richardson number must a l s o  approach zero,  hence ,R i=  0 i s  t h e  n e u t r a l  
s t a b i l i t y  curve assoc ia ted  w i t h  C :o. But ,  i t  has a l r eady  been shown t h a t  
uns tab le  s o l u t i o n s  e x i s t  f o r  8~ 7 0 .  There fo re  C = O  i s  n o t  t h e  s t a b i l i t y  
curve f o r  t h i s  case. 
A general  idea o f  t he  n a t u r e  o f  t he  s t a b i l i t y  o f  Eq. (22)  f o r  smal l  
va lues o f  d-d can be ob ta ined  i n  t h e  f o l l o w i n g  way. Again,  assume d Y < < l  
and, i n  a d d i t i o n ,  i t  i s  assumed t h a t  M 4 4 k. Since, f o r  a  r e a l  prob lem,  
o~ i s  o f t e n  l ess  than 0.005, t h i s  i s  no t  a  s t r i c t  requ i rement .  Then, one 
can neg lec t  t he  term i n  c3  i n  Eq. (23) and one i s  l e f t  w i t h  a  q u a d r a t i c  
equa t i on  i n  c a  , w i t h  t he  s o l u t i o n .  
2kX+2Ri  - k  
c ' .  + +- 
JT 
sr (2k*"ck) (27)  
where 5 = R?+ ( ~ k ' - k ) ~ ;  - h * ( h % - r k - % j )  (28) 
I f  F i s  l e s s  than zero, C i s  complex. I f  i s  p o s i t i v e ,  t h e n m  i s  always 
less  than 2 k a + 2 R i - h ,  and C i s  r e a l  o r  imaginary,  depending upon the  s i g n  o f  
2 k S + 2 R i - *  . I f r > O  and k r c  I ,  then Ri = k / &  i s  aga in  ob ta i ned  as t h e  
s t a b i l i t y  boundary. I n  a d d i t i o n  k = O  i s  a  s t a b i l i t y  boundary. So l v i ng  (28) 
f o r  r = 0 , one f i n d s  t h a t  
va R i = p - k 2 + ^ h ( 2 - ~ ~ + k )  (29) 
For s t a b i l i t y ,  i t  i s  r equ i red  t h a t  1k'+ 2 R i - H , O ,  hence o n l y  t he  r o o t  w i t h  
the p o s i t i v e  s i gn  i s  accepted; the  o t h e r  r o o t  corresponds t o  t h e  case where 
c + L O .  Again, f rom Eq.(29), R i  :: k / ,  i s  t he  s t a b i l i t y  boundary f o r  sma l l  
values o f  k . The s t a b i l i t y  cu rve  f rom Eq. (29) i s  shown i n  F ig .4 ,  f o r  va lues  
o f  k 4  0.1 ; f o r  l a r g e r  values o f  4 , the  assumption t h a t o ( Y < c  I i s  no l onge r  
v a l i d .  A d d i t i o n a l  s t a b i l i t y  curves have n o t  y e t  been determined. 
V.  BREAKDOWN CONDITIONS 
As s t a t e d  p r e v i o u s l y ,  t he  c o n d i t i o n s  l ead ing  t o  breakdown o f  t he  f l o w  
by secondary waves a r e  t h a t  the  secondary wave be uns tab le  and o f  much 
smal ler  sca le  than t he  p r imary  wave, and t h a t  the  group v e l o c i t y  o f  t h e  sec-  
ondary wave be equal t o  the  phase v e l o c i t y  o f  the  n e u t r a l  p r ima ry  wave. The 
group v e l o c i t y  o f  an uns tab le  wave generated by the  shear a t  t h e  i n t e r f a c e s ,  
where the  v e l o c i t y  o f  t he  f l u i d  i s  d iscon t inuous ,  i s  g i ven  by t h e  mean o f  
the v e l o c i t i e s  on e i t h e r  s i d e  o f  the  i n t e r f a c e  ( c f .  t h e  Ke lv in- He lmho l tz  
problem). Therefore,  t he  group v e l o c i t i e s  o f  the  secondary waves a t  t h e  i n -  
te r faces  a r e  g iven  by:  
S u b s t i t u t i n g  the  r e s u l t s  o f  s e c t i o n  I V  f o r  t he  stream f u n c t i o n s ,  we f i n d  t h a t  
These r e l a t i o n s  ho ld  f o r  a l l  values o f  X . Therefore,  f o r  breakdown t o  occur  
a t  t he  upper i n t e r f a c e ,  i t  i s  r equ i r ed  t h a t  
For the  lower  i n t e r f a c e  the requirement i s  
I f  C +  +_ 11% , then t he  requ i  rements a re  
and 
where c c  and C b  a re  used t o  denote the  phase speeds o f  t h e  p r ima ry  wave 
which a r e  r equ i r ed  f o r  breakdown t o  occur  on t he  upper and lower  i n t e r f a c e s ,  
r e s p e c t i v e l y .  
As k becomes sma l l ,  t h i s  c o n d i t i o n  should  approach t h a t  found by 
Landahl and C r im ina le  (1977) f o r  t he  Ke lv in- He lmho l tz  problem. Here, asK+o, 
c;= 1,C , and C i t ~ s k .  We r e q u i r e  t h a t  breakdown occur  on b o t h  i n t e r -  
faces, so t h a t  C: = C; = qk . I n  a d d i t i o n  t he  mean v e l o c i t y  w i l l  be g i v e n  
by the  mean o f  u& and u; ; t h i s  i s  found t o  be 
as k-3 0 .  The r e s u l t s  o f  Landahl and C r im ina le  (1977) f o r  t h e  Kelv in-Helm-  
h o l t z  case a re  i d e n t i c a l  t o  these. 
+ The c o n d i t i o n s  t h a t  C = '1% o r  C = - % correspond t o  cases where U m Z b o r  U& 5 o . I n  e i t h e r  o f  these cases, secondary waves a r e  t rapped  
bu t  no t  focused. Us ing the  d i s p e r s i o n  r e l a t i o n  ( ~ q . 2 2 )  one can f i n d  va l ues  
o f  h and Kt' f o r  t he  case t h a t  C s  ' 1 2 .  These curves a r e  p l o t t e d  i n  F i g .5 ,  
f o r  o~ = 1 0 ' ~  and f o r  a  range o f  va 1 ues o f  h and Ti; . I t i s  t o  be no ted  
t h a t ,  because o f  the  f a c t o r  i n v o l v i n g f a n h , t h e r e  a r e  m u l t i p l e  va lues  o f  A: 
f o r  a g i ven  wavenumber 14 , when Y a  i s  nega t i ve .  I n  a d d i t i o n ,  i t  i s  no ted  
t h a t  when c = ' / z  , t h e  c o n d i t i o n  f o r  breakdown on t he  lower  i n t e r f a c e  i s  
Since i t  i s  r equ i r ed  t h a t  the  wavelength o f  t he  p r imary  wave be s m a l l e r  t han  
the  d e n s i t y  i n t e r f a c e  th ickness ,  (say,  l e ss  than 1/2 t h e  i n t e r f a c e  t h i c k n e s s ) ,  
Fig.5 Breakdown c o n d i t i o n s  f o r  c  = '/z , d = .001. 
- k i s  a t  most 2  TL . ( ~ e c a l l  t h a t  the d e n s i t y  i n t e r f a c e  extends from +1  
1 t o  - 1 ,  t h e r e f o r e  t h e  u n i t  l eng th  i s  1/2 the  dens i t y  i n t e r f a c e  th ickness . )  
Therefore v m  must be g r e a t e r  than 0.05. For lt L I/3 , )i'= must be 
g rea te r  than 1 ,  a  d e f l e c t i o n  which i s  c l e a r l y  o u t s i d e  t he  range pe rm i t t ed  by 
the smal l  p e r t u r b a t i o n  assumption. However, i t  i s  f a i r  t o  say t h a t  when 
'/3 h < 3 77 , and C = , secondary waves can be focused, l ead ing  t o  
breakdown, on the lower i n t e r f a c e ,  w h i l e  a t  the same t ime secondary waves 
a re  trapped on the  upper i n t e r f a c e .  A s i m i l a r  r e s u l t  i s  t r u e  when c r - % a  
To f i n d  o t h e r  curves i n  t he  k -  Ri plane f o r  breakdown, i t  i s  neces- 
sary  t o  assume a  va lue  o r Y m ,  and s u b s t i t u t e  ~ ~ . ( 3 5 a )  o r (35b) i n t o  
Eq. (22) .  Th is  r e s u l t s  i n  a  ve ry  complex r e l a t i o n s h i p  between k and R i  , 
and values have n o t  been computed. However, the general  n a t u r e  i s  t he  same 
as the case f o r  C r  I/=; t h a t  i s ,  one would expect t o  f i n d  severa l  values o f  
h f o r  a  g iven and Ri f o r  which breakdown cou ld  occur.  Th i s ,  again,  
i s  due t o  the f a c t  t h a t  the  t a n h  f a c t o r  i n  Eq. (22) i s  p e r i o d i c  when f L  i s  
nega t i ve .  
V I . CONCLUS l ONS 
I t  has been shown t h a t ,  f o r  the  s i m p l i f i e d  model o f  s t r a t i f i e d  shear 
f l ow  considered, breakdown caused by t r a p p i n g  and f ocus ing  o f  secondary 
waves i s  poss ib l e .  For the  case t h a t  the  phase v e l o c i t y  i s  equal t o  1/2, 
secondary waves can be trapped on the upper i n t e r f a c e  and t rapped and f o -  
cused on the lower i n t e r f a c e .  I n  a d d i t i o n ,  i t  has been found t h a t ,  as ex-  
pected, the  problem becomes s i m i l a r  t o  t he  Kelv in-Helmhol tz  problem as the  
wavenumber approaches zero.  I n  p a r t i c u l a r ,  the  n e u t r a l  s t a b i l i t y  cu rve  f o r  
t h i s  case approaches the  curve  Ri = h / z  as h approaches zero. The break-  
down cond i t i ons ,  i n  some cases, do r e q u i r e  l a r g e  ampl i tudes f o r  t h e  p r ima ry  
wave. These a re  p robab ly  n o t  we l l - descr ibed  by the  l i n e a r  theory .  I n  
a d d i t i o n ,  v iscous e f f e c t s  may have impor tant  e f f e c t s  i n  t he  problem. Both 
non l i nea r  and v iscous  e f f e c t s  on the problem should be cons idered i n  t he  
f u tu re .  
The w r i t e r  wishes t o  express h i s  s i nce re  thanks t o  a l l  p a r t i c i p a n t s  
i n  the  Geophysical F l u i d  Dynamics program. I t  has been a most i n t e r e s t i n g  
and p roduc t i ve  summer. The w r i t e r  would e s p e c i a l l y  l i k e  t o  thank M. T. Lan- 
dahl ,  who suggested t he  problem, and c h e e r f u l l y  o f f e r e d  adv ice  and h e l p f u l  
observa t ions  throughout the summer. Special  thanks a r e  a l s o  due M. Maxey 
and J .  Lewal le ,  w i t h  whom the  w r i t e r  had many h e l p f u l  d iscuss ions .  
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'TWIN-EXHAUST1 GALAXY MODELS AND INSTABILITIES 
I N  CHANNELS WITH FLEXIBLE WALLS 
John L. G i u l i a n i  
1 . l NTRODUCT l ON 
One o f  the cu r ren t  i n t e r e s t s  o f  g a l a c t i c  astronomy i s  t he  c lass  o f  
e l l i p t i c a l  galax ies which are  observed t o  have rad io  lobes extending f a r  
beyond the o p t i c a l  image along an a x i s  through the  nucleus. Such o b j e c t s  
a re  commonly re fer red  as double rad io  sources and more in fo rmat ion  w i t h  
d e s c r i p t i v e  p i c t u r e s  can be found i n  Turland (1975). As i s  t y p i c a l  w i t h  
g a l a c t i c  phenomena, many theor ies  have been proposed t o  exp la in  l a rge  r a d i o  
lobes, bu t  the Blandford-Rees (1974) 'Twin-Exhaust1 model has received t h e  
most a t t e n t i o n .  I n  t h i s  model a hot ,  r e l a t i v i s t i c  plasma i s  cont inuous ly  
generated a t  the  nucleus o f  the  galaxy (see Fig.1, l abe l  A) and forms a 
c e n t r a l  cav i  t y  (C). This c a v i t y  i s  bounded by the thermal pressure o f  a 
cold,  g r a v i t a t i o n a l l y - c o n f i n e d  r o t a t i n g  gas c loud ( G ) .  The hot  plasma tends 
t o  push out  along the r o t a t i o n  a x i s  and form a channel. B landford and Rees 
considered the one-dimensional gas f l ow  equations and found t h a t  the channel 
w i l l  geomet r ica l l y  deform i n t o  a de Lava1 nozzle. The i r  method i s  equiva-  
l e n t  t o  s o l v i n g  the nozzle f l ow  problem when the surrounding sur face i s  f r e e .  
A t  the p o i n t  o f  minimum cross sec t i on  o f  the nozzle the ho t  plasma becomes 
t ranson ic  and the f low becomes co l l ima ted  i n t o  a beam shoot ing ou t  i n t o  t h e  
i n t e r g a l a c t i c  medium. In te rac t i ons  o f  the plasma w i t h  magnetic f i e l d s  i n  
the beam g i ve  r i s e  t o  the emission observed i n  the rad io  lobes. 
One o f  these rad io  galax ies,  M87, i s  c lose  enough t o  our  galaxy t o  
a l l o w  r e l a t i v e l y  good reso lu t i on  on photographic p la tes .  Before M87 was d i s -  
covered t o  be a double rad io  source, sho r t  exposures ind ica ted  an asymmetry 
i n  the o p t i c a l  image (see Photograph 1 ) .  What i s  remarkable i s  t h a t  t h i s  
o p t i c a l  j e t  l i e s  along the a x i s  of  the double rad io  lobes. Th is  asymmetry 
suggests t h a t  the  rad io  beam may be uns tab le  and/or o s c i l l a t e  f rom s i d e- t o -  
s ide ,  i n  which case we have caught the galaxy w h i l e  the j e t  i s  predominant ly  
on one s ide.  The proposed o b j e c t i v e  du r ing  the summer was t o  s e t  up a s h a l -  
low water experiment modeling the doub le- d i f fuser  aspects o f  the  r a d i o  ga laxy  
and t o  study poss ib le  i n s t a b i l i t i e s  i n  channel f l ow  which could generate o s c i l -  
l a t i o n s .  The next  sec t i on  w i l l  show why shal low water theory i s  re levan t  and 
discuss the experiment. Sect ion three w i l l  present some ana lys i s  o f  t he  ex-  
periment and the l a s t  sec t i on  w i l l  consider  the s ign i f i cance  o f  the e x p e r i -  
ment f o r  the g a l a t i c  j e f  problem. 
2. SHALLOW WATER THEORY AND THE EXPERIMENT 
We begin t h i s  sec t i on  w i t h  a b r i e f  review o f  shal low water  theory  
( ~ a n d a u  and L i f s h i t z ,  1959). I f  one neglects any v e l o c i t y  i n  t he  v e r t i c a l  
z - d i rec t i on ,  the t h i r d  component o f  Eu le r l s  equat ion becomes 
a , ~  = - 9 p  + P ~ P , + ~ ~ C ~ - - P )  (ptonsjhmt) 
where Po i s  the pressure a t  the f r e e  sur face o f  he igh t  h = h ( x , ~ ) .  Le t  t he  x - d i -  
r e c t i o n  be downstream and the y - d i r e c t i o n  spanwise. Using the  above express ion  
fo r  P the f i r s t  two components o f  Eu le r l s  equat ion become 
~+v,+w,~,u, + ug~,ur + g a s h  = o ,  (1)  
The corresponding c o n t i n u i t y  equa t ion  can be der ived  by i n t e g r a t i n g  t he  gen- 
e r a l  c o n t i n u i t y  equa t ion  over  z o r  by use o f  c e n t r a l  volumes. I n  e i t h e r  case 
one f i n d s  
The usefu lness o f  these shal low water  equat ions l i e s  i n  t h e i r  s i m i l a r -  
i t y  t o  t he  compressible gas dynamic equat ions.  Le t  
I f  one now mu1 t i p l  i es  (3) by 9 and cJlanges the l a s t  term on t h e  l e f t  o f  r h e  
momentum equat ions i n t o  a  pressure (P) g rad ien t ,  one f i n d s  t h e  i d e n t i c a l  
equat ions f o r  two-dimensional gas f l o w  i n  terms o f  3 and . Here t he  r o l e  
o f  t he  sound speed i s  played by@ and the  r a t i o  o f  s p e c i f i c  hea ts  i s  2.  
The above correspondence a l l ows  one t o  expe r imen ta l l y  i n v e s t i g a t e  some types 
o f  h i gh  speed gas f l o w  problems us ing  sha l low water f lows.  
The experiment went through severa l  e v o l u t i o n a r y  phases b e f o r e  a  work-  
a b l e  model was developed. I t  i s  use fu l  t o  d iscuss one o f  t h e  e x t i n c t  models 
i n  d e t a i l  i n  o rde r  t o  p rov ide  ( i )  m o t i v a t i o n  f o r  the  f i n a l  model and ( i i )  a  
foundat ion  f o r  some o f  the  general  conc lus ions concern ing o s c i l l a t i o n s .  T h i s  
p a r t i c u l a r  model was a  doub le- d i f f use r  w i t h  r i g i d  w a l l s  f o l l o w i n g  t he  o u t l i n e  
o f  F ig .1  on bo th  s ides  w i t h  a  water source i n  the  c e n t r a l  c a v i t y .  The p l a n  
was t o  use p i n g  pong b a l l s  t o  a c t  as buoyant f l o o d  gates i n  each channel. 
Suppose t h e  b a l l  on the l e f t  channel was i n i t i a l l y  depressed. T h i s  would 
make the  f l o w  predominant ly  i n  the  oppos i te  channel. However t h e  water  h e i g h t ,  
and e q u i v a l e n t l y  the  buoyancy fo rce ,  would e v e n t u a l l y  inc rease  i n  the  channel 
and r a i s e  the  b a l l .  A t  t h i s  t ime t he  o u t f l o w  from the  c e n t r a l  c a v i t y  would 
sw i t ch  s ides  and the  r i g h t  s i d e  b a l l  would s i n k  and p l a y  t h e  b l o c k i n g  r o l e .  
The process should then repeat  except f o r  a  phase change o f  180°. Un fo r t u-  
n a t e l y  t he  system was too  s l ugg i sh  t o  respond w i t h  any r e g u l a r i t y  imp l y i ng  
t h a t  p rec i se  eng ineer ing  would be requ i red  t o  ge t  r i d  o f  t h e  s t r o n g  damping. 
The above exper iment and o t h e r  s i m i l a r  ones seem t o  i n d i c a t e  t h a t  an 
o s c i l l a t i n g  mechanism does n o t  a r i s e  f rom a  p e r i o d i c  b l o c k i n g  process con- 
nected w i t h  the  e a r l y  stages o f  the  j e t  format ion.  Rather, t he  most f r u i t f u l  
approach was f i r s t  t o  i s o l a t e  an i n s t a b i l i t y  mechanism i n  t h e  channel and 
then t o  i n v e s t i g a t e  how i t  might  lead t o  o s c i l l a t i o n s  i n  t h e  o u t f i e l d .  
Guided by the 'Twin-Exhaust'  model, the c e n t r a l  channel was surrounded on 
both s ides by channels c o n t a i n i n g  ambient water which p layed  t h e  r o l e  o f  t h e  
background c o l d  gas i n  the  ga laxy.  Since the  pressure o f  t h i s  l a t t e r  gas de- 
creases a long  the  g a l a c t i c  nozz le  the  exper imenta l  s e t  up must a l l o w  f o r  a  
f l o w  i n  the ambient water.  The separa t ion  between the  o u t e r  and i nne r  f l ows  
was maintained by f l e x i b l e  w a l l s .  The exper imenta l  apparatus i n  t h i s  case i s  
shown i n  Photograph 2. Since we a re  concen t ra t i ng  on the  i n s t a b i l i t y  mech- 
anism and because o f  the  symmetry o f  t he  i n i t i a l  problem, o n l y  one s i d e  o f  
the  double d i f f u s e r  needs t o  be considered. The c e n t r a l  c a v i t y  has a  source 
and i s  p a r t i a l l y  formed by r i g i d  w a l l s .  Each o f  t he  o u t e r  channels  has a  
source o f  the same d ischarge r a t e ,  and the o u t e r  w a l l s  l i m i t i n g  t he  ambient 
f l o w  a re  f i x e d .  The r u l e r s  i n  the  cen te r  serve o n l y  t o  d e l i n e a t e  how the  cen- 
t r a l  channel s i t s  i n  the  ambient water .   h he m a t e r i a l  used f o r  the  f l e x i -  
b l e  w a l l s  would have made t h i s  photograph u n i n t e l l i g i b l e . )  
The main t echn i ca l  problem i n  t h i s  exper iment was t he  c o n s t r u c t i o n  
o f  t he  channel wa l l s .  They must be ext remely  f l e x i b l e ,  remain pe rpend i cu la r  
t o  t he  bo t tom o f  t he  channel d u r i n g  any mot ion and succeed i n  sepa ra t i ng  
f l ow  i n  t h e  j e t  f rom the  ambient water.  These requirements were found t o  be 
s u f f i c i e n t l y  s a t i s f i e d  by us ing  ce l lophane t o  o u t l i n e  each o f  t h e  t h r e e  chan- 
mels and a s t r i p  o f  mylar  t o  add v e r t i c a l  r i g i d i t y  t o  the  w a l l s  o f  the  cen-  
t r a l  channel ( ~ i g . 2 ) .  The ce l lophane was layered  a t  t he  bo t tom and a t t a c h e d  
t o  t he  my la r  i n  such a way t h a t  t he  s t r i p  remained above t h e  bottom. I f  t h e  
ce l lophane was s l i g h t l y  dampened on the  unders ide the  f r i c t i o n  became n e g l i -  
g i b l e  a l l o w i n g  each w a l l  t o  g l i d e  smoothly and independent ly  i n  t he  spanwise 
d i r e c t i o n .  A t  t he  end o f  the s e r i e s  o f  channels was a bas in  i n t o  which t h e  
water d ra ined .  
When the  apparatus was s e t  up a c a p i l l a r y  i n s t a b i l i t y  immediate ly  
appeared i n  the  c e n t r a l  j e t .  Th i s  i n s t a b i l i t y  grew a t  a l l  p o i n t s  a l ong  t h e  
channel and d i d  n o t  appear as a d r i f t  i n s t a b i l i t y .  Photographs 3 and 4 show 
an example o f  the  o s c i l l a t i o n  a t  the  same p o s i t i o n  i n  t he  streamwise d i r e c -  
t i on  bu t  dt ' f fer . i .ng: .in, phase.. by - 1800. A1 1 t he  photographs o f  t he  o s c i  1 l a -  
t i o n  have been enhanced. The o u t e r  f i x e d  w a l l s  a r e  shown w i t h  f u l l  l i n e s  and 
the p o s i t i o n  o f  t he  f l e x i b l e  w a l l s  w i t h  dashed l i n e s .  A l t e r i n g  t he  pararn- 
e t e r s  o f  t h e  f low,  such as the  d ischarge r a t e  o r  the  s i z e  o f  t h e  i nne r  channel ,  
r e s u l t e d  i n  a d i f f e r e n t  charac te r  o f  o s c i l l a t i o n .  For example, i f  t he  f l o w  
i n  the  o u t e r  channel was p a r t i a l l y  blocked, t he  o s c i l l a t i o n  was reduced i n  
f requency and wavelength. 
I n  some runs o f  the experiment i t  was observed t h a t  t h e  ampl i tude  
o f  the  o s c i l l a t i o n  was s t r ong  enough t o  a c t u a l l y  shut o f f  t he  f l ow .  T h i s  
i s  suggest ive i n  two ways. F i r s t  the  c a p i l l a r y - t y p e  i n s t a b i l i t y  o f  t h e  chan-  
ne l  might be the  phenomenon caus ing the  "beady" appearance o f  t he  M87 j e t  
shown i n  Photograph 1 .  Second, t h i s  i n s t a b i l i t y  might  represen t  a p o s s i b l e  
mechanism caus ing t he  doub le- d i f f use r  o r  tw in- exhaust  model t o  o s c i l l a t e .  
I n  t h i s  theory  t he  buoyant f l o o d  gates a re  rep laced by f l e x i b l e  w a l l s  wh i ch  
p e r i o d i c a l l y  c u t  o f f  the  f l o w  i n  one and then t he  o t h e r  channel.  I f  e i t h e r  
analogy i s  t o  h o l d  i t  i s  f i r s t  o f  a l l  impor tant  t o  analyze the  phys ics  i n  
the sha l low water  exper iment i n  o rde r  t h a t  a reasonable comparison w i t h  t h e  
g a l a c t i c  j e t  problem can be made. 
3 .  ANALYSIS 
The a n a l y s i s  o f  t he  i n s t a b i l i t y  i n  the  wate r  channel can be broken down 
i n t o  two modes. I n  t he  f i r s t  approach a.) the  o u t e r  r i g i d  w a l l s  a r e  t aken  
i n t o  account g i v i n g  r i s e  t o  boundary c o n d i t i o n s  on the  spanwise v e l o c i t y  a t  
f i n i t e  d is tances  f rom the  cen te r  l i n e  o f  t he  i nne r  channel. The f l e x i b l e  
w a l l s  o r  membrane sepa ra t i ng  the  j e t  f rom the  ambient f l o w  has no p r o p e r t i e s  
i n  t h i s  p a r t  o f  the  a n a l y s i s .  I n  the  second approach however, b.)  t h e  mem- 
brane i s  g iven  a t ens ion  and a mass per  u n i t  area bu t  the  o u t e r  r i g i d  w a l l  and 
the cen te r  l i n e  o f  the  channel a r e  removed t o  i n f i n i t y .  F ig .3 .a .  and b.  a r e  
the respec t i ve  coo rd ina te  systems f o r  t he  two approaches. The d isp lacement  
of  the  membrane f rom i t s  i n i t i a l  p o s i t i o n  w i l l  be denoted by . The a n a l y -  
s i s  was s p l i t  i n t o  these two l i m i t s  so t h a t  i t  might  be made t r a c t a b l e .  The 
case a,) i s  c l e a r l y  impor tant  i n  the  long wavelength l i m i t  s i n c e  t he  o u t e r  
w a l l  i s  w i t h i n  t he  l eng th  sca le  o f  the d is tu rbance .  Case b.)  cor responds t o  
the sho r t  wavelength l i m i t  when tens ion  becomes impor tant  and t h e  o u t e r  w a l l s  
o r  cen te r  l i n e  a r e  f a r  ou t  o f  t he  l eng th  sca le  o f  t he  d is tu rbance .  
a.) Outer Walls 
The standard l i n e a r  pe r tu rba t i on  theory can be app l i ed  t o  the two- 
dimensional shallow water equations ( I ) ,  (2) and ( 3 ) .  The unperturbed s t a t e  
i s  taken t o  be simple channel f low:  
11, = constant 
x- d i r e c t i o n  v e l o c i t y  
U, = constant 
U t = 4 = 0  y-  d i r e c t i o n  v e l o c i t y  
hlc has: h = constant.  
We have ignored the change i n  U and h along the s t r e a m i  se d i r e c t  i on  s ince  
i t  adds o n l y  complexity t o  the ana lys is  and hides the important physics o f  
the phenomena. A l l  o f  the per tu rba t ions  have the form 
ikr  t iwt 
Sh, = 6h,cy)e  
The l i n e a r i z e d  equations are  
i ( w + u j k l d h j  + h n d v j  + L k h d u j  S O  (4) 
i,1d+u;k)6uj + i k 3  & h i  = o  (5) 
l ( w + ~ ~ k ) J ~ ;  + ~ D s h ' ,  = O  ( 6 )  
where 3 = 1,2 a n d D =  d/dy. Taking ( w + u j 4 )  t imes (4) and us ing  (5) g ives  
an equat ion r e l a t i n g  d h j a n d  D b ~ i .  This equat ion can be used i n  (6) t o  ob- 
t a i n  the d ispers ion  r e l a t i o n  
- 
The general so lu t ions  a re  
6 t ~ j  c y )  Aekrniy .+ Q e-'mi 9 
, ( o u i k )  j=  I,Z dh; (9) r -1 ( ~ e ' 3 r ~ -  pp"a) (9) 3 km; 
The appropr iate boundary cond i t ions  i n  t h i s  approach are  
The l i n e a r i z e d  matching cond i t ions  are :  ( i )  t ha t  the i n t e r f a c e  moves w i t h  the  
f l u i d  
- =  DT a t?  + u ; a , ~  = IV; y.p. 
Dt (11) 
i+tw+LIwt 
where = roe i s  the equat ion f o r  the i n te r face ,  and ( i  i) t h a t  there  
i s  pressure c o n t i n u i t y  across the i n t e r f a c e  
Combining these cond i t ions  w i t h  the four  so lu t i ons  (a) r e s u l t s  i n  the 
f o l l o w i n g  c h a r a c t e r i s t i c  equa t ion  
( W  + ~ , k ) ~  = t a ~ h  m,hg 
(W tuIk)' mz tan h r n l k ( l - l )  ' 
I f  9 ~ + ~ ( i n c o m p r e s s i b l e  1 i m i t )  and t he  cen te r  l i n e  a long  w i t h  t h e  o u t e r  
w a l l  a re  moved t o  i n f i n i t y  (13) becomes 
These a re  t he  c l a s s i c a l  K e l v i  n-Helmhol t z  waves w i t h  9 = 0 ( ~ h a n d r a s e k h a r ,  
1961). On t he  o t h e r  hand i f  U 1 + U r F u a n d  2- L ,  which represen ts  a  
s i n g l e  l a r g e  channel, (13) demands m L = O o r  
which a r e  sha l low water  waves. These l i m i t s  imply  t h a t  t h e  t r u e  s o l u t i o n  
w i l l  c o n s i s t  o f  Ke lv in-Helmhol tz  waves mod i f i ed  by sha l low wa te r  e f f e c t s  and 
v i c e  versa.  
The f o l l o w i n g  nond imens iona l i za t ion  w i l l  be used: 
40: ? A = - -  x 1 i=j = xi . 
+ 9h L J-F (14) 
I n  keeping w i t h  the  method o f  approach a.)  t he  long wavelength l i m i t  o f  (13) 
need o n l y  be considered. Le t  ?Q be smal l  enough so t h a t  each o f  t he  tanh 
can be expanded t o  f i r s t  o rde r  and, w i t h o u t  l a c k  o f  genera l  i t y ,  t ake  \'=,=a 
(13) then becomes a q u a r t i c  
94 + 2 ~ y 3 +  ( ~ ~ - 1 ) c p ~ -  ~ F ( I -  n) cp - P'(1-fl)= 0 (15) 
which c l e a r l y  i n d i c a t e s  t h a t  t he  waves a r e  non- d ispers ive .  I t  should  be no ted  
t h a t  i f  the  a n a l y s i s  began w i t h  t he  one-dimensional f l o w  equa t ions  i . e . ,  
u~ 
= Jot  -. 0 and 
(3 ) -+  a , ( h ~ ) ~ & ( ~ x h ~ ) = O  
the po lynomia l  (15) r e s u l t s  a f t e r  a  l i n e a r  p e r t u r b a t i o n .  Th i s  shows t h a t  
the long wavelength l i m i t  i s  e q u i v a l e n t  t o  one-dimensional  f l o w .  By u s i n g  
Descartes r u l e  and theorems on t he  d i s c r i m i n a n t  o f  a  q u a r t i c  ( ~ i c k s o n ,  1922) 
the r eg ion  o f  s t a b i l i t y  can be deduced and i s  shown i n  F ig .4 .  For compress i-  
b l e  f l o w  w i t hou t  w a l l s  the  c r i t i c a l  Mach number f o r  s t a b l e  f l o w  i s  81 /2  
(Gerwin, 1968), whi l e  the  presence o f  the  o u t e r  w a l l s  a c t s  1 i k e  a  s t a b i  1 i z -  
i n g  f a c t o r  f o r  l ong  wavelengths reduc ing  t h e  c r i t i c a l  Froude number t o  2.  
F igure  5 shows some o f  t he  s o l u t i o n s  t o  (15) f o r  a  f i x e d  S. . The de- 
s t a b i l i z i n g  p a r t  o f  t he  f requency 1t-n ( w / W ) i s  a l ong  t he  o r d i n a t e  and 
the r e l a t i v e  Froude number = F,- F,along the  absc issa.  The s l o p e  o f  t h e  
- 
curve increases as P does un t  i 1 F r" 1,2 , a f t e r  which i t  r a p i d l y  decreases 
t o  ze ro  as $ moves toward t he  s t a b i  1 i t y  r eg ion  o f  F ig .4 .  These s o l u t i o n s  
i n d i c a t e  t h a t  the  wavenumber o f  maximum growth r a t e  i s  i n f i n i t e  which i s  be-  
yond t he  reg ion  o f  v a l  i d i  t y  i n  t h i s  approach. I n  case b . )  t h e  a n a l y s i s  f o r  
l a r g e r  & i s  developed and a match ing o f  t he  two s o l u t i o n s  shou ld  p i c k  o u t  
an op t ima l  -k . 
b. Tension and Mass 
We now cons ider  t h e  coo rd i na te  system o f  Fig.3.b.  and a l l o w  f o r  a  
t ens i on  T  and a  mass pe r  u n i t  area ,U i n  t h e  membrane. The f i r s t  o r d e r  p e r -  
t u r b a t i o n  t heo ry  leads t o  the same d i spe rs i on  r e l a t i o n  as above ( I  ) ,  how- 
ever  i n  t h i s  case t h e r e  a re  d i f f e r e n t  boundary and matching c o n d i t i o n s .  The 
former a re  g i ven  by 
The matching o f  the  spanwise v e l o c i t y  6~ a t  t he  i n t e r f a c e  i s  s t i l l  g i ven  
by  (11) b u t  t h e  d i f f e r e n c e  i n  the  pressure p e r t u r b a t i o n  i s  now g i v e n  by 
Th i s  means t h a t  t he  a c c e l e r a t i o n  o f  a  u n i t  area o f  t he  membrane i s  g i ven  by 
t h e  p ressure  jump (63 - 69,) across the  i n t e r f a c e  and t he  t e n s i o n  due t o  
t he  cu r va tu re .  Th is  equa t ion  reduces t o  
Using t he  above c o n d i t i o n s  and t he  s o l u t i o n s  ( 9 )  the  c h a r a c t e r i s t i c  equa- 
t i o n  can be w r i t t e n  i n  nondimensional form as 
where ? i s  t h e  r e l a t i v e  Froude number 6 - Fz- Th i s  equa t i on  i s  a  t w e l f t h  
o rde r  po lynomia l  v a l i d  f o r  a l l  va lues o f  p, and k . We cons ide r  
t he  f o l l o w i n g  o r d e r i n g  
F N 0 ( 6 )  , q W  m e Z )  
which ho lds  f o r  the  case 4 1 and la rge .  Th is  parameter range i s  o f  
i n t e r e s t  s i nce  a l l  o f  t he  f lows i n  t he  exper iment have a  r e l a t i v e  Froude 
number < 1 .  Upon expanding (16) and keeping terms t o  o r d e r  C t h e  r e s u l t -  
i n g  equa t ion  i s  a  q u a d r a t i c  i n  whose s o l u t i o n  i s  
where f l : f i / y a n d  ~ / 9 9 ' h  . Th i s  s o l u t i o n  shows t h a t  t h e  mass and r e l a t i v e  
Froude number a re  d e s t a b i l i z i n g  w h i l e  t he  t ens ion  i s  always s t a b i l i z i n g .  The 
reg ion  o f  i n s t a b i l i t y  v a r i e s  f o r  d i f f e r e n t  va lues o f  k ,  M , T , F and g h  so no 
s imple r e l a t i o n  ho lds  as i n  F ig .4 .  Some s o l u t i o n s  o f  t he  q u a d r a t i c  a r e  shown 
i n  F ig .6 .  The general  f e a t u r e  o f  t he  s o l u t i o n  i s  t he  s t r o n g  d e s t a b i l i z i n g  
e f f e c t  o f  t he  r e l a t i v e  Froude number compared t o  changes by s i m i l a r  f a c t o r s  
i n  f l  and T . Ana l ys i s  o f  t he  s o l u t i o n s  i n  t h e  case F 7 1 , f o r  wh ich  (16) 
reduces t o  a  complex quadra t  i c  when i s  smal l  ( 4 l a r g e )  , show t h e  same 
general  t r end  as the  curves i n  F ig .6  - as F increases so does t h e  r e g i o n  
o f  i n s t a b i l i t y .  
c.  Comparison w i t h  Experiment 
Before d i scuss ing  t he  a n a l y s i s  and the  exper imenta l  r e s u l t s  some ment ion 
@ o f  t he  method o f  measuring the  r e l a t i v e  Froude number and t h e  t e n s i o n  shou ld  
be made. The mass f l o w  r a t e  Q i n  each channel cou ld  be determined by measur- 
i n g  t h e  amount o f  t ime  needed t o  f i l l  t h e  l a r g e  vessel  o f  f i x e d  volume V .  I f  
h i s  t h e  dep th  o f  t he  f l u i d  averaged over  t h e  channel and R i s  a  t y p i c a l  
w id th ,  Q / g h ~ G i s  t h e  Froude number f o r  t h e  channel. The problem i s  t h a t  
t he  i d e a l  mathematical  s t a t e  can never be r e a l i z e d  s i nce  t he  system i s  sus-  
c e p t i b l e  t o  i n f i n i t e s i m a l  p e r t u r b a t i o n s .  The measured v e l o c i t y  was t he re-  
f o r e  o n l y  an average i n  t ime and space d u r i n g  the  o s c i l l a t i o n s .  The t e n s i o n  
i n  t h e  f l e x i b l e  membrane was found by f i x i n g  one end and s t r e t c h i n g  t h e  o t h e r  
end which was a t tached  t o  a  gram sca le .  A  p l o t  o f  t h e  gram s c a l e  r ead ing  v e r -  
sus t h e  d isp lacement  g i ves  a  s t r a i g h t  l i n e  whose s lope  i s  t h e  t ens ion .  T y p i -  
c a l  va lues ranged f rom 30 t o  40 
The crosses i n  F ig .7  show some t y p i c a l  r e s u l t s  which a r e  f u l l y  de- 
sc r i bed  i n  Table  1 (va lues i n  cgs u n i t s ) .  
Table 1. 
n. 
--. 
- 
F 
- 
T 
- 
k 
- 
As an example o f  the  matching process c o ~ s i d e r  p o i n t  B. On F ig .7  we 
1 ) have added t he  l i n e  f rom Fig .5  f o r  Jlz.2 and F =  . 3  and t he  cu rve  f rom 
~ i g . 6  f o r  M = .01, 'Y s .01, = .3. By j o i n i n g  t he  two curves we f i n d  
the  p r e d i c t e d  wavenumber f o r  maximum growth d i f f e r s  f rom the  observed v a l u e  
by a  f a c t o r  - 4 and t h e  p r e d i c t e d  o s c i l l a t i o n  f requency i s  o f f  b y- 2 .  
These a r e  t y p i c a l  r e s u l t s .  The crudeness o f  the  theory  by v i r t u e  o f  t he  ap-  
prox imat ions  and t he  u n c e r t a i n t y  o f  the  exper imenta l  measurements, such as 
the v e l o c i t y  and the  w i d t h  1 , might  be t he  cause o f  t he  d i f f e r e n c e  be- 
tween t heo ry  and obse rva t i on .  A l so  t he  f i n i t e  l e n g t h  o f  t h e  system shou ld  
have some e f f e c t  on t he  p r e f e r r e d  wavelength,  bu t  no t  a  dominant one s i n c e  
the system's  l eng th  was no t  an i n t e g r a l  m u l t i p l e  o f  t he  observed wavelengths.  
Non l inear  e f f e c t s  might  a l s o  p l a y  a  r o l e  i n  a l t e r i n g  t he  r e s u l t s  o f  
l i n e a r  theory ,  so a  n o n l i n e a r  a n a l y s i s  was done by moving i n t o  t he  frame o f  
the wave d i s t u rbance  moving w i t h  speed W / R  . However, because t he  expan- 
s i on  s t a r t s  f rom one o f  the  edges o f  F ig .4  i t  was found t h a t  many o r d e r s  i n  
the  p e r t u r b a t i o n  a n a l y s i s  would be needed t o  reach t he  r e g i o n  o f  i n t e r e s t  
which l i e s  i n  the  cen te r  o f  F ig .4 .  The n o n l i n e a r  problem i s  a l s o  r e l e v a n t  
f o r  d e s c r i b i n g  how the  e x t e r i o r  w a l l s  e n t e r  t o  l i m i t  t h e  growth o f  t he  p e r -  
t u r b a t i o n ,  so another  a t tempt  w i t h  a  d i f f e r e n t  approach migh t  be f r u i t f u l .  
F i n a l l y  cons ider  the  obse rva t i on  mentioned a t  t he  end o f  s e c t i o n  2 i n  
which the  f requency and wavelength o f  the  o s c i l l a t i o n  decreased when t h e  ex-  
t e r i o r  channels were p a r t i a l l y  b locked.  Besides decreas ing  t he  f l o w  v e l o c i t y  
i n  the  e x t e r i o r  channels t o  almost n i l  t he  b l o c k i n g  a l s o  r a i s e d  t he  h e i g h t  o f  
the water  by M 4/3.  Th i s  f o r ced  the  l e v e l  o f  the  water  i n  the  c e n t r a l  chan- 
ne l  t o  increase and subsequent ly  lowered t he  f l o w  r a t e ,  because t he  d i scha rge  
from a l l  the sources remained f i x e d .  The combined e f f e c t  o f  s l ow ing  t h e  f l o w  
I and r a i s i n g  the  water  l e v e l  reduced the  r e l a t i v e  Froude number by -1 /2  w h i l e  
a l t e r i n g  'I"= 7/9h by o n l y  3/4. Th i s  can be t r a n s l a t e d  i n t o  a  s h i f t  o f  t h e  
matching curve i n  Fig.7 t o  the l e f t  and a decrease i n  i t s  maximum. The 
wavelength w i t h  maximum growth r a t e  and the value o f  t h i s  r a t e  ( w / W ) w i  1 1 
thereby be smal ler .  The ana lys is  o f  the observat ion and o thers  l i k e  i t  adds 
support t o  the correctness o f  the general method o f  ana lys i s  a l though some 
d e t a i l s  need t o  be improved. 
4 .  CONCLUSION 
From the observat ions and ana lys is  o f  the shal low water channel i n -  
s t a b i l i t y  what can be sa id  about the p o s s i b i l i t y  o f  an o s c i l l a t i n g  'Twin- 
Exhaust' model f o r  double r a d i o  sources? C lea r l y  no th ing  q u a n t i t a t i v e  s ince  
any correspondee would have t o  consider the  bas ic  phys ica l  d i f f e r e n c e s  be- 
tween the two models: a.) I n  the shal low water experiment the  f l u i d  d e n s i t y  
i n  both the  j e t  channel and the ambient f low was the same which imp l i es  the  
same "sound s p e e d 1 ' G .  For the  galaxy however the j e t  f l ow  may be h i g h l y  
r e l a t i v i s t i c  w h i l e  the background gas i s  much denser and has a smal le r  speed 
o f  sound. b.) The r o l e  o f  the tension and mass does no t  c a r r y  over  d i r e c t l y  
t o  the g a l a c t i c  problem, a l though there may be physical  mechanisms i n  the 
l a t t e r  case which p lay  s i m i l a r  ro les  such as tha t  o f  the tens ion  i n  s t re t ched  
magnetic f i e l d  1 ines which run along the j e t ' s  surface. c.) F i n a l l y  the ex- 
t e r i o r  r i g i d  wa l l s  which were seen t o  p lay  an important p a r t  i n  t he  long 
wavelength s t a b i l i t y  problem a re  un rea l i zab le  i n  the galaxy. Again i t  might  
be poss ib le  tha t  a corresponding mechanism such as conduct ive hea t i ng  o f  the  
ambient gas, e s p e c i a l l y  a t  the bulges o f  the unstable j e t  where the  exposed 
area i s  la rge ,  may serve t o  increase the ex terna l  pressure and thus a c t  l i k e  
a w a l l .  However these analogies are t o t a l l y  specu la t ive  and more d e t a i l e d  
ana lys is  would have t o  be considered before any analogy could be c a r r i e d  over  
d i r e c t l y .  
On the o ther  hand, q u a l i t a t i v e l y  one may now suspect t h a t  a type o f  
Kelvin-Helmholtz i n s t a b i l i t y  could lead t o  the "beady" appearance o f  M87's 
j e t  o r  even t o  a p e r i o d i c  o s c i l l a t i o n .  R e l a t i v i s t i c  Kelvin-Helmholtz i n -  
s tab i  1 i t i e s  have been discussed i n  the 1 i t e r a t u r e  ( ~ u r l  and and Scheuer 1976, 
Blandford and P r i  ng le  1976) bu t  no t  w i t h  the rami f i ca t  ions considered here. 
Due t o  the symmetry o f  the problem a r i g i d  wa l l  can replace the c e n t e r - l i n e  
o f  the cen t ra l  channel and the l e f t  h a l f  swung over t o  meet the r i g h t .  Th is  
con f i gu ra t i on  i s  shown i n  F ig.8 and i s  the same as a doub le- d i f f use r  but  ex- 
pe r imen ta l l y  eas ie r  s ince i d e n t i c a l  f lows i n  the l e f t  and r i g h t  d i r e c t i o n s  
f o r  each channel a re  no longer demanded. Photographs 5 and 6 show s t rong 
o s c i l l a t i o n s  on both sides o f  the center  w a l l .  Because each s t r i p  o f  mylar  
has s l i g h t l y  d i f f e r e n t  physical  p rope r t i es  i t  was impossible t o  ge t  the same 
response on both s ides.  However i t  i s  poss ib le  t o  see t h a t  whenever the chan- 
nel f low i s  cu t  o f f  on one s ide  due t o  the co l lapse o f  the membrane aga ins t  
the center  wa l l  the opposi te channel i s  forced t o  expand. The r e s u l t  i s  an 
o s c i l l a t i n g  system whose frequency i s  dependent upon the phase speed o f  the  
pressure wave which t r a v e l s  back from one channel t o  the c e n t r a l  c a v i t y  and 
out  through the opposi te channel. 
One f i n a l  comment a long more general l i n e s  o f  i n t e r e s t  has been sug- 
gested by D r .  W. Malkus. There are  many types o f  w a l l s  o r  membranes i n  na- 
ture .  Some o f  them are  r i g i d  (as were the e x t e r i o r  w a l l s  i n  the  experiment) 
and others invo lve  a process. I n  the  l a t t e r  category one can i nc lude  the 
wa l l s  o f  the g a l a c t i c  j e t  and those o f  the cen t ra l  water channel. The former 
i s  a conduction f r o n t  wh i l e  the  l a t t e r  has been described by tens ion  and mass. 
• Th i s  research has at tempted t o  look a t  p o s s i b l e  ana log ies  between these two 
types o f  w a l l s  i n  the  case o f  a j e t  f l o w  through an ambient medium. O f  cou rse  
the  s tudy here  i s  incomplete and p o i n t s  o u t  many more problems than s o l u t i o n s  
regard ing  t h e  na tu re  o f  i n t e r f a c e s .  But the  fundamental idea has been t h a t  
some general  p r i n c i p l e s  o f  these types o f  i n t e r f a c e s  e x i s t  and q u a l i t a t i v e  
r e s u l t s  de r i ved  f rom the  s tudy o f  one type o f  membrane .imply phenomena f o r  
the  o t h e r  type.  
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THE INITIAL VALUE PROBLEM FOR AN INFINITE SHEAR LAYER WITH A 
DISCONTINUOUS DENSITY PROFILE 
L. ~ z k a n  Gustavsson 
1 .  I n t roduc t i on  
I n  an experiment, where there  was a  tu rbu len t  f l o w  o f  s a l t y  water 
under a  l aye r  of  f r esh  water, Lo fqu i s t  (1963) no t ices  the appearance o f  
wave pa t te rns  on the i n t e r f a c e  between the two layers o f  f l u i d .  The waves 
were on l y  present f o r  a  c e r t a i n  range o f  f l o w  ra tes  o f  the s a l t y  water :  f o r  
small f l ow  ra tes  the i n te r face  showed no d e f i n i t e  s t r u c t u r e ,  and f o r  very  
la rge  f l ow  ra tes  the dye, used t o  de tec t  the wave pa t te rn ,  q u i c k l y  d i s -  
persed. Between these two extremes, there was a  range o f  f l ow  ra tes  a t  
which waves were c l e a r l y  v i s i b l e  on the i n te r face .  The waves were always 
three-dimensional and they formed a  p a t t e r n  o f  oppos i te l y  o r i en ted  arcs,  
one going upstream and the o the r  going downstream. The upstream arcs were 
found t o  be s l i g h t l y  above the downstream arcs and L o f q u i s t  proposed t h a t  
the two observed modes were associated w i t h  d is turbances i n  r e s p e c t i v e l y  
the upper and lower boundaries t o  the region o f  dens i t y  change. L o f t q u i s t  
a l so  suggested t h a t  the  concentrat ion o f  dye, which marked the arcs  and 
which decreased a t  the ends, ind ica ted  t h a t  the v o r t i c i t y  was l a r g e r  a long 
the c res ts .  
I n  s tudy ing  the wave behavior o f  the f low c o n f i g u r a t i o n  i n  expe r i -  
ments such as L o f q u i s t ' s ,  the Kelvin-Helmholtz model i s  u s u a l l y  adopted. 
Without sur face tension,  t h i s  model shows t h a t  small enough wave d i s t u r -  
bances are  always unstable. The i n s t a b i l i t y  w i l l  cause t y p i c a l  eddies t o  
be formed a t  the i n t e r f a c e .  Breakdown o f  the eddy s t r u c t u r e  w i t h  accom- 
panying tu rbu len t  mix ing  w i l l  c rea te  f i n i t e  gradients i n  the v e l o c i t y  and 
the dens i t y  f i e l d s  f u r t h e r  downstream, a  c o n f i g u r a t i o n  more s t a b l e  than t h e  
o r i g i n a l  one. I t  i s  there fore  i n s t r u c t i v e  t o  consider waves which are  neu- 
t r a l  l y  s tab le .  
I n  the model analyzed below, the waves are considered t o  be generated 
by disturbances introduced i n  an i n f i n i t e  shear l aye r ,  w i t h  a  constant  shear, 
i n  which the dens i ty  o f  the f l u i d  i s  discont inuous a t  z  = 0. 
I n  order  t o  descr ibe completely an a r b i t r a r y  i n i t i a l  d is tu rbance i n  
the v e l o c i t y  f i e l d ,  i t  i s  no t  s u f f i c i e n t  t o  consider o n l y  waves, however. I n  
a d d i t i o n  t o  the waves, there i s  a l s o  a  convect ive type o f  s o l u t i o n  t o  the 
i n i t i a l  value problem, which has q u i t e  d i f f e r e n t  p r o p e r t i e s  from the  waves. 
One o f  these i s  the spreading i n  space; the waves spread i n  the cross-stream 
d i r e c t i o n  as we l l  as i n  the s t rearw ise  d i r e c t i o n ,  whereas the convected so lu-  
t i o n  i s  always conf ined w i t h i n  the same spanwise dimensions, and i s  sheared 
as i t  t r a v e l s  downstream. 
Another d i f f e r e n c e  i s  the behavior a t  l a rge  times. B a s i c a l l y ,  due t o  
t h e i r  spanwise spreading, the waves, i f  n e u t r a l l y  s tab le ,  w i l l  decay f a s t e r  
than the convected p a r t  o f  the s o l u t i o n ,  which w i l l  show d i f f e r e n t  t ime beha- 
v i o r  f o r  i t s  d i f f e - r e n t  v e l o c i t y  components, however. 
To b r i n g  ou t  the e f f e c t  o f  dens i ty  d i s c o n t i n u i t y ,  a  comparison w i t h  the 
I i n i t i a l  value problem f o r  an i n f i n i t e  shear layer  w i t h  constant  d e n s i t y  i s  
a1 so made. 
2. I n i t i a l  va lue  ~ r o b l e m  
The f l o w  c o n f i g u r a t i o n  o f  Fig.1 i s  considered. The p e r t u r b a t i o n s  o f  
the  v e l o c i t y  components a t  t = 0 a r e  s p e c i f i e d  and t h e i r  subsequent behav io r  
i s  s tud ied .  The s i g n i f i c a n c e  o f  t h ree- d imens iona l i t y ,  e s p e c i a l l y  i n  connec- 
t i o n  w i t h  t h e  t reatment  o f  the  waves t h a t  a r e  generated, w i l l  be brought  o u t .  
F ig .  1 
The mean-flow i s  g iven  b y U = o ! z ,  where 2 extends t o +  oo and t h e  mean den- 
s i t y  i s  9 =?, f o r  Z > 0 and 3 = 3, f o r  Z < 0 . y, and 9, a r e  cons tan ts  and 
chosen such t h a t  9,  73, . The f l u i d  i s  i n v i s c i d ,  incompress ib le  and t h e  
d is tu rbances  a re  smal l  compared t o  t he  mean q u a n t i t i e s .  
Equat ions: 
T(a ,+  ( Z . V ) Z )  = - v p + s g  (1 a-c) 
Consider p e r t u r b a t i o n s  (LL,v,#!! p , 9 around a mean s t a t e  
- ( u ) o o ) ,  9 . L i n e a r i z a t i o n  o f  Eqs . ( l )  - (31, w i t h  s u b t r a c t i o n  
o f  the mean p a r t s  leads t o  the f o l l o w i n g  s e t  o f  equa t ions :  
d 
'" denotes -d ?  
The pressure,  p, i s  e l i m i n a t e d  by f i r s t  fo rming  the d ivergence o f  t he  com- 
ponent equat ions (4)  - (6),  u s i n g  c o n t i n u i t y ,  and then (6) i s  used t o  g i v e  
a r e l a t i o n  between 3 and w .  F i n a l l y ,  e l i m i n a t i o n  o f 9  v i a  (8)  g i ves  
the  f o l l o w i n g  equat ion  f o r  W : 
a" d 5 
where q'.-+ -+z  ;OH+, D a a a' m d  - + v -  a,. a *  31" a a ~t at- a r 
Condit ions a t  the dens i ty  i n te r face :  
w and p continuous 
By i n t e g r a t i n g  (9) over the dens i ty  d i s c o n t i n u i t y ,  the pressure c o n d i t i o n  
i s  found t o  be equ iva len t  t o  
T 
continuous a t  z = 0  
C o n d i t i o n a t  z = f  cu N + O  (12) 
Equation (9) i s  e a s i l y  solved i n  the two regions 3 4 0 and Z > 0 ,  separate ly ,  
and w i t h  the  Four ie r  t ransform i n  x and t def ined as 
i t  i s  found t h a t  
E 
and K%=K;+ K: 
To o b t a i n  (1 3 )  and (14) the cond i t i ons  a t  + oo have been used. The 'con- 
s t a n t s '  o f  i n teg ra t i on ,  B and C,  a re  func t ions  o f  t ime and they a re  de ter-  
mined by a p p l i c a t i o n  o f  the f o l l o w i n g  cond i t i ons  a t  z = 0: 
/r A 
W <  = w> (1 02) ' 
By e l i m i n a t i n g  B,  the equat ion f o r  C becomes o f  second order  i n  t ime and 
by spec i f y i ng  the two i n i t i a l  cond i t i ons :  
and 
C and thereby a l so  B a re  found. I n s e r t i n g  these ~ a l u e s  i n t o  (13) and (14) 
we ob ta in  f i n a l l y  the {allowing expressions f o r  W i n  the two regions 
, < o(&,) and 9 7 oCw,):  
and 
40 
.A 
. e h l \ ~ ; $ J -  i[ . .Ir &J e-" l jd7 \  *Wn, n w,. eKz E I A 2-A I 
0 
where i n  Eq.  (16) i s  the  same as the  term w i t h i n  t he  square 
b racke t  i n  Eq. (1 5 )  and where 
A 
W,, i s  the s o l u t i o n  t o  the  i n i t i a l  va lue  problem f o r  t he  case o f  cons tan t  
d e n s i t y  throughout the  f l u i d .  I t  i s  found t h a t  
4 -"{e"q; dl 
wns =-L -- eKZ Ie-~lf d p  2 I< 1 K  
-00 Z 
* 
The terms i n  ii/ a re  o f  e s s e n t i a l l y  two types: wave terms represented by 
e21t and e2i' and convec t i ve  terms represented b y G ' n j  and a l s o  by some 
o f  the  i n t e g r a l  terms, dependent on theAvalue o i  P . L e t  us now cons ide r  
the behavior  o f  the  d i f f e r e n t  terms i n  W< and w> when t becomes l a r g e .  
The wave terms a re  t r e a t e d  i n  s e c t i o n  3 and the  convec t i ve  p a r t  i n  s e c t i o n  4. 
3. Asymptotic wave behavior 
The s o l u t i o n  f o r  & contains wave terms o f  the type ehttand eRzt. 
When i n v e r t i n g  these Four ie r  transforms t o  o b t a i n  vV , o n l y  the asymptot ic  
form, f o r  l a rge  times, w i l l  be considered. We a re  l e f t  w i t h  t h e  f o l l o w i n g  
two types o f  i n t e g r a l s :  
@ 
i ( ~ , x + l < y ~ )  a t  
e ' dn,dx,  ode 1) 
where x, and h ,  are def ined i n  connect ion w i t h  (15) and (16) .  For l a r g e  
t the method o f  s t a t i o n a r y  phase may be used t o  g ive  an es t imate  o f  7, , 
and Iz . For b r e v i t y ,  consider j u s t  the behavior of  I, . The r e s u l t  f o r  
I, i s  obta ined i n  the same manner and i s  g iven below. 
Def ine the phase: e = i ~ , + & J f  - K r V ( t ) +  K btv)  keeping x/& and LJ//~ f i x e d ,  
the s t a t i o n a r y  po in t s  are ~ o u l d  as the so \u t i on  t o  the equat ion 
D i f f e r e n t i a t i n g ,  in t roduc ing  po lar  coord inates ( K , P )  in(^^,^ ) space we f i n d  
the f o l l o w i n g  equat ions: 2 
A 9. 6% d.. - 
r P, 
Equations (18) and (19) descr ibe a mapping from (l<,Q?)to (Y ,q )and  
i t  i s  convenient t o  parameterize t h i s  mapping t o  ob ta in  a r e l a t i o n  between 
j and 7 w i t h  e i t h e r  I< o r  lp as a parameter. I t  i s  found t h a t  e l  imina- 
t i o n  o f  k i s  possib le,  which gives the f o l l o w i n g  r e l a t i o n s h i p  between , 1 and Q : 
where I== 4 - 6  m a q  
and A = $ .  
Equation (20) i s  the same f o r  both mode 1 and mode 8 and g ives con-ical sec- 
t i ons  which have d i f f e r e n t  form as 9 va r ies .  From (20) i t  fo l l ows  t h a t  a 
n a t u r a l  v e l o c i t y  sca le  f o r  5 and ? i s  A ; $ 2  3. Thus an inc rease  i n  
the  shear g i v e s  lower group v e l o c i t i e s  as w e l l  as sho r te r  l e n g t h  sca les ,  
t he  l eng th  sca le  be ing  b/a2, which means t h a t  t he  d i s tance  between wave 
c r e s t s  becomes sho r te r .  Ins tead o f  p l o t t i n g  (20) f o r  d i f f e r e n t  
i s  a  cons tan t .  
i t  i s  more i n s t r u c t i v e  t o  c a l c u l a t e  the  form o f  t he  l i n e s  where 
Form o f  wave c r e s t s  
On a  wave c r e s t ,  0 i s  a  cons tan t  ( f o r  a  g iven  t )  and t h e  r e l a t i o n  be- 
tween 3 and 7 on t he  c r e s t  i s  found i n  t he  f o l l o w i n g  way: The express ions  
f o r  1 and 7 , given by (18) and (19) a r e  i nse r ted  i n t o  the  express ion  f o r  
2  
€3. I n  nondimensional form, where the  l eng th  sca le  i s  b/a , i t  f o l l o w s  
t h a t  
From (21 ) , K' can be s o l  ved and hence g i v e  K* and v* as a  f u n c t  i o n  o f  19" 
and Q> . 
Now (18) and ( 1 9 ) * b  g ives  
1 B,+ Y * ~  'P = - ~ I ~ ~ V ~ M ) ~ ( P  (22) 
Equat ions (20) and (22) g i v e  two r e l a t i o n s h i p s  between g, and 7, , 
and e l i m i n a t i o n  o f  5 f i n a l l y  leads t o  
3 
ttms I - K ~  ?*= -z- I-&J+ (23) 
For mode 2  t he  corresponding express ions a r e  found t o  be 
The wave p a t t e r n  ob ta ined  from (22)- (25)  i s  symmetric about t he  - a x i s .  r. From (21) i t  i s  seen t h a t ,  i f  Q* > 0 so i s  c-03 (P and i t  i s  t h e r e  o r e  s u f f i -  
c i e n t  t o  cons ider  o n l y  8- 7 0 . The cons tan t  phase curves a r e  p l o t t e d  f o r  
d i f f e r e n t  values o f  8" i n  F igs.  2  and 3 .  
I n  F ig .2  the upper h a l f  p lane  ( 7  7 0 ) d e s c r i  bes mode 1 and ( q  ~ 0 ) d e -  
s c r  i bes mode 2. For W cp = 0 , the  two modes have the  same phase a t  t he  
same p o i n t .  The locus o f  t h i s  p o i n t  as 8" v a r i e s  i s  the dash-dot l i n e  i n  
the upper ha l f - p lane .  From Fig.2 i t  i s  a l s o  seen t h a t  mode 1 i s  never found 
f o r  f 7 0 . Mode 2, however, can appear f o r  $, 7 0 ,  b u t  t he  maximum 
group v e l o c i t y  i n  the  r, d i r e c t i o n  i s  , which i s  reached f o r  8*= L. 
For $*< 2 , the  wave c r e s t s  o f  mode 2  w i l l  be con f ined  i n s i d e  t he  r e g i o n  
g iven  by the  dash-dot curves.  
For e* > 2 , F ig .  3 shows some t y p i c a l  curves o f  cons tan t  phase and i t 
i s  noted t h a t  as a*-, - t h e  two modes w i l l  toge ther  form a  c i r c l e .  T h i s  
corresponds t o  sho r t  waves which a r e  b a s i c a l l y  g r a v i t a t i o n a l .  
To f o l l o w  the e v o l u t i o n  i n  space o f  a  wave c r e s t ,  we s t a r t  a t  t h e  o r i g i n ,  
Fig.2:  Curves of  constant  phase; e*-Lz 
Fig.3:  Curves o f  cons tan t  phase: 8 * 2 2  
* I (&= 0, 9, = 0 ) , w i t h  0 t a constant  as t increases, 8 has t o  decrease 
and we have t o  move o u t  f rom the  o r i g i n  i n  F ig .2  o r  3 .  As t h e  wave c r e s t s  
move o u t  f rom the o r i g i n  the  amp1 i tude decays and from t h e  s tandard argument 
o f  s t a t i o n a r y  phase i t  i s  found t h a t  the  ampl i tude o f  the  waves decreases as 
J/t , f o r  l a r g e  t , seen f rom a frame o f  re fe rence  moving w i t h  t he  waves. 
For an observer f i x e d  t o  an o u t e r  frame o f  re fe rence  t h e  decay i s I/tz 
The I/t decay may a1 so be ob ta ined  by no t  i c i  ng t h a t  the  decay i s due t o  d  i s- 
p e r s i v i t y  amd t h e r e f o r e  the  t o t a l  energy o f  t he  wave system i s  a  cons tan t .  
Since the area occupied by  the  waves grows l i k e  t a  i t  f o l l o w s  t h a t  
t 2x (amp l i t ude )2  = cons tan t ,  f rom which t he  I/tdependence f o l l o w s .  
4. A s v r n ~ t o t i c  behavoi r  o f  the  convected s o l u t i o n  
A 
S t a r t i n g  from t h e  end i n  ~ ~ . ( 1 5 )  we f i r s t  cons ider  W n 5 .  By p a r t i a l  
i n t e g r a t i o n  i n  Qns., g i ven  by ~ q .  ( 1 7 ) ,  i t  i s  found t h a t  t h e  i/t terms can- 
c e l  and ons goes 1 ~ k e  l/ts f o r  l a r g e  t imes. A p a r t i a l  i n t e g r a t i o n  o f  ( ~ 5 )  
shows t h a t  t h i s  term decays l i k e  I / t a  
O f  t he  remain ing terms, ( ~ 1 ) - ( T 4 )  may o r  may n o t  be convec t i ve  terms, 
depending on the  l o c a t  i o n  o f  the zeros t o  h, + i f l x *~ ( l t )and  hl-r i HF V l ~l * 
Denot ing t he  zeros by 11 and ya i t  i s  found t h a t  
and 
When z 4 0, becomes negat i ve  and TI wi 1 1  produce b o t h  an elat term 7 
and a Ulq)t ( * -)  dl term. (T3) wi 11 c rea te  o n l y  an ehft term due 
t o  t h e Od e l t a  f unc t i on  behavior  o f  the  in tegrand a t q , .  S inceQ, can be bo th  
nega t i ve  and p o s i t i v e ,  depending on the va lue o f  K ,  and K, , no d e f i n i t e  
statement about the  charac te r  o f  (TQ) o r  (Tq) can be made. Wi thout  making a 
more c a r e f u l  a n a l y s i s  we may con jec tu re  t h a t  (Tz)  and (Tq) g i v e  r i s e  t o  a  de- 
cay l y i n g  between t h a t  f o r  a  wave term and a p u r e l y  convec t i ve  term. 
As z > 0, the  same argument as above Fay be used t o  show t h a t  t h e  most 
impor tant  term i n  t h i s  case i s  o f  the  t y p e - b  e - L L x V ' ~ ' t  . . , dy. I t  may a l s o  
be v e r i f i e d  t h a t  as A P - 4 0 ,  (TI) and (Tz) w i l l  cancel (T3-). 
A 
The r e s u l t  o f  the  above a n a l y s i s  i s  thpUs: the  convec t i ve  p a r t s  o f  w, 
o as represented by terms o f  the  type e- ' " ' " .~ '~  
-& 
7 and 
. . . d q  decay as l / t  f o r  l a r g e  t .  Th is  i s  a  s lower  decay than 
what would be seen i f  t h e r e  were no s t r a t i f i c a t i o n  i n  t he  system. 
A 5 .  So lu t i on  f o r &  
A 
Having determined w , one may f i n d  the  streamwise p e r t u r b a t i o n  i n  
v e l o c i t y ,  AA , by s o l v i n g  
Even though i t  was found i n  s e c t i o n  I V  t h a t  the  s o l u t i o n  f o r  t h e  non- 
convec t i ve  , behaves l i k e  l / t 2  f o r  l a r g e  t, i t  i s  n o t  obv ious what 
k i n e  o f  t ime behavior  t he  corresponding & p e r t u r b a t i o n  wi 1 1  have. I n t e g r a t i o n  
o f  the equa t ion  f o r  g ives  
The fundamental proper ty  of,&,, i s  g iven by the appearance o f  the 
e i r c x v m *  term, which i s  hidden i n  the i n t e g r a l  terms bu t  can be brought o u t  
by cons ider ing  la rge  times o r  making i n teg ra t i ons  by pa r t s .  This  t r u e  con- 
vec t i ve  term depends both  on the x- and y-  behavior o f  the  i n i t i a l  d is tu rbance 
as i s  seen from the appearance o f  both l d ,  and k Y  . 
Phys i ca l l y ,  the convect ive term i s  i n t e r e s t i n g  because i t  shows t h a t  
the shear ac ts  l i k e  a  r e c t i f i e r  o i  the d i r e c t i o n  i n  which d is turbances w i l l  
occur. A g iven p e r t u r b a t i o t  i n  W w i l l  even tua l l y  decay whereas i t  creates  
a  non-decaying residue i n p  which i s  convected w i t h  the l oca l  mean v e l o c i t y .  
Therefore, the pe r tu rba t i on  w i l l  be f i r s t  no t i ced  where the  l o c a l  mean v e l o c i t y  
i s  high, and the accompanying s t r e t c h i n g  o f  the  d is turbance i n  the streamwise 
d i r e c t i o n  w i l l  c rea te  i n t e n s i f i e d  shear i n  the z - d i r e c t i o n .  I n  a  r e a l  s low 
s i t u a t i o n ,  however, the s t rength  o f  the shear must be l i m i t e d  by the a c t i o n  
o f ~ v i s c o s i t y .  For a d d i t i o n  t o  the term a r i s i n g  from a  term o f  the type / f i  , /;I..v (?It d y  w i l l  a l so  c rea te  a  convect ive type descr ibed above. Ty 
0 
i n t e g r a t i o n  o f  the equat ion f o r  a  term o f  the f o l l o w i n g  form i s  obta ined:  
which g ives the desi red term- i f  2 7 0 , but- f o r  ir 4 0  a l s o  produces a  
. . . d p - t e r m  propor t iona l  t o  i / t  f o r  la rge  t. 
0 
6. Summary and d iscussion 
When comparing the e f f e c t s  o f  an i n i t i a l  d is turbance in t roduced i n  an 
i n f i n i t e  shear layer  w i t h  and w i thou t  a  dens i t y  d i s c o n t i n u i t y ,  i t  has been 
found t h a t  s t r a t i f i c a t i o n  tends t o  make a  W-d is tu rbance  decay more s l o w l y  
than f o r  the case o f  no s t r a t i f i c a t i o n .  The dens i t y  v a r i a t i o n  considered 
here i s  however extreme and f o r  a  d i f f e r e n t  s t r a t i f i c a t i o n  the r e s u l t  would 
be d i f f e r e n t .  Case (1960) solved the two-dimensional i n i t i a l  va lue problem 
f o r  a  f l ow  w i t h  a  constant shear, supported below by a  r i g i d  w a l l ,  and w i t h  an 
exponent ia l l y  vary ing  dens i ty .  He found t h a t  the  asymptot ic  behavior ,  f o r  
la rge  times, o f  the non-wave p a r t  o f  the i n i t i a l  d is turbance i s  p r o p o r t i o n a l  
t o  1 / f i  f o r  T l/y and t o  t ( I /4  -- J ) "a - "3. i f  J 4 i / + ,  where 
q SP'Z 
i s  the Richardson number. A t y p i c a l  Richardson number f o r  the present  f l o w  
may be obta ined as the r a t i o  between r a v i t y  and i n e r t i a l  forces.  With b/a 
as the t y p i c a l  v e l o c i t y  scale and b/ag as the  length sca le  t h i s  r a t i o  con- 
sidered over the dens i t y  d i s c o n t i n u i t y  becomes equal t o  4. A d i r e c t  compari- 
I son, i n  terms o f  Richardson number, between the  present f l o w  and t h a t  o f  Case, 
may however be hard t o  ob ta in  and i t  i s  more l i k e l y  t h a t  the  t ime decay w i l l  
be some func t i ona l  o f  the dens i ty  d i s t r i b u t i o n .  
Whereas the w component o f  the v e l o c i t y  pe r tu rba t i on  has been found 
t o  decay more s lowly w i t h  s t r a t i f i c a t i o n ,  the bas ic  a c t i o n  o f  the shear t o  
produce convected per tu rbat ions  i n  the streamwise d i r e c t i o n  i s  n o t  changed. 
Besides making & c o r r e l a t e  over l a rge r  distances than vJ , the  convect ion 
can a l s o  make n o n l i n e a r i t i e s  become important.  The ana lys is  g iven above i s  
l i n e a r  which means t h a t  a l l  quadra t ic  terms tha t  conta in  on l y  p e r t u r b a t i o n  
q u a n t i t i e s ,  have been omit ted.  But due t o  the s t r e t c h i n g  i n  the streamwise 
d i r e c t i o n ,  the gradient  o f  ,U i n  the z - d i r e c t i o n  w i l l  c o n t i n u a l l y  increase so 
the non l inear  term i n  the equat ion f o r  the A-component may be important ,  
eventua l ly .  
The waves t h a t  a re  generated from an i n i t i a l  disturbance, w i l l  spread 
i n  the h o r i z o n t a l  plane, forming a  c h a r a c t e r i s t i c  wave p a t t e r n  which f o r  
small t imes i s  almost c i r c u l a r .  As t ime increases, the wave c r e s t s  o f  the  
forward-going mode are found t o  be conf ined between two curves o f  almost para-  
b o l i c  shape, one s t a r t i n g  a t  the o r i g i n  going i n  the negat ive x - d i r e c t i o n  
and the o the r  s t a r t i n g  a t  a  forward p o s i t i o n  going i n  the same d i r e c t i o n .  
The group v e l o c i t y  i n  the x-di  r e c t i o n  i s  never l a rge r  than %/d . The second 
mode w i l l  always be found f o r  x  4 0  and the  wave amplitudes w i l l  decay l i k e  
l / t  when moving w i t h  the waves ob jec t  f o r  f u r t h e r  s tud ies .  A f u r t h e r  p o i n t  
t o  study i s  a l s o  the non l inear  i n t e r a c t i o n  between the convected s o l u t i o n  
and the waves. 
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ANTARCTIC WATER AT THE EQUATOR 
Ross N. Hoffman 
1 .  I n t r o d u c t i o n  
A n t a r c t i c  bot tom water  (ABW) has been t raced  as f a r  n o r t h  as 30°N i n  
t he  A t l a n t i c  Ocean. I t  i s  i d e n t i f i e d  by chemical t r a c e r s  and t h e  v a r i a t i o n s  
o f  t he  thermodynamic v a r i a b l e s .  GE)SECS (1976) da ta  f rom t h e  R/V  Knorr i n -  
d i c a t e  t h a t  ABW i s  p resen t  a t  the  equator  now. We. p resen t  t h e  02 data  i n  
Fig.1; i t  i s  r e p r e s e n t a t i v e  o f  t h e  o t h e r  v a r i a b l e s .  W i t h i n  t h e  ABW a l o n g  
F ig .  1 .  Oxygen c ross  sec t  i on  drawn by t he  au tho r  f r om  
GEOSECS (1976) data.  Ho r i zon ta l  a x i s  i s  o r i e n t e d  SE-NW 
and l i e s  approx imate ly  midway between South America and 
the M i d - A t l a n t i c  Ridge. 
the coas t  o f  South America, t h e r e  i s  a  broad western boundary c u r r e n t .  The 
c u r r e n t  i s  most r e a d i l y  exp la i ned  by t he  s imple p o t e n t i a l  v o r t i c i t y  con- 
se rv i ng  model o f  Stommel and Arons (SA)  (1972).  
The cross sec t i ons  i n  F u g l i s t e r ' s  (1960) a t l a s  show t h a t  n o r t h  o f  
the equator  the  ABW i s  con f i ned  t o  a  broad no r t hwa rd- f l ow ing  c u r r e n t  on 
the  western s lope  o f  t he  M i d - A t l a n t i c  Ridge. 
How may we e x p l a i n  these phenomena? I t  may be t h a t  t h e  South A t l a n t i c  
bas in  i s  s imp ly  o v e r f l o w i n g  and the  lowest  o u t l e t  i s  near t h e  western s i d e  
o f  the  r i dge .  A l t e r n a t i v e l y ,  t he  South A t l a n t i c  western boundary c u r r e n t  may 
t u r n  eastward near the  equa to r  and then nor thward upon encoun te r i ng  t h e  Mid-  
A t l a n t i c  Ridge. ( I t  may be t h a t  p a r t  o f  t he  s t ream i s  a l s o  d e f l e c t e d  sou th-  
ward).  
I n  t h i s  paper we exp lo re  t h i s  second a l t e r n a t i v e ,  b u t  do n o t  cons ider  
the  ques t ion  o f  how o r  why the  c u r r e n t  tu rns .  We suspect topography i s  t h e  
c o n t r o l l i n g  f a c t o r .  However, e s s e n t i a l l y  zonal c u r r e n t s  a r e  observed a t  va-  
r i o u s  depths near the  equator.  One may specu la te  t h a t  t he  dynamics f a v o r  zo- 
na l  e q u a t o r i a l  f lows.  Since i n  the  reg ion  away f rom the  equator  t h e  f l o w  i s  
geos t roph ic  and a zonal e q u a t o r i a l  f l o w  i s  n e a r l y  geos t roph i c  even very  c l o s e  
t o  the  equator ,  i t  may be ' e a s i e s t '  t o  have a smooth t r a n s i t i o n  t o  e q u a t o r i a l  
f l o w  which i s  zonal .  A good s t a r t i n g  p o i n t  f o r  t he  reader who i s  i n t e r e s t e d  
i n  e q u a t o r i a l  dynamics i s  t he  rev iew paper by Moore and Phi lander  (1977).  
Since SA s u c c e s s f u l l y  exp la ined  the western boundary c u r r e n t  w i t h  a  
p o t e n t i a l  v o r t i c i t y  conserv ing  f l o w  and we a r e  hypo thes iz ing  a c o n t i n u a t i o n  
o f  t h a t  c u r r e n t ,  we adopt a  s i m i l a r  model here. A l though we have been unsuc- 
cess fu l  i n  ou r  a t tempt  t o  da te  we s t i l l  f e e l  t h a t  t he  ABW phenomena can be 
understood i n  terms o f  i n e r t i a l  e f f e c t s .  
2. The Stommel and Arons (SA) model 
The SA model i s  a  two- layer  p o t e n t i a l  v o r t i c i t y  conserv ing  model. I t  
i s  assumed the  cons tan t  o f  mot ion i s  un i f o rm  (= f/Ho) i n  t he  c u r r e n t  and t h a t  
the  f l ow  i s  i n  the mer i d i ona l  d i r e c t i o n .  Thus Ho = f / a  where a i s  t h e  poten-  
t i a l  v o r t i c i t y  o f  the  source. Assuming geostrophy t he  govern ing equa t i on  i s :  
d" 
- dL(/i-liJ dx' 
where H i s  the  he igh t  o f  the  moving l a y e r  and 
i s  the  reduced g r a v i t y ,  f i s  the  C o r i o l  i s  parameter and d" i s  t h e  r a d i u s  o f  
deformat ion.  The s o l u t i o n  i s  
- CXY 
t - i = c , e d X + c , e  +I-I, 
Depending on the boundary c o n d i t i o n s  we may f i n d  s o l u t i o n s  where C ,  and C2 
a r e  sma l l .  I n  t h i s  case, f o r  smal l  1x1 , H .= Ho and we may have a broad 
stream o f  un i f o rm  th ickness .  (A bottom s lope  i s  r equ i red  f o r  t h e r e  t o  be mo- 
t i o n . )  As 1x1 increases pas t  a  c e r t a i n  p o i n t  one o r  t he  o t h e r  o f  the  expo- 
n e n t i a l  terms becomes impor tant  and H now v a r i e s  w i t h  a  h o r i z o n t a l  sca le  o f  
0 ( 0 ~ ' ' ) .  
3 .  A two- laver  model a t  the  eauator  
Near the  equator  we must extend t h i s  model t o  i nc l ude  more than j u s t  
the  v e r t i c a l  component o f  v o r t i c i t y .  Veronis (1963) demonstrates t h a t  i t  i s  
n o t  v a l i d  t o  a priori neg lec t  the  h o r i z o n t a l  p a r t  o f  the  C o r i o l i s  term. 
We w i l l  s t i l l  assume p o t e n t i a l  v o r t i c i t y  conse rva t i on  descr ibes  t he  
dynamics. We begin w i t h  E r t e l ' s  p o t e n t i a l  v o r t i c i t y  
( v x Y t 2 Q ) . v  
% = P L. 
q i s  conserved f o l l o s i n g  the f l o w  f o r  any s c a l e r  '2 prov ided  the  f o l l o w i n g  
assumptions a re  v a l i d .  
( i )  V x C = 0 where i s  t h e  f r i c t i o n  f o r ce .  
( i i )  v ( ' / P ) " v P * v q  = 0 
( i i i )  % = o  
Thus f o r  i n v i s c i d  f low o f  an idea l  gas any conserved v a r i a b l e  o f  s t a t e  i s  
a s u i t a b l e  ? . I n  the  oceans P i s  v i r t u a l l y  constant and may be absorbed 
i n t o  . I f  we accept the v a l i d i t y  o f  a two- layer i n v i s c i d  model we need 
on l y  be concerned w i t h  assumption ( i i i ) .  Howard (1968) shows t h a t  i f  t h e  
shal low water approximation i s  v a l i d  we may choose q =  where a= B(w,y,tl 
and T =  T(x,y,t)are the bottom and top o f  a s i n g l e  layer .  (H = T-B as before. )  
Note, i f  T and B vary s lowly the ho r i zon ta l  g rad ien t  o f  i s  small and we 
av au 
recover (= - -+f)In as the constant o f  mot ion. 
dY 
Choosing t h i s  9 and hypothesiz ing a zonal s t r u c t u r e  ( i .e .  n e g l e c t i n g  
h( terms) the p o t e n t i a l  v o r t i c i t y  i s  6's %=-i[($ +Lnuh+)(& + a)+ - ~ n s & g ]  
a Y a Y  
We assume the pressure i s  hyd ros ta t i c  and the zonal v e l o c i t y  i s  geos t roph i -  
c a l l y  balanced. (We w i l l  d iscuss t h i s  assumption i n  the  nex t  sec t i on . )  
a u  a Therefore = 0 and 2 = - '9-r 9 $($Vf . NOW i f  we average the re -  resul  t i  ng 
- ( ' + ' " y " j ? " y z ) ~  y - + y ~ z -  B ~ ~ +  ~y H~ Y 9 
where we have rep1 aced f by / 3 y  , co? 4 by 1 and the average o f  8 by e 
which we w i l l  assume i s  a known constant determined by the upstream cond i-  
t ions .  For a Southern Hemisphere source C = = f 5 / ~ ,  L 0 -  
I f  we seek a Frobenius s o l u t i o n  o f  the associated homogeneous equa- 
P 
t ion we f i n d  h ,  y, where h ,  = 0, h, and h, are  undetermi ned and 
For the case of  constant  slope B =  b. + b,y the p a r t i c u l a r  s o l u t i o n  i s  o f  t he  
form P s  b,y t 5  p, q,! . This s o l u t i o n  though exact w i t h i n  the  framework o f  
our previous assumption i s  d i f f i c u l t  t o  work w i th .  To main ta in  accuracy 
w i t h i n  .5O o f  the equator we found i t  necessary t o  use 50 terms o f  the s e r i e s .  
Inspect ing the d i f f e r e n t i a l  equat ion we see i f  1 > we may 
J 
neglect  the terms. For g = 10-'cm ~ e c - ~  t h i s  c o n d i t i o n  holds i f  
we are w e l l  w i t h i n  7O o f  l a t i t u d e .  Since we may s a f e l y  ignore the 2 f i  cd? 4 
term r e l a t i v e  t o  the 2 R s i m  9 term f o r  l a rge  scale f lows except very  c l o s e  
t o  the equator i t  appears we may ignore the 2 n t u - 3 4 t e r m  e n t i r e l y .  Our 
equa t i on  reduces t o  
which may be solved i n  terms o f  d e r i v a t i v e s  o f  A i r y  func t ions .  L e t t i n g  
$ = - M Y  we f i n d  
where 
We exper ience d i f f i c u l t i e s  app l y i ng  t h i s  s o l u t i o n  n o r t h  a t  t h e  equa to r  (c  < 0) s i n c e  i t  p r e d i c t s  a  wavey i n t e r f a c e  w i t h  a  h o r i z o n t a l  s c a l e  o f  o r d e r  
6 - 1 .  I f  we d i s a l l o w  the  p o s s i b i l i t y  o f  interweaved eastward and westward 
f lows  t h i s  r e s t r i c t s  t he  f l o w  t o  a  narrow band. The da ta  does n o t  seem t o  
support  such a resu l  t. 
4. D iscuss ion  
What causes the  breakdown o f  the  two- layer  model as t h e  f l o w  passes 
the  equator? Our f e e l i n g  i s  t h a t  t he  sha l low water  approx imat ion  f a i l s  and 
)i! i s  n o t  r e a l l y  conserved a t  the  equator .  The o the r  most susp i c i ous  as- 
sumption i s  t h a t  o f  geostrophy. The neg lec t  o f  f r i c t i o n  o r  o f  l o n g i t u d i n a l  
dependence may a l s o  be considered. As f o r  geostrophy, i n  t h e  m e r i d i o n a l  
av momentum equat ion  the  advec t i ve  t e r m s u  - a v  at a r e  v e r y  sma 1 1 +v% + w -  
f o r  our  assumed s t r u c t u r e  so t h a t  except r i g h t  a t  the  equator  t h e  p ressure  
g rad ien t  f o r c e  must be balanced by t he  fu term. Besides we a r e  u s i n g  geo- 
s t rophy  o n l y  t o  es t ima te  the v e l o c i t y  no t  t o  descr ibe  t he  dynamics so t h i s  
e r r o r  should be con f ined  t o  the  equator .  
D The c r u c i a l  s t ep  i n  showing - Q =  0 i s  t o  asse r t  W i s  l i n e a r  i n  t . 
Dt. I n t e g r a t i n g  t he  c o n t i n u i t y  equa t ion  g ives  
a~ d t  W =  - {(& + q,, 
au 
so t h a t  under the hypothes is  w i s  l i n e a r  i n  t ,  a, + -  a' mus t be i ndependen t 
o f  t . But the  umomentum equat ion  a t  the equator  i s  %I 
a P a, and f o r  a  two- layer  system -i s  independent o f  3 and  = 0 so one o f  II. ax 
o r  v must be a f u n c t i o n  o f  s . Only very  spec ia l  v e l o c i t y  d i s t r i b u t i o n s  
4 
meet bo th  these requirements (e.g. u =  u ( r a y )  i. 0 - 2 .  We conclude t he  model 
f a i l s  s i nce  &- + O a t  and near t he  equator .  
The SA model s u f f e r s  a  s i m i l a r  breakdown; the parameter H, i s  ac- 
t u a l l y  ( f / f , )~ ,  where t,/~, i s  t he  p o t e n t i a l  v o r t i c i t y  a t  t h e  source. I f  
we assume f l u i d  o f  Southern Hemisphere o r i g i n  somehow crosses t h e  equato r  and 
f lows nor thward a l l  t he  t ime conserv ing  then the  SA model i s  s t i l l  v a l i d  
b u t  H,< 0 and the  general  s o l u t i o n  i s  H = A J ~ ( / ~ I x  t B)+ H, which i m -  
p l i e s  a h o r i z o n t a l  sca le  o f  0 (oc") - 50 h m -  
5. Conclusion 
We have been unsuccessful  i n  our  a t tempt  t o  e x p l a i n  t he  f l o w  o f  ABW 
across the  equator  us i ng  p o t e n t i a l  v o r t i c i t y  conserva t ion .  The model p r e d i c t s  
h o r i z o n t a l  sca les o f  0  (100 km) a t  t he  equator  and smal l e r  sca les  nor thward;  
the  data i s  i nconc lus i ve  a t  t he  equator  bu t  t o  the n o r t h  suggests a  s c a l e  0 
(1000 km) . Apparent ly  the  s imp le  phys ics  we have assumed i s  t o o  f a r  removed 
f rom r e a l i t y .  The d i r e c t  cause o f  the  breakdown i s  t h a t  ( Y + F ) / ~ ~  i s  n o t  con- 
served a t  t he  equator .  
I n  f u t u r e  s tud ies  we suggest t h a t  i t  seems more a p p r o p r i a t e  t o  a l l o w  
f o r  s t r a t i f i c a t i o n  and t o  use d e n s i t y  ( o r  p o t e n t i a l  d e n s i t y )  f o r  )Z . For a  
zonal s t r u c t u r e  the p o t e n t i a l  v o r t i c i t y  i s  then 
We may c lose  the system w i t h  the thermal wind r e l a t i o n s h i p .  We have no t  a t -  
aP i s  known we ob- tempted t o  t r e a t  the system o f  equations. I f  we assume 8,
t a i n  a s i n g l e  non l inear  equat ion i n  u which may be t rea ted  by the  method o f  
c h a r a c t e r i s t i c  s t r i p s .  However t o  proceed a n a l y t i c a l l y  we must take t o  
as  au be constant which i n  t u r n  imp l ies  at i s  independent o f  3 . The problem i s  
f u r t h e r  complicated by the presence o f  f r e e  boundaries. 
One l a s t  a l t e r n a t i v e  should be mentioned. I t  i s  conceivable t h a t  t h e  
model has n o t  broken down; t ha t  i n  f a c t  22 , although n o t  e x a c t l y  conserved, i s  quasi-conserved and t h a t  the western boundary cu r ren t  does 'no t  reach t h e  
equator b u t  feeds the South A t l a n t i c  rese rvo i r  which i n  t u r n  s low ly  ove r f l ows  
i t s  basin. The e f f e c t i v e  source reg ion  o f  the North A t l a n t i c  bottom water  
would then be the over f low po in t ,  and the topography a t  t h i s  p o i n t  becomes 
very important i n  fo rmula t ing  the problem. 
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STEADY SOLUTIONS FOR THE LEIGHTON SOLAR DYNAMO MODEL 
Rush D. H o l t  
1. I n t r o d u c t i o n  
For c e n t u r i e s  the  sun was regarded as p e r f e c t l y  cons tan t .  I n  r ecen t  
cen tu r i es ,  a f t e r  observers  found blemishes on t he  sun, astronomers came t o  
the conc lus ion  t h a t  a l though i t  may n o t  be p e r f e c t l y  cons tan t ,  a t  l e a s t  t h e  
impe r fec t i ons  ( i .e . ,  sunspots and r e l a t e d  magnet ic a c t i v i t i e s )  occur red  i n  
a  c y c l e  t h a t  was regu la r ,  and so the  sun was comple te ly  dependable. So 
s t r ong  was t he  b e l i e f  i n  the  r e g u l a r i t y  o f  t he  sunspot c y c l e  t h a t  u n t i l  r e -  
c e n t l y  most astronomers ignored the  repeated c la ims  o f  E.W.Maunder, a  promi-  
nent  B r i t i s h  astronomer i n  the  l a t e  19 th  and e a r l y  20 th  c e n t u r i e s ,  t h a t  sun- 
spot  a c t i v i t y  had come almost t o  a  complete h a l t  i n  t he  l a t e  17 th  cen tu ry .  
Recent ly ,  s o l a r  astronomer and amateur h i s t o r i a n  John Eddy (Eddy, 
1976, 1977) has p rov ided  almost complete c o n f i r m a t i o n  o f  t he  e x i s t e n c e  o f  
the s o - c a l l e d  Maunder Minimum o f  s o l a r  a c t i v i t y .  Working w i t h  records o f  
sunspot and aurora  observa t ions  and carbon-14 data,  Eddy has shown t h a t  n o t  
o n l y  was t h e r e  a suspension o f  the 11-year s o l a r  c y c l e  f rom 1645 t o  1715, 
bu t  t h a t  t h e r e  seem t o  have been numerous o t h e r  prolonged minimums o f  s o l a r  
a c t i v i t y  w i t h  var ious  du ra t i ons  and uneven spacing. 
Eddy has a l s o  p rov ided  some suggest ive evidence o f  t h e  s i g n i f i c a n c e  
o f  the v a r i a t i o n s  i n  s o l a r  a c t i v i t y .  He f i n d s  a c o r r e l a t i o n  between these 
a c t i v i t y  minimums and c o l d  c l i m a t i c  changes on e a r t h .  For example, t he  
" L i t t l e  I ce  Age" o f  unusua l l y  c o l d  weather i n  Europe and No r th  America c o i n -  
c ided w i t h  the  Maunder Minimum. Al though i t  i s  d i f f i c u l t  t o  f i n d  a mechanism 
t h a t  would make t h i s  more than j u s t  a  co inc idence,  Eddy's ev idence does p o i n t  
ou t  the  importance o f  l e a r n i n g  about s o l a r  v a r i a b i l i t y .  
I t  i s  impor tant  t o  t r y  t o  e x p l a i n  the i r r e g u l a r  behav io r  o f  t he  sun- 
spot  c y c l e  and the  sun 's  magnetohydrodynamic dynamo t h a t  a m p l i f i e s  i t s  mag- 
n e t i c  f i e l d s  and g ives  r i s e  t o  sunspots. The o b j e c t i v e  o f  my work t h i s  sum- 
mer has been t o  s tudy t he  most commonly accepted model o f  t h e  s o l a r  dynamo 
 eighton on, 1969), t o  look  f o r  steady s o l u t i o n s  t o  the  govern ing  equat ions  
and t o  i n v e s t i g a t e  t h e i r  form and s t a b i l i t y .  Even tua l l y ,  one should search 
f o r  any mechanisms, such as coup l i ng  t o  a  competing dynamo o r  competing p ro-  
cesses w i t h i n  a  s i n g l e  dynamo, t h a t  might produce the  i r r e g u l a r  c y c l i c  beha- 
v i o r .  Th is  research i s  o n l y  a  s t a r t .  
Before cons ide r i ng  the  s p e c i f i c  model, i t  i s  necessary t o  understand 
the bas i c  na tu re  o f  t he  convec t i ve  dynamo. I w i l l  b r i e f l y  cons ide r  genera l  
dynamo theory  i n  s e c t i o n  I I ,  and then i n  s e c t i o n  I l l  d iscuss  t h e  s tandard 
emp i r i ca l  model proposed by Babcock (1961) and mod i f i ed  by Le igh ton  (1964, 
1969). 
I I .  Dynamos 
The observed magnetic f i e l d s  o f  the  e a r t h  and the  sun must be con- 
t i n u o u s l y  generated by some dynamic mechanism -- known as a dynamo. T h i s  
mechanism conver ts  a  p o l o i d a l  f i e l d  (a  magnet ic f i e l d ,  p, whose f l u x  l i n e  
loops l i e  i n  p lanes t h a t  i nc l ude  the  a x i s  o f  r o t a t i o n  -- mer i d i ona l  p lanes)  
i n t o  a  t o r o i d a l  f i e l d  (a f i e l d  whose f l u x  l i n e s  l i e  i n  p lanes t h a t  a r e  pe r-  
pend icu la r  t o  the  a x i s  o f  r o t a t i o n ) .  I t  then conver ts  p a r t  o f  t h a t  t o r o i d a l  
f i e l d  back i n t o  a po lo ida l  f i e l d .  The s t rength  o f  the t o r o i d a l  f i e l d  may be 
several orders o f  magnitude greater  than the po lo ida l  f i e l d  t h a t  gave r i s e  
t o  i t .  Only the po lo ida l  f i e l d  o f  the sun i s  d i r e c t l y  observable, though. 
Because the f l u i d s  i n  the sun (and i n  the e a r t h ' s  core)  a re  e l e c t r i -  
c a l l y  conduct ing, the equations governing the dynamo mechanism a re  Maxwel l ' s  
equat ions o f  electrodynamics and the Navier-Stokes equat ion o f  f l u i d  mot ion.  
Faraday's law, 5ombined w i t h  the general ized form o f  Ohm's law, imp l ies  t h a t  
the f l u x  ( 4  = j ~ . d A )  through any loop moving w i t h  the f l u i d  i s  cons tant .  So, 
i f  the  loop i s  deformed by perpendicular  f l u i d  motion so t h a t  i t s  area i n -  
creases o r  decreases, then the f i e l d  passing through i t  must decrease o r  
increase p r o p o r t i o n a l l y .  I n  such a f l u i d ,  motion tends t o  be a long f i e l d  
l i n e s ,  and any force on the f l u i d  perpendicular  t o  the f i e l d  l i n e s  tends t o  
deform them ra the r  than t o  cause the f l u i d  t o  move across them. So the  f l u i d  
p a r t i c l e s  are much l i k e  beads on a w i re ,  o r ,  i n  Cowling's words, the  f i e l d s  
are  " frozen" i n  the f l u i d  (cowling, 1957). 
I n  the s o l a r  dynamo the t o r o i d a l  f i e l d  i s  probably produced by d i f -  
f e r e n t i a l  r o t a t i o n  of  the conduct ing f l u i d ,  which wraps the  magnetic f l u x  
1 ines i n  a t i g h t e r  and t i g h t e r  s p i r a l  around the  sun. ~ g . 1  As they a r e  
Po lo ida l  F ie lds  Toroidal  f i e l d s  formed 
Fig.  1 from p o l o i d a l  f i e l d s  
.A 
wound up, the f l u x  1 ines are s t re tched,  and the /3 f i e l d  s t reng th  increases 
as the cross-sect ional  area o f  the f l u x  l i n e s  decrease. The mechanism f o r  
producing po lo ida l  from t o r o i d a l  f i e l d  may be much less e f f i c i e n t  than t h e  
p o l o i d a l - t o - t o r o i d a l  mechanism. I n  the model we are cons ider ing  t h i s  s tep  
r e s u l t s  from convect ion i n  the r o t a t i n g  sun. The two p a r t s  o f  the  c y c l e  may 
take p lace simultaneously bu t  a t  d i f f e r e n t  ra tes ,  g i v i n g  a c y c l i c  v a r i a t i o n  
o f  the ne t  f i e l d s .  
One sh2uld note tha t  the suggested mechanisms s t i l l  work i f  the  f i e l d  
i s  reversed (B goes t o  -B) . I n  f a c t ,  a dynamo can reverse complete ly  and 
repeatedly f o r  c e r t a i n  values o f  the parameters i f  the p o l o i d a l  and t o r o i d a l  
mechanisms are ou t  o f  phase (see K.A.Robbins, 1976, f o r  a d iscuss ion  o f  t he  
revers ing  o f  the simple d i sc  dynamo). 
The energy f o r  the sun's  dynamo comes from the p o t e n t i a l  energy o f  
temperature d i f f e rences ,  which can produce convect ion, and i n  the  r o t a t i n g  
sun, may a l so  produce d i f f e r e n t i a l  r o t a t i o n  ( ~ u s s e ,  1976). For the  e a r t h  
a poss ib le  energy source i s  precessional mot i o n  ( ~ a l  kus, 1968) . 
I n  any dynamo, p a r t  o f  the cyc le  must be asymmetric about the  a x i s  
o f  r o t a t i o n  and cannot be completely steady. The a x i a l  asymmetry o f  t he  
motion i s  necessary t o  convert  a t o r o i d a l  f i e l d  back t o  a p o l o i d a l  f i e l d .  
A good example o f  t h i s  k ind  o f  motion i s  the r i s i n g  o f  sca t te red  convect ion  
c e l l s  i n  the presence o f  a c o r i o l i s  force,  which provides the  necessary 
asymmetry (see Parker,  1976, f o r  re ferences t o  h i s  e a r l i e r  a r t i c l e s  on t h i s  
s u b j e c t ) .  As h o t  gas beneath the  sur face  o f  the  sun i s  convected upward, i t  
bends t he  t o r o i d a l  f i e l d  l i n e s  w i t h  i t .  A parce l  o f  t h i s  r i s i n g  gas r o t a t e s  
less  r a p i d l y  than the  su'rrounding f l u i d ,  and thus n o t  o n l y  does i t  form a 
magnetic a r ch  a t  the  sur face,  b u t  a l s o  the  a rch  i s  r o ta ted .  So a comp le te l y  
t o r o i d a l  f i e l d  can g a i n  a p o l o i d a l  component. (There a r e  o t h e r  p o s s i b l e  
mechanisms t o  produce the  p o l o i d a l  f i e l d . )  There a r e  a number o f  o t h e r  
t heo r i es  about such t h i n g s  as t he  minimum r a d i a l  v e l o c i t y  necessary t o  main- 
t a i n  a m p l i f i c a t i o n  (Busse, 1975) and t he  r e l a t i v e  s i zes  o f  l a r g e- s c a l e  and 
sma l l - sca le  mot ions (ch i  l d ress ,  1967). 
I l l .  The Babcock-Leiahton Model 
Le igh ton ' s  s o l a r  dynamo model no t  o n l y  r equ i res  the  observed d i f f e r e n -  
t i a l  r o t a t i o n  o f  the  sun 's  sur face  (a v a r i a t i o n  o f  r o t a t i o n  r a t e  w i t h  l a t i -  
tude, the  reg ions near the  equator  r o t a t i n g  more r a p i d l y  than t h e  reg ions  
near the  po les ) ,  b u t  a l s o  i t  requ i res  t h a t  r o t a t i o n  beneath t h e  su r f ace  i s  
d i f f e r e n t  f rom the  su r f ace  r o t a t i o n .  Le igh ton  suggests t h a t  t h e  lower r e -  
g ions o f  t he  convec t ion  zone r o t a t e  more r a p i d l y  than t he  su r f ace .  The r o -  
t a t i o n  r a t e  i s  w r i t t e n  as R-Y 
where e i s  measured f rom the  n o r t h  po le ,  H i s  the  depth o f  t h e  convec t i on  
zone ( ~ r r . 1  K), R i s  t he  s o l a r  rad ius ,  and=,b,and )1 a r e  f r e e  parameters 
ad jus ted  t o  descr ibe  a reasonable subsurface r o t a t i o n .  The f i r s t  term i s  
the  s tandard form f o r  the  su r f ace  r o t a t i o n .  I n  the  f o l l o w i n g  pages I assume 
o ( = O  /?= 18 , and f l  = z .  
Le igh ton  begins w i t h  an i n i t i a l  r a d i a l  f i e l d  ( i n  a  p e r f e c t l y  conduct -  
ing.medium) which i s  wound up by the  d i f f e r e n t i a l  r o t a t i o n  t o  f o rm  a subsur-  
face t o r o i d a l  f i e l d  (/3 @ 1 , amp1 i f  i ed  severa l  o rde rs  o f  magni tude.  Th i s  ac-  
t i o n  i s  w r i t t e n  as 
When the  growing f i e l d  reaches a c r i t i c a l  f i e l d  s t r e n g t h ( ~ ~ 2 0 0 ~ a u ~ ) ,  
magnetic buoyancy &=gap. x. a) causes i t  t o  r i s e  t o  t he  s u r f a c e  i n  
8 %  KT 
sca t t e red  l o c a t i o n s  around t he  sun and appear as sunspots. The a rea  o f  
erupted f i e l d s  has p r i m a r i l y  p o l o i d a l  f i e l d s ,  b u t  the area i n  t he  d i r e c t i o n  
o f  r o t a t i o n  (preceding, o r  p, spots)  has the  oppos i t e  s i g n  o f  t he  f o l l o w i n g  
area ( f  spo t s ) .  The r a t e  o f  d e p l e t i o n  o f  the  t o r o i d a l  f l u x  i s  j u s t  t h e  f l u x  
e r u p t i o n  r a t e ,  which depends on t he  f i e l d  8 @  and on t he  area o f  t he  erup-  
t i o n ,  which a l s o  depends on the  magnitude o f  B &  , r e l a t i v e  t o  B,  . Thus 
where i s  the average e r u p t i o n  t ime and 50 years i s  t he  t ime  w i t h  which 
asymmetric t o r o i d a l  f i e l d s  d i f f u s e  even ly  over  the sun. We see, t h e r e f o r e ,  
the d e p l e t i o n  r a t e  o f  86 i s  a  n o n l i n e a r  f u n c t i o n  o f  B+ . 
A c r u c i a l  fea tu re  o f  the  model i s  t h a t  the  f o l l o w i n g  ( f )  spo ts  e r u p t  
f a r t h e r  from the equator  than t he  preceding (p) spots .  Th i s  i s  t h e  s t e p  
t h a t  generates a p o l o i d a l  f i e l d .  Le igh ton  does n o t  suggest a  mechanism f o r  
t h i s  " t i l t" o f  b i p o l a r  regions, bu t  po in t s  ou t  t h a t  i t  i s  genera l l y  observed. 
One may presume t h a t  i t  i s  a c o r i o l i s  e f f e c t  l i k e  t h a t  discussed i n  the sec- 
t i o n  I I .  The equat ion f o r  the growth o f  73, i s  
where i s  the ex ten t  o f  the b i p o l a r  region.  Leighton sets 
e m p i r i c a l l y .  Leighton assumes t h a t  t h i s  B ,  product ion does n o t  take p lace  
cont inuously ,  bu t  o n l y  when B+ exceeds the c r i t i c a l  s t reng th  B c .  He does 
assume, though, t h a t  there  i s  a smal l ,  unobservable r a d i a l  f i e , l d  which 
stays below the sur face and which i s  produced cont inuously  from the  Bb f i e l d .  
This i s  the seed f i e l d  tha t  s t a r t s  h i s  cyc le .  I t  a l s o  prevents the c y c l e  
from dy ing  ou t  i f  D,$ should f a l l  below Bc everywhere. 
Once erupted, each po le  o f  the b i p o l a r  region i s  assumed t o  have some 
autonomy o f  motion. Most o f  the sunspots d i s i n t e g r a t e  over a pe r iod  o f  days 
o r  weeks by pee l i ng  o f f  f l u x  l i n e s  which are  mixed by tu rbu len t  motions and 
combine w i t h  f l u x  l i n e s  o f  opposi te p o l a r i t y  t o  n e u t r a l i z e  each o ther .  The 
r a t e  o f  the d i f f u s i o n  o f  A, i s  
which i s  j u s t  the d i f f u s i o n  equat ion i n  spher ica l  coord inates.  Leighton 
bel ieves t h a t  the dominant cause o f  the d i f f u s i o n  i s  the b u f f e t i n g  o f  the  
b i p o l a r  regions by supergranulat ion c e l l s  ( c e l l s  about 1/20 s o l a r  rad ius  i n  
ex ten t  and w i t h  a t ime scale o f  10-30 hours) which sends the f l u x  ropes on a 
random walk over the  sun's  surface. Because t h i s  k i n d  o f  motion and tu rbu-  
lence cannot d i f f u s e  magnetic f i e l d s  as we l l  as i t  can sca la r  f i e l d s ,  Le igh-  
ton assigns 7D a r a t h e r  l a rge  value, 20 years. 
I n  any case, most o f  the f l u x  i s  n e u t r a l i z e d  so t h a t  almost a l l  o f  the  
magnetic energy i n  the e rup t i ng  region disappears, bu t  because there  i s  a 
po lo ida l  magnetic moment when the  buoyant t o r o i d a l  f i e l d  e rupts ,  a f t e r  t he  
b i p o l a r  regions a re  d i f f u s e d  over the sphere, a res idua l  p o l o i d a l  f i e l d  r e -  
mains. This,  combined w i t h  the submerged B, , s t a r t s  the next  cyc le  o f  t he  
B,+ wind-up. The remaining f i e l d  component 734 can be calcuLated a t  each 
p o i n t  us ing  the f a c t  t h a t  the divergence o f  the t o t a l  vec tor  B must vanish 
a t  every p o i n t .  
I n  summary the  equations descr ib ing  the Leighton model a r e  g iven below: 
I V .  Time Independent Equations 
I f  the  t ime dependent p a r t  o f  each equat ion i s  se t  equal. t o  zero, 
the fou r  equat ions can be reduced t o  a s i n g l e  equat ion: 
w i t h  B i  a,, 
- I S O ( ~ - , U ' ) ~  2 @L) = 5ys im9m s 
= 5dP(,-,L4 $4 
8 i s  a constant o f  i n t e g r a t i o n  from'Eq.7. For most o f  my c a l c u l a-  
t i o n s  I chose values f o r  the c o e f f i c i e n t s  t h a t  Leighton says g i v e  s o l u t i o n s  
tha t  agree w e l l  w i t h  observat ions o r  t h a t  a t  l e a s t  seem reasonable (C 20, 
A .s s/ E E l o - ' ,  F c .02, D = 10) .  
To f i n d  approximate so lu t i ons  t o  t h i s  equat ion i t  i s  necessary t o  
make some assumptions about the form o f  the so lu t i ons  and the  boundary con- 
d i t i o n s .  Radial f i e l d s  are  observed t o  have i n  general oppos i te  p o l a r i t y  
i n  the nor thern  and southern hemispheres, and so the t o r o i d a l  f i e l d s  may be 
assumed t o  have opposi te p o l a r i t y  a lso .  The observed r a d i a l  f i e l d s  have a t  
l eas t  some d i p o l e  character ,  and so I assume t h a t  they may be expanded t o  a 
good approximation i n  terms of  a d i p o l e  and h igher  mu l t i po les  o f  odd symmetry. 
Although some measurements have suggested a quadrupole component o f  the  ra-  
d i a l  f i e l d ,  I assume t h a t  even moments are  no t  fundamental t o  the Le igh ton 
model because they would no t  prov ide s i g n i f i c a n t  feedback from t o r o i d a l - t o -  
po lo ida l  f i e l d s .  Thus we have Or -- 0 and B r = O  a t  the equator ,  and i t  f o l -  
lows from Eq.7 tha t  = 0 holds there a l so .  1 assume f u r t h e r  t h a t  
- loo% a t  the sun's poles, from which i t  fo l l ows  t h a t  By Y F a t  the  poles.  
 here i s  some a r b i t r a r i n e s s  t o  the s e l e c t i o n  o f  boundary cond i t i ons .  Measure- 
ment o f  the o v e r a l l  s o l a r  f i e l d  i s  d i f f i c u l t  because there i s  such a wide 
range o f  f i e l d  s t rengths -- from less  than one gauss t o  more than 4000 gauss -- 
and because a la rge  amount o f  f l u x  appears t o  be concentrated i n  areas too  
small t o  resolve from ea r th .  Furthermore, measurements o f  the mu1 t i p o l e  com- 
p o s i t i o n  o f  the s o l a r  winds are l i m i t e d  by the small number o f  t e s t  s i t e s . )  
The most promising approach t o  s o l v i n g  Eq.10 i s  t o  assume a s o l u t i o n  
composed o f  odd powers o f  /u . The s implest  t r i a l  s o l u t i o n  B y =  % does n o t  
s a t i s f y  the  boundary cond i t ions  (except f o r a = - % ,  a c o n d i t i o n  which i s  
too  r e s t r i c t i v e  and which gives a magnitude t o  B ,  l a rge r  than p o s t u l a t e d ) .  
However, any p a i r  o f  odd powers o f  ,& w i t h  a proper ly  chosen r a t i o  o f  c o e f f i -  
c i e n t s  does s a t i s f y  the boundary cond i t ions .  The expansion bas is  f u n c t i o n s  
are  no t  a c t u a l l y  Legendre polynomials (zonal harmonics) b u t  they have a 
c lose  enough resemblance t o  them t h a t  one can i d e n t i f y  the  func t i ons  w i t h  
s p e c i f i c  mu l t ipo les .  I inser ted  the  t r i a l  s o l u t i o n  i n t o  Eq.10 and d e t e r -  
mined the remaining c o e f f i c i e n t  by a min imiza t ion  equ iva len t  t o  the  R i t z  
method w i thou t  orthogonal basis  func t ions  ( ~ a l e r k i n  method). This  lengthy  
procedure g ives the s u r p r i s i n g  r e s u l t  t ha t  f o r  the steady s t a t e  the oc tu -  
po le  ( p 3  ) term dominates the s o l u t i o n .  
3 Next I assumed a s o l u t i o n  o f  the form D r =  +a,? + cirN< T h i s  
t r i a l  s o l u t i o n  gave th ree  cubic equat ions which when solved f o r . 8  = .003 
gave the r e s u l t  ;I Y O ?  - 125$+ ~ 4 ~ ~ .  SO i t  appears t h a t  the oc tupo le  
term i s  i n  f a c t  dominant f o r  the  steady s t a t e  dynamo. The o the r  f i e l d s  are 
accord ing ly  
The l a s t  term o f  the Be equat ion i s  necessary t o  make the  f i e l d  vanish a t  
8 = 0 . The B Y ,  8$ and Bs f i e l d s  a re  p l o t t e d  i n  Figs. 2, 3 and 4. 
Next I constructed two normal modes t h a t  s a t i s f i e d  the boundary con- 
d i t i o n s .  They a r e  8, =/CC-.97$ Q,=,u - 3,  93p3+ 2 .  $7~': The c a l c u l a t e d  
steady s o l u t i o n  shown i n  Fig.2 i s  composed main ly  o f  Q2; so I used Q2 and 
the associated forms o f  B d , B s  and Be i n  the f o l l o w i n g  ana lys i s  o f  the  t ime 
dependent equations. 
V.  S t a b i l i t y  o f  Time Dependent So lu t ions  
For the t ime dependent equat ions, one may assume the re  e x i s t  s o l u t i o n s  
of  the form Dy(,u,t)= Br,(.u ) A ,  I t  ) w i t h  analogous equat ions f o r  the  o t h e r  
components. The naught subscr ip t  ind ica tes  the t ime independent s o l u t i o n  
corresponding t o  BY=O,  . The procedure f o l  lowed i s  shown by the  f o l  low ing 
equat ions: 
o .  LEGENDRE POLYNOMIAL I 
I b. LEGENDRE POLY NOMlAL 3 c. LEGENDRE POLYNOMIAL 5 
Fig. f 
I RADIAL SOLAR MAGNETIC FIELD 
Fig. 2 
I TORDIDAL MAGNETIC FIELD 
I Fig. 3 
SUBMERGED MAGNETIC FlELD 
I Fig. 4 
Fig. 5 
I TORDIDAL MAGNETIC FlELD 
I Fig. 6 
and f i n a l l y  
A,. $ A , -  mAg = , 8 A r  -, 6 ( f o r  s tandard c o e f f i c i e n t s ) .  3 
S i m i l a r  procedures y i e l d  equat ions f o r  the o t h e r  components: 
The steady s o l u t i o n s  a r e  A $ * = O  and-94.3.  I t  i s  p o s s i b l e  t o  per fo rm a 
l i n e a r  p e r t u r b a t i o n  a n a l y s i s ,  assuming t ime dependent s o l u t i o n s  o f  the  f o r m  
A,(t)  = A:)  and making analogous assumptions f o r  As and A d  . There 
a re  two separate determinants  f o r e  (one f o r  each/!& ) . The s o l u t i o n s  t o  
the  c h a r a c t e r i s t i c  equa t ion  corresponding t o  the  zero  f i e l d  case (Ad,= 0) a r e  
)1 = - , 8 ,0 ,+  1.5, which i n d i c a t e  the p o s s i b i l i t y  o f  a marg ina l  s t a b i l i t y ( q s 0 ) .  
The corresponding s o l u t i o n s  when TD ( t h e  su r f ace  d i f f u s i o n  t ime)  i s  taken t o  
be 50 years r a t h e r  than 20 a r e  s i m i l a r ,  bu t  the  s t a b l e  s o l u t i o n s  a r e  some- 
what more s t a b l e  than f o r  t h e  f i r s t  case. These r e s u l t s  suggest t h a t  t h e  
sun may lapse i n t o  a s l i g h t l y  s t a b l e  mode t h a t  would suspend t h e  s o l a r  c y c l e .  
The h igh  f i e l d  caseA4,  = - 4 4  a l s o  has one s t a b l e  s o l u t i o n  ( = - I . ( )  and 
one m a r g i n a l l y  s t a b l e  s o l u t i o n  ()i~z O), b u t  i t  i s  u n l i k e l y  t h a t  t h e  sun wou ld  
ever e n t e r  t h a t  mode because o f  the l a r g e  va lue  o f  B+ compared t o  the  v a l u e  
o f  R r .  
Although t h i s  s tudy i s  by no means complete, i t  does suggest a rea-  
sonable form f o r  some steady s o l u t i o n s  t o  t he  Le igh ton  dynamo equat ions .  
I t  i s  use fu l  t o  see the  forms o f  the  boundary c o n d i t i o n s  and s o l u t i o n s  t o  t h e  
equat ions, so t h i s  approach may be a good a l t e r n a t i v e  t o  Le igh ton ' s  coarse-  
g r i d  numbercal i n t e g r a t i o n  ( t ime- s tepp ing)  s o l u t i o n .  I have y e t  t o  c a r r y  o u t  
the a n a l y s i s  f o r  more than one mode and t o  i n v e s t i g a t e  the  range o f  parameters  
(I, ,&, 1, 9 e t c .  f o r  which t he re  a r e  s t a b l e  s o l u t i o n s .  Next ,  i t  would be 
good t o  c a r r y  o u t  a n o n l i n e a r  p e r t u r b a t i o n  a n a l y s i s ,  i f  p o s s i b l e .  Also, p e r -  
haps the  model should be mod i f i ed  t o  g i v e  more s i g n i f i c a n c e  t o  t h e  submerged 
r a d i a l  f i e l d ,  Bs , by changing i t s  means o f  f o rma t i on  and i t s  d i f f u s i o n  beha- 
v i o r .  Le igh ton  in t roduced D5 s imply  t o  prevent  t he  c y c l e  f rom s topp ing  com- 
p l e t e l y  i f  /3# f e l l  below B c r i t i c a l  everywhere. Obvious ly ,  t h e  form o f  Bq5 i s  
impor tant  i n  de te rmin ing  how long the  c y c l e  may s t a y  i n  a p e r i o d  o f  minimum 
a c t i v i t y .  Furthermore, because sur face f i e l d s  may have some d i f f i c u l t y  pene- 
t r a t i n g  the  conduct ing f l u i d  t o  begin each c y c l e  o f  B d  wind-up, the  f o rm  o f  
/3, may be o f  fundamental importance t o  the dynamo c y c l e  even when a+ i s  
g rea te r  than B, . 
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ON THE FRACTAL GEOMETRY OF THE SMALL-SCALE STRUCTURE 
OF H I G H  REYNOLDS NUMBER TURBULENCE 
Jacques Lewa 1 1 e  
Abstract  
An attempt i s  made t o  draw in fo rmat ion  about the geometry o f  tu rbu-  
lence us ing  f r a c t a l  ob jec ts  concepts. Confirmation i s  found o f  prev ious 
suggestions t h a t  8/3 plays a spec ia l  r o l e  as c r i t i c a l  dimension i n  the  
f i e l d .  I n  order  t o  make some examples compatible w i t h  data, an informa- 
t i o n- t h e o r e t i c a l  entropy has t o  be s t a t i o n a r y  a t  D = 8 /3 .  
1 .  I n t r o d u c t i o n  
The f i r s t  p a r t  o f  t h i s  paper i s  devoted t o  a general i n t r o d u c t i o n  t o  
the theory o f  f r a c t a l s ,  developed main ly  by Mandelbrot du r ing  the  l a s t  few 
years. The purpose i s  no t  t o  g i ve  a complete and r igorous  p resen ta t i on  o f  
the top i c ,  which i s  done i n  (10).  I t  i s  f e l t  however, t h a t  most researchers 
i n  turbulence, e i t h e r  app l ied  o r  t h e o r e t i c a l ,  s t i l l  regard non- integer  dimen- 
s i o n a l i t y  as most unphysical,  so t h a t  a t  l e a s t  a quick p resen ta t i on  i s  use- 
f u l .  I n  the  study, one i s  induced t o  p inpo in t  some o f  the fundamental as- 
pects o f  the approach, such as s e l f - s i m i l a r i t y ,  and t o  d i sca rd  some techn ica l  
features t h a t  do no t  seem t o  be essen t i a l  f o r  the app l i ca t i ons .  
Then the present importance o f  f r a c t a l  dimension i n  tu rbu lence i s  
b r i e f l y  described. D = 8/3 i s  encountered several t imes, i n  d i f f e r e n t  s tud ies .  
The next sec t i on  describes some experimental r e s u l t s  obta ined by Kuo 
and Cor rs in  ( 5 ) ,  as i n te rp re ted  from the f r a c t a l  v iewpoint  i n  (8 ) .  An argu-  
ment based on h e l i c i t y  leads t o  p r e f e r  a representa t ion  o f  smal l  scales as 
many-sheeted ob jec ts ,  but  the same indec is ion  i s  l e f t  as a f t e r  Kuo and Corr-  
s i n ' s  paper. The f a c t  t h a t  the f r a c t a l s  would be o f  dimension 8/3 i s  encou- 
raging, when compared t o  D = 2.6 obta ined from the experiments. The co r rec-  
t i o n s  t o  the Kolmogorov spectrum f o r  i n te rm i t t ency  are  mentioned. 
I n  sec t ion  5, we int roduce Mandelbrot 's determin ing func t i on ,  and l i s t  
i t s  p roper t ies .  The f a c t  t h a t  i t  connects var ious aspects o f  our  problem, 
such as moments o f  the v e l o c i t y  d e r i v a t i v e s  d i s t r i b u t i o n ,  t he  c o r r e c t i o n  
f a c t o r  f o r  in te rmi t tency ,  the  w id th  o f  the d i s s i p a t i o n  spectrum and dimen- 
s i o n a l i t y ,  i s  used i n  the next paragraph. 
The formal r e l a t i o n s h i p  between d imens iona l i t y  and ent ropy  i s  then 
studied.  I t  i s  shown on a c o l l e c t i o n  o f  t r i a l  func t ions  t h a t  general cond i-  
t i ons  on the determin ing func t ion ,  D = 8/3 and the s t a t i o n a r i t y  o f  entropy 
are the cond i t ions  f o r  the v e r i f i c a t i o n  o f  the two pieces o f  da ta  a v a i l a b l e .  
I t  i s  suggested t h a t  the use o f  t h i s  entropy proper ty  cou ld  he lp  i n -  
troduce some dynamical aspects i n  the f r a c t a l  approach. 
2. About Frac ta l  Sets 
The concept o f  f r a c t a l  dimension i s  s t i l l  too  o f t e n  sub jec t  t o  mis-  
understanding. One hears: "Such s i t u a t i o n  occurs w i t h  f r a c t a l  dimensions, 
but  what about the rea l  wor ld?"  
The aim o f  t h i s  sec t ion  i s  t o  expose the problem f o r  those readers 
who are no t  f a m i l i a r  w i t h  Mandelbrot 's  work i n  the f i e l d .  Also,  those 
elements t h a t  a r e  necessary t o  the  r i go rous  mathematical t heo ry  (e .g . ,  t h e  
l i m i t  o f  ze ro  v i s c o s i t y ) ,  and those t h a t  a re  more fundamental f o r  t he  appl  i -  
c a t i o n s  (e.g., t he  s e l f - s i m i  l a r i t y )  a r e  po in ted  o u t .  
I t  seems app rop r i a te  a t  the beginn ing,  t o  s t r e s s  the  f a c t  t h a t  a 
f r a c t a l  dimension i s  never t o  be considered as a t o p o l o g i c a l  p r o p e r t y .  A 
su r f ace  remains always o f  t o p o l o g i c a l  dimension two, and geomet r i ca l  space 
o f  dimension th ree .  
Set us take  a l i n e  segment 
break i t  i n t o  t h r e e  p a r t s ,  and s u b s t i t u t e  two equal segments f o r  t he  c e n t r a l  
one 
Then repeat t he  process ad infinitwn on each subsegment. The r e s u l t  looks 
1 i ke 
Th i s  cou ld  be a s imple model o f  the s t r e t c h i n g  o f  a l i n e  by a t u r b u l e n t  
f i e l d ,  as t he  case was s t u d i e d  by Cocke (3)  (see a l s o  ( 1 1 ) ) .  Obvious ly ,  
t he  t o p o l o g i c a l  na tu re  o f  the  l i n e  does n o t  change; however, i t s  l e n g t h  i n -  
creases w i t h o u t  l i m i t ,  i f  we l e t  the  process con t inue  t o  a r b i t r a r i t y  smal l  
sca les ,  which, i n  terms o f  t u r b u l e n t  mot ion, can be understood as t he  l i m i t  
o f  ' i n f i n i t e  Reynolds number. 
Another s t r i k i n g  aspect  o f  t he  l i n e  i s  t h a t  i t  seems t o  f i l l  t he  paper 
somewhat more than the  o r i g i n a l  segment. I n  o t h e r  words, t he  f r a c t a l  s e t  
generated by the  s imple process descr ibed  above covers more o f  t he  p l ane  
than common one-dimensional aspects do: t h i s  i s  r e a d i l y  seen t o  be a m e t r i c  
p rope r t y ,  and serves as a bas i s  f o r  the  mathematical d e f i n i t i o n  o f  f r a c t a l  
dimension (e.g., Kahane, i n  ( 14 ) ) .  
di Let  us cover our  f r a c t a l  o b j e c t  w i t h  a number o f  b a l l s  o f  d iameter  . 
As S- 0 , the  number o f  b a l l s  increases, and t h e i r  t o t a l  area goes t o  ze ro  i n  
a way t h a t  depends on the  f r a c t a l  o b j e c t  A. More r i g o r o u s l y ,  l e t  us cons i -  
der  a monotone f u n c t i o n  
-h ( t )  = t"' d 7 0  
and denote the  sequence o f  b a l l s   by{^; f 
when 
4; L d i s  the d iameter  o f  DL 
The f r a c t a l  measure o f  the  s e t  A i s  de f i ned  as 
and depends on d . 
When some d e x i s t s ,  such t h a t  
i t  i s  c a l l e d  the  dimension o f  A: 
I t  can be proved t h a t d G D ,  (A), i f  we c a l l  aT(Jt) the topo log i ca l  dimen- 
s ion  o f  the space i n  which A i s  embedded, and t h a t  d >, D T ( A ) *  
When d>DT(4), the ob jec t  A i s  c a l l e d  f r a c t a l .  
We wi 1 1  need a proper ty  o f  the measure / U d :  
desc r ib ing  the  e f f e c t  o f  a renormal iza t ion  o f  t he  space va r iab les .  
The mathematical d e f i n i t i o n  o f d b A  i s  no t  e a s i l y  app l i cab le  under 
such form. For our purposes, i t  i s  more usefu l  t o  r e l y  on the eva lua t i on  o f  
the f r a c t a l  dimension as t If D = 3 -  + 
where hr i s the  number o f  rep1 i cas obta ined a t  each stage o f  the cascade, 
and P i s  the s i m i l a r i t y  r a t i o .  I n  our  example, and i n  more general cases, 
i t  can be proved (10) t h a t  
D =  & A .  
For the example: D =.(a$ '/ /.(o$ 3 % 1.2- 
where the e f f e c t s  o f  v i s c o s i t y  are n o t  important,  we w i l l  consider  t h a t ,  
the viscous c u t o f f  i s  beyond the r e s o l u t i o n  o f  the observat ions,  so t h a t  t he  
set  behaves as a f r a c t a l  f o r  p r a c t i c a l  purposes. The dimension i s  g iven by  
D when the breakdown i s  s e l f - s i m i l a r .  I t  i s  w e l l  known t h a t  the  i n e r t i a l  
range i n  h igh  Reynolds number turbulence f u l f i l l s  these cond i t i ons .  
Many examples i nsp i red  by several f i e l d s  o f  physics, and very i n s t r u c -  
t i v e  i l l u s t r a t i o n s ,  en l i gh ten  a more complete expos i t i on  o f  t h i s  ma te r i a l  i n  
(10) 
3. F rac ta ls  i n  Turbulence 
We j u s t  mentioned the papers by Cocke about the s t r e t c h i n g  o f  a 
mater ia l  l i n e  by a t u r b u l e n t  f i e l d .  The conclus ion there was t h a t  the  l e n g t h  
o f  the segment would even tua l l y  tend t o  i n f i n i t y :  the r e l a t i o n s h i p  t h a t  t h i s  
f a c t  could have w i t h  a r igorous f r a c t a l  fo rmula t ion  was no t  examined i n  more 
d e t a i l ,  bu t  the idea does no t  seem t o  be too  f a r  from t h i s  t o p i c .  
Actual l y ,  Mandelbrot s tudied a very s i m i l a r  problem ( 7 ) ,  namely: t h e  
d imens iona l i t y  o f  the surfaces o f  equal concent ra t ion  o f  a passive s c a l a r  con- 
taminant i n  a Brownian f i e l d .  When the Prandt l  number i s  l a rge  enough, t h i s  
corresponds t o  the d e s c r i p t i o n  o f  a convected ma te r ia l  sur face.  The main re-  
s u l t  o f  t h a t  sec t i on  o f  the paper was t o  in t roduce the dimension 8/3 as t o  be 
expected: a f u l l  p roo f  o f  t h i s  f a c t  was given s h o r t l y  a f t e r  by Adler  (1 ) .  
I Dimension 8/3 creeps i n  a l so  i n  a d i f f e r e n t  context :  N e l k i n  (12) u s i n g  a 
s c a l i n g  theory t h a t  w i l l  be adapted below t o  a d i f f e r e n t  s e t t i n g ,  shows 
t h a t  8/3 i s  l i k e l y  t o  be a crossover dimension, i .e.  a dimension a t  which 
the phys ica l  p rope r t i es  o f  the system change q u a l i t a t i v e l y .  I n  f a c t ,  the  
analogy t o  the theory o f  c r i t i c a l  phenomena (e.g. magnetism a t  low tempera- 
t u r e ) ,  induces him t o  propose tha t  the Kolrnogorov spectrum would be s t r i c t l y  
c o r r e c t  f o r  D 1  8/3, and t h a t  the f a m i l i a r  i n t e r i m i t t e n c y  c o r r e c t i o n s  app ly  
above t h a t  threshold.  
Another study by B e l l  and Ne lk in  (2) was based on a more q u a l i t a t i v e  
model o f  energy exchange between modes, and again on the analogy t o  the  
theory o f  c r i t i c a l  po in t s .  The fundamental step there i s  t o  model the spec- 
t r a l  t r a n s f e r  term so as t o  s a t i s f y  a1 1 energet ic  requi rements, and superpose 
a forward and a backward cascade. The r a t i o  o f  the i n t e n s i t i e s  o f  these ( i . e .  
the o v e r a l l  s i gn  o f  the t r a n s f e r  term) i s  shown 1 i k e l y  t o  depend smoothly on 
the dimension parameter, bu t  no numerical est imates are made. 
I n  these three papers, the d e f i n i t i o n  o f  d imens iona l i t y  i s  the same 
as we def ined above, and so belong t o  the f r a c t a l  approach. Th i s  cannot be 
sa id  o f  the theory o f  c r i t i c a l  po in t s  as developed by Fisher,  Wilson, and 
others.  This  i s  the reason why we take apar t  the paper by F r i sch ,  Leseur 
and Sulem (4) ,  s ince they do not  make c l e a r  t h e i r  d e f i n i t i o n  o f  D. Anyway, 
they f i n d  a crossover dimension a t  D = 2.03: there  the d i r e c t i o n  o f  the en- 
ergy cascade changes, which i s  compatible w i t h  B e l l  and N e l k i n t s  conclu-  
s ions.  
4. About the Small Scale St ruc ture  o f  Turbulence 
Several models o f  the d i s s i p a t i v e  pa t te rns  o f  a t u r b u l e n t  f i e l d  have 
been proposed successively,  by Townsend, Tennekes, and f i n a l l y  by Kuo and 
Cor rs in  ( 5 )  who tested them exper imenta l l y .  They are :  vo r tex  l i n e s ,  tubes, 
b lobs,  slabs, and ribbons, ou t  o f  which the authors c i t e d  concluded the  r i b -  
bon o r  r o d - l i k e  s t ruc tu res  were the most s a t i s f a c t o r y  -- w i thou t  anyway 
reaching f u l l  agreement w i t h  the data i n  e i t h e r  case. 
A review o f  the models and data from the f r a c t a l  v iewpo in t  was made 
by Mandelbrot (8) : from the scal  ing  exponent, found equal t o  .4,  he con- 
cludes t h a t  d = 2.6 i n  the case o f  Kuo and Corrs in;  as a consequence, n e i t h e r  
model can be s a t i s f a c t o r y ,  even though Tennekes' model tu rns  ou t  t o  be com- 
p a t i b l e  w i t h  f r a c t a l  dimensions. 
However, d = 2.6 does no t  make i t  poss ib le  t o  decide between a f r a c t a l  
se t  obta ined from a 1 ine, o r  from a sur face:  indeed, by a cascade s i m i l a r  t o  
t ha t  described i n  sec t i on  1 ,  one can imagine t o  keep small and make N 
very la rge  by convect ing a l i n e  i n  space, and even though the induced p a t t e r n  
o f  the corresponding f l o w  would be very complicated, i t  cannot be d iscarded,  
owing t o  our lack  o f  f e e l i n g  f o r  what a l i k e l y  s t r u c t u r e  ought t o  be; o b t a i n -  
ing  a f r a c t a l  o f  proper dimension from a surface would seem e a s i e r  t o  grasp 
geomet r ica l l y ,  bu t  t h i s  cannot be an argument a t  t h i s  stage. 
A way t o  resolve t h i s  i ndec i s ion  i s  t o  take in ' to account o n l y  the  
c h a r a c t e r i s t i c s  o f  the f l ow  t h a t  vanish i d e n t i c a l l y  i n  two-dimensional mot ion.  
The idea i s  no t  q u i t e  t o  make a 2-d sec t ion ,  bu t  i s  comparable. 
I t  i s  known i n  general t h a t  h e l i c i t y  
3% = W'Cc, ( u = v x  - u )  
i s  i d e n t i c a l l y  zero f o r  a two-dimensional - u - f i e l d ;  o r ,  conversely ,  t h a t  
h e l i c i t y  cou ld  be used t o  es t ima te  how much the  t h i r d  dimension o f  geome t r i -  
c a l  space i s  used by the  f low.  Fo l low ing  the idea Ne l k i n  (12) a p p l i e d  on  
another  q u a n t i t y ,  we s h a l l  s e t  up an i n e r t i a l  s c a l i n g  o f  h e l i c i t y ,  i n  t h e  
1 i ne  o f  the  Kolmogorov (1941) theory.  Th is  supposes the  ex i s tence  o f  a  
range o f  wave numbers independent o f  ex te rna l  f ea tu res  ( c r e a t  i ng an i s t  r o p y ,  
i n  the  s imp les t  cases) and d i s s i p a t i v e  sca les :  then, l o c a l  energy t r a n s f e r  
across t he  wave-number s c a l e  i s  the o n l y  r e l evan t  parameter, and i s  equal 
t o  the t o t a l  d i s s i p a t i o n  r a t e  € as soon as " some- sor t- o f- equ i l i b r ium"  i s  
achieved i n  the  spectrum. 
We cons ider  the c o r r e l a t i o n s  o f  h e l i c i t y :  
which measure somehow what i s  l e f t  o u t  o f  the p lane  sec t ions  ( t h e  b racke t s  
denote an ensemble average).  The m a g n i t u d e v z ) ( ~ ( 1  i s t he  o n l y  sca le  a v a i l -  
ab le ,  and a  s imple dimensional  argument leads t o  the  i n e r t i a l  law 
H ( r )  - 6 4/3 p- 2 4  
w i t h  some p r o p o r t i o n a l  i t y  cons tan t .  
We can a l s o  cons ider  the  s p e c t r a l  form o f  H, d e f i n i n g  h  as the  F o u r i e r  
t rans fo rm o f  H 
H (4 . 1 6 ' d x  
Let  us now work i n  some D-dimensional space. I t  seems a p p r o p r i a t e  t o  
smooth ou t  the  smal l  s ca le  d e t a i l s  by i n t e g r a t i n g  over  the o u t e r  s h e l l  o f  
k-space ( t h i s  i s  comparable t o  what we do w i t h o u t  say ing  when we f o r g e t  abou t  
the molecular  s t r u c t u r e  o f  the f l u i d .  We do n o t  know i n  t h i s  case what t h e  
equ i va len t  o f  the  Knudsen number would be, b u t  we assume i t s  e x i s t e n c e ) .  
Forma 1 1 y  : 
( )  = 4' (HI) d p D  (K ' )  
We can use success ive ly  t he  p rope r t y  o f  ,u mentioned i'n t he  i n t r o d u c t i o n ,  
and the s e l f  s i m i l a r i t y ,  t o  o b t a i n  D 
So, a t  a l l  s ca le  5 i n  the  s e l f - s i m i l a r  range, we have 
k a  3 - "  
(I a 
I n t e g r a t i n g  then &* over the f u l l  range o f  i t s  va r i ab le ,  we have a l s o  
and, s ince we had prev ious ly  
H (4 r - 2b 
we conclude 
i f  r i s  small enough. I f  we make the assumption t h a t  the f l o w  occupies a  
f i n i t e  p o r t i o n  o f  the 2-d reference se t ,  we ob ta in  the  t o t a l  dimension o f  
the f l ow  
D = 2/3 + 2  = 8/3 
I f  the assumption does not  hold,  D L  8/3. A d iscussion r e l a t i v e  t o  p lane 
sect ions of  f r a c t a l  ob jec ts  i s  found i n  ( l o ) ,  p. 169, and i n  ( 8 ) ,  bu t  i t  
seems d i f f i c u l t  t o  argue whether o r  no t  i t  i s  re levant  here. The above 
decomposition o f  D suggests t h a t  the l i n e  vo r tex  model should be d iscarded,  
f o r  a  many-sheeted o b j e c t  such as Tennekes' convected vo r tex  tube. 
Before we proceed, i t  may be usefu l  t o  remind b r i e f l y  t he  reader o f  
the i n t e r e s t  o f  the small scale s t r u c t u r e  f o r  general purposes: the i n t e r -  
mi t tency associated w i t h  i t  i s  responsible f o r  small co r rec t i ons  t o  the  o r i -  
g ina l  spectrum. Several cascade models have been bu i  1 t ,  reviewed i n  (1 1 ) . 
Let i t  be sa id  here t h a t  a d d i t i o n a l  hypotheses need be implemented i n  o rde r  
t o  ob ta in  numerical values o f  the co r rec t i ons  ( t y p i c a l  l y ,  the  so- ca l led  l o g-  
normal assumption, no t  v e r i f i e d  exper imenta l l y ) ,  and t h a t  everyone agrees, on 
the basis o f  overwhelming evidence, t ha t  the co r rec t i ons  must be smal l ,  say 
o f  the order  o f  5%, and p o s i t i v e .  
5. Mandelbrot 's Determining Funct ion 
Le t  us consider t h a t  space i s  d i v ided  i n t o  small c e l l s ,  corresponding, 
say, t o  the l e v e l  o f  d e f i n i t i o n  o f  our observat ions. As we look  a t  smal le r  
and smal ler  scales, by s p l i t t i n g  each c e l l  i n t o  C pieces, the  l o c a l  d i s s i p a-  
t i o n  r a t e  concentrates i n t o  a  few o f  the subce l ls ,  because o f  the  i n t e r m i t -  
tency o f  the involved pat te rns .  A t  each l e v e l ,  the dens i ty  o f  d i s s i p a t i o n  
r a t e  i n  each subce l l  i s  m u l t i p l i e d  by an apparent ly  random f a c t o r  W, w i t h  
the obvious proper ty  
< w >  = I  
i n  the range o f  i n t e r e s t ,  s ince the d i s s i p a t i o n  r a t e  i s  we l l  de f ined.  
Mandel b r o t  (6) introduces the func t i on  
3 
wnere the brackets i nd i ca te  again an ensemble average, C = '2( i s  the number 
o f  subcel ls  i n  the " curdl ing" ,  i .e.  1 i s  the inverse  o f  the  s i m i l a r i t y  r a t i o  
o f  the cascade. , 
f e x h i b i t s  a  few remarkable p rope r t i es ,  l i s t e d  below: 
lo/ - f i s  convex (8) 
2O/ - f ( o )  = f (1) = 0  obviously  
30/ - f " ( 1 )  measures the  w i d t h  o f  the  d i s s i p a t i o n  range, i .e. i t  i s  t he  
main parameter d e f i n i n g  t he  shape o f  k2 ~ ( k )  (8)  
bO/ - B = - 3 f  (2 /3)  (8) y i e l d s  t he  co r rec ted  energy spectrum 
~ ( k )  k-(5/3 + B, 
. . 
So/ - The K u i t o s i s  o f  v e l o c i t y  d e r i v a t i o n s  i s  measured by 
6O/ - S i m i l a r l y ,  the  skewness i s  .v t--'f ('/2/1)* 
7 O / -  f l ( l )  i s s u c h t h a t D = 3 - 3 f 1 ( l )  ( ~ a h a n e ,  see (8 ) )  
Th i s  i s  dev ious l y  the  p rope r t y  t h a t  l i n k s  f t o  d i m e n s i o n a l i t y .  
8O/ - One more cond i t i on  can be appl  i e d  though : f rom Wyngaard and Pao we 
l e a r n  t h a t  t he  s t r i c t l y  log-normal r e l a t i o n  
- ,$ - '18 
( S  i s  the  skewness, K i s  t he  K u i t o s i s  o f  v e l o c i t y  d e r i v a t i v e s )  i s  
v e r i f i e d  by many authors  (even though the  log-normal assumption i t -  
s e l f  i s  n o t ) .  
I n  terms o f  f ,  t h i s  means 
- 
by appl  i c a t  i on  o f  6' and 7' above. 
The l ack  o f  a d d i t i o n a l  c o n s t r a i n t s  on f i s  due, f o r  one p a r t ,  t o  t h e  
c u r r e n t  absence o f  dynamical arguments -- t o  which some remedy i s  b rought  
by the  present  paper, i t  i s  be1 ieved --, and f o r  the  r e s t  t o  t he  s c a r c i t y  o f  
data o f  h i ghe r  moments o f  the v e l o c i t y  d e r i v a t i v e s  -- K lebanof f  and F r e n k i e l  
made measurements a t  o n l y  t h ree  low Reynolds numbers. 
6 .  A.Discuss ion.  
I n  (8 ) ,  Mandelbrot a l s o  in t roduces  an i n f o r m a t i o n - t h e o r e t i c a l  e n t r o p y  
f u n c t i o n  
I a A S ~ - g = - P s g , < ~  a R > = - ~ w % ~ , , w >  
l h =  I 
wi thou t  a t t emp t i ng  t o  use i t .  
I t  may be use fu l  t o  n o t i c e  t h a t  S i s  n o t  a thermodynamical e n t r o p y .  
Only t he  formal analogy w i t h  the  Maxwell-Boltzmann d e f i n i t i o n  o f  en t ropy  i n  
the k i n e t i c  theory o f  gases j u s t i f i e s  the  g e n e r a l i z a t i o n  o f  t he  denominat ion.  
A p a r t i c u l a r  f e a t u r e  o f  t he  above S i n  Shannon's i n f o r m a t i o n  t heo ry ,  
i s  t h a t  i t  i s  s t a t i o n a r y  i n  most t ime- independent processes. The immediate 
connect i o n  o f  S t o  t he  dimensional  i t y  (accord ing  t o  the p r o p e r t y  #7 o f  f ,  as 
l i s t e d )  was the s t i m u l a n t  t o  seek i f  such v a r i a t i o n a l  p r o p e r t y  would n o t  be 
v a l i d  a l s o  i n  our  case. More p r e c i s e l y ,  we would l i k e  t o  know under wh i ch  
cond i t i ons  the s t a t i o n a r i t y  o f  S w i t h  respect  t o  a r b i t r a r y  v a r i a t i o n s  i n  LM 
w i l l  correspond t o  the  exper imenta l  c o n s t r a i n t s  on f .  
The known dynamics o f  tu rbu lence  does n o t  g i v e  much i n f o r m a t i o n  about  
PI/-  nor  about f ,  f o r  t h a t  mat te r .  Hence, i t  seems t h a t  t he  usua l  techniques 
o f  the  c a l c u l u s  o f  v a r i a t i o n s  do n o t  app ly  i n  t h i s  problem. As a  consequence, 
we t es ted  t h e  t e n t a t i v e  p r i n c i p l e  
d S =  0 
aga ins t  a  c o l l e c t i o n  o f  t e s t  f unc t i ons .  
1 Because i t  was f e l t  t h a t  t he  d i m e n s i o n a l i t y  8/3 ( i  .e., f '  (1 )  = g-) shou ld  
p l a y  a  spec ia l  r o l e ,  a  change o f  f u n c t i o n s  was made, so as t o  t a k e  8/3 as a  
re fe rence  va 1 ue 
4 
t he  c o n d i t i o n s  t o  be s a t i s f i e d  a r e  y(0) = 0 
I y ( - 1 )  =-ij 
and ~ ' ( 0 ) .  0 i s  our  re fe rence  s lope.  
The n o n - t r i v i a l  c o n s t r a i n t s  correspond t o  the  p r o p e r t i e s  8, 1 ,  3,  and 
f o f  f .  For they a re  w r i t t e n ,  r e s p e c t i v e l y  
'f I s convex 
q " ( 0 3  measures the  w i d t h  o f  the  d i s s i p a t i o n  range 
I 
0 = - 3 (v ( -+ ) -  E )  
The f i r s t  two a r e  a n a l y t i c a l ,  and w i l l  be s a t i s f i e d  r i g o r o u s l y .  
a About the value o f  y l ' ( 0 ) ,  we w i l l  use ( l l ) ,  Vo1.2, f ig .77 :  t h e r e  
one can see tha t  the shape o f  the d i s s i p a t i o n  spectrum i s  almost u n i v e r s a l  
i f  the Reynolds number i s  large enough. So our  t e s t  f unc t i ons  should y i e l d  
i n  order  t o  agree w i t h  the data. 
The value o f  B i s  not  we l l  known: the  log-normal cascade models r e -  
viewed i n  ( 1 1 )  g ive  i t  c lose  t o  .05, w i t h  50% s c a t t e r  i n  the  data. A fo rmula  
der ived i n  (8) re la tes  B and D; a l s o  under the log-normal assumption and 
f o r  D = 8/3 
Obviously, these l a s t  two cons t ra in t s  are n o t  very sharp. They w i l l  be used 
separate ly  as a  means o f  screening the t e s t  func t ions  o n l y  when the co r res-  
ponding e r r o r  i s  o f  an order  o f  magnitude, and w i  1 1  be r e f e r r e d  t o  as " data"  
i n  the fo l l ow ing .  
(o)=O w i l l  be an i n t e r e s t i n g  proper ty  i f  i t  i s  connected 
bu t  i s  no t  a  general requirement. 
The r e s u l t s  come out  as fo l lows,  w i t h  the c o n s t r a i n t s  s a t i s f i e d :  
The convexi ty  cond i t i on  i s  O , ( n  C . 0 1  
~t m = 0, ~'(0) = 0 $@"(o) = . 2 2  B =  ,031 
A t  = , 0 0 8  V ' ( O ) =  0 ( 0  . 21  'B= ,073 
I ~ V ' ( Q ) - ~ ,  n = 2 ,  has a  pole a t  = -5 , and must be r e j e c t e d .  i f  - d w  - 
a cp '(0) i f  Y ' ( ~ ) : ~ ,  m =.o?g,  -
a h  # 0 ,  f?: ,94 which i s  no t  acceptable.  
3 v'[o)- 
i f  - Y ' ( ~ )  = - and y cannot be convec. I 
f o r  fn = .5 B =  .0?5- ~ ' ~ ( 0 )  = .22
I f  i s  t oo  l a rge ,  cannot be convex c l o s e  t o  t h e  o r i g i n  
'~'(0) + 0 
f o r  /h = . 8  ~ " ( 0 ) t  -23 13 = .a35 
Th i s  c o l l e c t i o n  i s  no t  complete o f  course, bu t  represents  what i s  l e f t  o f  
a l a r g e  t r i a l  s e t ,  o f  which the  f u n c t i o n s  would f a i l  t o  s a t i s f y  e i t h e r  
the  extremum cond i t i on  wlo)= 0 o r  t h e  convexi  t y  cond i t ion .  The sampl e d n  
above i s  in tended t o  g i v e  a p o t e n t i a l  v a r i a b i l i t y  o f  the  c u r v a t u r e  a t  t h e  
o r i g i n ,  and t o  avo id  a sys temat i c  symmetry as encountered i n  t h e  f i r s t  
case. 
I t  i s  seen t h a t  acceptab le  va lues o f  B a r e  c o n s i s t e n t l y  ob ta i ned  a t  
y l 1 ( o ) = . 2 2 ,  w i t h  a s u p r i s i n g  accuracy,  i f  we impose on two c o n d i t i o n s :  
t y' ( o )  = 0 (correspond i n g  t o  a dimension 8/3) Q' (01  i s  s t a t i o n a r y  w i t h  respect  t o  the  f r e e  parameter.  
To summarize the  r e s u l t s  f o r  t h e  determing f u n c t i o n  f, we have shown 
t h a t  i f  f s a t i s f i e s  t he  genera l  c o n d i t i o n s  o f  convex i t y ,  and o f  f i x e d  
va lues a t  0 and 1 ; i f  we impose t he  r e l a t i o n s h i p  between skewness and 
K u r t o s i s ;  i f  D = 8/3 and t he  en t ropy  i s  s t a t i o n a r y  w i t h  r espec t  t o  t he  f r e e  
parameter; then the  w i d t h  o f  the  d i s s i p a t i o n  spectrum i s  cons tan t  and t h e  
c o r r e c t i o n  c o e f f i c i e n t  B has a c o r r e c t  va lue.  
A more r i go rous  development o f  the  idea was n o t  p o s s i b l e  because o f  
the absence o f  any dynamics i n  the  d e f i n i t i o n  o f  the  de te rm in i ng  f u n c t i o n :  
bu t  an en t ropy  p rope r t y  i s  such a dynamical f e a t u r e ,  and i t  i s  in tended t o  
work by deduct ions a long  t h i s  l i n e :  f o r  example, i n  the  case o f  a non-New- 
t o n i a n  f l u i d ,  one cou ld  imagine t h a t  t he  w i d t h  o f  t he  d i s s i p a t i o n  spect rum 
i s  d i f f e r e n t ,  so t h a t  t he  s t a t e  o f  t ime  independence (wel l- developed t u r b u-  
lence) would correspond t o  another  dimensional  i t y  o f  the  f i e l d :  t he  8/3 has 
n o t h i n g  magic, even i f  we r e l i e d  h e a v i l y  on i t  i n  t h i s  paper.  
A lso,  a b e t t e r  unders tanding i s  gained o f  why 8 /3 ,  ( o r  whatever i t  has 
t o  be) i s  a c r i t i c a l  d imension: the  f a c t  t h a t  i t  appeared i n  a d e r i v a t i o n  
based on c r i t i c a l  p o i n t s  theory ,  suggests t h a t  a connec t ion  between t h e  c r i -  
t i c a l  p o i n t  and t he  en t ropy  o f  the  system. Some work i s  suggested f o r  b o t h  
l a b o r a t o r y  and numerical  exper iments,  about measuring t he  d i m e n s i o n a l i t y  o r  
e s t a b l i s h i n g  t he  ext remal  p r o p e r t i e s  o f  t he  f l o w .  
F i n a l l y ,  a promis ing l i n e  seems t o  be opened f o r  t he  i n t r o d u c t i o n  o f  
f u n c t i o n a l  a n a l y s i s  i n t o  the  s tudy o f  f r a c t a l s  i n  tu rbu lence .  For example, 
one cou ld  w r i t e  M/ as a f u n c t i o n a l  o f  the  v e l o c i t y  f i e l d ,  and i t s  d e r i v a-  
t i v e s ,  and t r y  t o  d e r i v e  some consequences o f  t he  s t a t i o n a r i t y  o f  en t ropy ,  
submi t ted t o  t he  c o n s t r a i n t s  on f. 
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A GRID-STIRRING EXPERIMENT WITH BUOYANCY INPUT 
John W. Loder 
I n t roduc t i on  
An i n t e r e s t i n g  fea ture  o f  oceanographic dens i ty  sec t ions  from some 
r e l a t i v e l y  energet ic  t i d a l  regions i s  the ex is tence o f  a  v e r t i c a l l y  w e l l -  
mixed water column throughout the year (e.g. i n  the C e l t i c  Sea, Simpson 
(1976), and an Georges Bank, Bumpus (1975)). A1  though sur face wind s t r e s s  
undoubtedly, con t r i bu tes  t o  mix ing i n  the upper p a r t  o f  the water  column, 
the ex is tence o f  shal low thermocl ines i n  near ly  less t i d a l l y  ene rge t i c  re-  
gions and the maintenance o f  the well-mixed s t a t e  even i n  per iods  o f  low 
wind s t ress ,  suggests t h a t  bottom-generated turbulence i s  the  major source 
o f  t u rbu len t  k i n e t i c  energy (TKE) f o r  such mixing. 
Simpson and Hunter (1974) used simple energet ic  cons idera t ions  t o  
suggest an empi r ica l  c r i t e r i o n  f o r  p r e d i c t i n g  the l o c a t i o n  o f  the t r a n s i t i o n  
from the wel l-mixed s t a t e  t o  a  s t r a t i f i e d  water column. For  a  wel l-mixed 
water column o f  depth H w i t h  a  r a t e  o f  surface heat input  Q, the  r a t e  o f  
generat ion o f  p o t e n t i a l  energy (PE) requi red t o  mainta in the  wel l-mixed con- 
d PE I 5 5 H .  d i t i o n  i s  -= =i P where and Cp are the c o e f f i c i e n t  o f  thermal 
expansion and the s p e c i f i c  heat respect ive ly .  Assuming t h a t  a  f r a c t i o n  E 
o f  the r a t e  o f  TKE product ion i n  the bottom boundary l aye r  i s  a v a i l a b l e  f o r  
the generat ion o f  PE, they suggested t h a t  the t r a n s i t i o n  f rom the  wel l-mixed 
- 
t o  the s t r a t i f i e d  regime would occur when E ~ c , I ~ I ~ = ~  &AH where C p  i s  
c P 
a drag c o e f f i c i e n t  i n  a  quadra t ic  bottom f r i c t i o n  law, and 1 ~ ) ~  i s  the  aver-  
age over a  t i d a l  cyc le  o f  the t i d a l  cu r ren t  cubed. A p p l i c a t i o n  o f  t h i s  c r i -  
H t e r i o n  t o  the I r i s h  and C e l t i c  Seas showed contours o f  - approximately  7LL13 , -  . 
p a r a l l e l  t o  the observed t r a n s i t i o n  zone dur ing  summer. An i n t e r e s t i n g  r e -  
s u l t  i s  t ha t  the observat ions suggest a  value o f  E o f  o n l y  a  few ten ths  o f  
a  percent,  i n d i c a t i n g  t h a t  very l i t t l e  o f  the TKE goes i n t o  work aga ins t  
H g r a v i t y .  Contours o f  = 
l U 1 3  
f o r  the Gul f  o f  Maine ( ~ . G a r r e t t  ( ~ e r s o n a l  com- 
municat ion) us ing data from Greenberg's (1975) model) and f o r  Georges Bank 
(J .  F i  f i e l d  (personal communication) us ing  observed t i d a l  c u r r e n t s )  a1 so 
show rough agreement w i t h  the observed well-mixed areas d u r i n g  summer, and 
again i nd i ca te  a  value o f  E a t  the t r a n s i t i o n  zone o f  o n l y  - .001 - .002. 
This i s  a  b i t  s u r p r i s i n g  s ince labora tory  experiments by Kato and P h i l l i p s  
(1969) and ocean observat ions by K i t a i g o r o d s k i i  (1960) o f  entrainment i n  a  
surface mixed layer  w i t h  mean f l o r  suggest that- .  5% o f  the  a v a i l a b l e  k i n e t i c  
energy i s  going i n t o  PE generat ion (al though i t  i s  no t  c l e a r  t h a t  the r e s u l t s  
should be compared). 
These energet ic  considerat ions suggest t h a t ,  i n  an i n i t i a l l y  w e l l -  
mixed water column w i t h  sur face heat ing  and o n l y  i nc lud ing  c o n t r i b u t i o n s  t o  
v e r t i c a l  mix ing from bottom generated turbulence, the important  parameters 
are  the r a t e  o f  heat input  Q, the depth H, and some v e l o c i t y  U such as a  
f r i c t i o n  v e l o c i t y  U* . The nondimensional combination (where Q has 
U 
u n i t s  o f  energy/mass/time) might be expected t o  determine the  onset o f  
s t r a t i f i c a t i o n .  The present experiment has been motivated as an at tempt t o  
i nves t i ga te  the relevance o f  the $ parameter izat ion t o  a  s imple l ab -  
0 o r a t o r y  experiment i nvo l v ing  a c o n t r o l l e d  r a t e  o f  TKE product ion  i n  the 
lower p o r t i o n  o f  a tank o f  water and c o n t r o l l e d  heat input  a t  the sur face.  
I t  might a l s o  prov ide  a labora tory  est imate o f  C , and some i n d i c a t i o n  o f  
the dependence o f  the long- term evo lu t i on  o f  the s t r a t i f i c a t i o n  i n  the sys-  
tem on Q, H and U. The experiment w i l l  thus be an attempt t o  s imu la te  t h e  
e v o l u t i o n  o f  s t r a t i f i c a t i o n  due t o  buoyancy input  a t  the ocean sur face i n  
regions such as cont inenta l  shelves o r  shal low seas where bottom-generated 
tu rbu len t  v e l o c i t y  f l u c t u a t i o n s  are o f  s u f f i c i e n t  magnitude t o  a f f e c t  t he  
dens i ty  s t r u c t u r e  throughout the water column. Such s t r a t i f i c a t i o n  may be 
considered t o  develop du r ing  sp r ing  and summer when so la r  r a d i a t i o n  and 
f resh  water run- o f f  p rov ide  a buoyancy input  a t  the sur face o f  an i n i t i a l l y  
v e r t i c a l l y  wel l-mixed water column. The source o f  TKE i s  considered t o  be 
the k i n e t i c  energy removed i n  the bottom boundary layer  from the  o s c i l l a t o r y  
ba ro t rop i c  t i d a l  f low,  a l though the model should a l s o  be app l i cab le  t o  r e -  
gions where some o ther  form o f  bottom-generated mix ing occurs. 
Some obvious l i m i t a t i o n s  on the a p p l i c a b i l i t y  o f  such an experiment 
t o  the ocean should be noted. A v a r i e t y  o f  processes c o n t r i b u t e  t o  v e r t i c a l  
mix ing i n  the ocean; the present experiment i s  intended t o  s imu la te  o n l y  t he  
e f f e c t s  o f  bottom-generated turbulence (al though convect ive motions a l s o  may 
have ex i s ted  i n  the upper p o r t i o n  o f  the experimental  system). The r o t a t i o n  
o f  the e a r t h  has no t  been simulated and hence the ex is tence o f  t u r b u l e n t  Ek- 
man layers  above the ocean f l o o r  i s  no t  represented. The a p p l i c a b i l i t y  o f  
the experiment might thus be l i m i t e d  t o  shal low regions where the water depth 
i s  s u f f i c i e n t l y  small t ha t  the boundary layer  thickness i s  no t  l i m i t e d  by 
c o r i o l i s  e f f e c t s  ( i . e .  the depth H i s  less than some c h a r a c t e r i s t i c  Ekman 
layer  th ickness , say . 1  U*./q where f i s  the cor  i o l  i s frequency) . The ne-  
g l e c t  o f  ho r i zon ta l  mixing, and ho r i zon ta l  and v e r t i c a l  advect ion, i s  a l s o  
an o v e r s i m p l i f i c a t i o n .  This may be e s p e c i a l l y  t r u e  i n  a d iscuss ion  o f  b o t -  
tom-generated turbulence s ince i t s  i n t e n s i t y  w i l l  vary h o r i z o n t a l l y  dependent 
on s p a t i a l  v a r i a t i o n s  i n  the t i d a l  cu r ren t  regime and bottom roughness. Such 
ho r i zon ta l  v a r i a t i o n s  i n  v e r t i c a l  mix ing w i l l  r e s u l t  i n  h o r i z o n t a l  d e n s i t y  
gradients which may d r i v e  mean c i r c u l a t i o n s  which a l s o  may a f f e c t  the d e n s i t y  
s t ruc tu re .  A one-dimensional v e r t i c a l  mix ing model might be usefu l  f o r  e s t i -  
mating the ho r i zon ta l  dens i ty  v a r i a t i o n s  as i npu t  t o  a model o f  the d e n s i t y -  
d r i ven  c i r c u l a t i o n .  
A Discussion o f  Some Previous Experiments: 
A number o f  experimental s tud ies  i n v o l v i n g  turbulence i n  a s t r a t i f i e d  
f l u i d ,  and re levant  t o  the present experiment, have been repor ted i n  the  l i t -  
era ture .  Most o f  these experiments have been attempts t o  model the e n t r a i n -  
ment processes associated w i t h  the growth o f  the ocean sur face mixed l a y e r  
i n t o  the under ly ing  s t r a t i f i e d  water dur ing  storms o r  o the r  per iods o f  i n -  
creased energy input  from the wind. consequently they neg lec t  the cont inuous 
buoyancy input  a t  the ocean surface which i s  important i n  the present  con- 
t e x t  f o r  the long term evo lu t i on  o f  oceanic s t r a t i f i c a t i o n .  A recent  d i s -  
cussion of  these experiments may be found i n  P r i c e  (1977). They have been 
mainly of  two types: (1) those w i t h  mechanical energy i npu t  by an o s c i l  l a -  
t i n g  g r i d ,  thus generat ing turbulence w i thout  mean f low,  and (2)  those where 
a constant s t ress  a t  the upper surface puts energy i n t o  a mean f l ow  i n  t h e  
upper p a r t  o f  the f l u i d .  They have attempted t o  parameterize the nondimen- 
s iona l ized entrainrnent,Es%. where W. i s  the r a t e  o f  growth o f  the mixed 
layer ,  as a func t i on  o f  some o v e r a l l  Richardson number o f  the system ( u s u a l l y  
ZT! f o r  the  g r i d - s t i r r i n g  exper iments o r  a  Ri, = a R i  = pb, j A P D  f o r  t h e  
PO,* 
a p p l i e d  s t r e s s  exper iments,  where u' i s  a  rms h o r i z o n t a l  t u r b u l e n t  v e l o c i t y ,  
u, i s  t h e  f r i c t i o n  v e l o c i t y ,  2 i s  an i n t e g r a l  l e n g t h  s c a l e  o f  t h e  t u r b u-  
lence,  D i s  t h e  mixed l a y e r  depth,  and A p  i s  t he  d e n s i t y  d i f f e r e n c e  ac ross  
t h e  mixed l a y e r  i n t e r f a c e ) .  There i s  some incons is tency  i n  t h e  r e s u l t s  o f  
these exper iments ,  w i t h  t h e  g r i d - s t i r r i n g  exper iments showing € a t ~ i ' ~ / ~  o r  
E 4 ~ i - '  dependent on temperature versus s a l  i n i  t y  s t r a t i f i c a t i o n ,  and on 
t h e  l o c a l  ~ g c l e t  number. The e a r l i e r  s t r e s s  exper iments (Kato and P h i l -  
l i p s ,  1969) suggested € ol ~ i ; '  bu t  more recen t  exper iments  antha ha, P h i l -  
1 i ps ,  and Azad, 1977) suggest t h a t  t h i s  law does n o t  h o l d  f o r  l a r g e  Ri,and 
t h a t  E i s  l a r g e r  than i n  t h e  Kato and P h i l l i p s  exper iments by a  f a c t o r  o f  
two. These exper iments r a i s e  some i n t e r e s t i n g  ques t ions .  A law i s  
c o n s i s t e n t  w i t h  t he  e n e r g e t i c  argument t h a t  t h e  r a t e  o f  g e n e r a t i o n  o f  PE 
i s  p r o p o r t i o n a l  t o  t he  a v a i l a b i l i t y  o f  TKE. I f  t h i s  were a  v a l i d  r e s u l t  and 
t h e  p r o p o r t i o n a l i t y  f a c t o r  were known, i t  would be q u i t e  u s e f u l  f o r  p re-  
d i c t i n g  en t ra inment  and migh t  have i m p l i c a t i o n s  f o r  t he  t ime  dependent evo-  
l u t i o n  o f  s t r a t i f i c a t i o n  d iscussed here.  The Kantha, P h i l l i p s  and Azad r e -  
s u l t s  suggest,  however, t h a t  d i f f e r e n t  processes c o n t r o l  t he  e v o l u t i o n  o f  
tu rbu lence  i n  a  s t r a t i f i e d  f l u i d  f o r  d i f f e r e n t  ranges o f  R i .  The incon-  
s i s t e n c i e s  i n  these exper iments a l s o  p o i n t  o u t  t h e  n e c e s s i t y  o f  c a r e f u l  
a n a l y s i s  o f  t h e  importance o f  geometry s e n s i t i v i t y ,  s i d e w a l l  f r i c t i o n ,  and 
o t h e r  v i scous  e f f e c t s  i n  t h e  l a b o r a t o r y  exper iments be fo re  t h e i r  r e s u l t s  
a r e  a p p l i e d  t o  t he  ocean. 
Two o t h e r  exper imenta l  s t ud ies  a r e  o f  some re levance.  Kraus and 
Turner  (1967) modeled t he  e v o l u t i o n  o f  t he  seasonal t he rmoc l i ne  f o r  a  con- 
s t a n t  r a t e  o f  g r i d  s t i r r i n g  i n  the  su r face  l a y e r  and f o r  a  sawtooth seasonal  
h e a t i n g  f u n c t i o n  e x p e r i m e n t a l l y  ob ta ined  by the  i n p u t  o f  buoyant f l u i d  a t  
t h e  su r face .  The depth and temperature dependence o f  t h e  upper mixed l a y e r  
as f u n c t i o n s  o f  t ime and t he  r e l a t i o n  t o  t h e  h e a t i n g  and c o o l i n g  c y c l e  were 
i n  q u a l i t a t i v e  agreement w i t h  ocean obse rva t i ons .  
C.G.H.Rooth (personal  communication) has po in ted  o u t  some i n t e r e s t i n g  
f ea tu res  about t he  dependence on s t r a t i f i c a t i o n  o f  t h e  r a t i o  o f  PE genera- 
t i o n  t o  ava i  l a b l e  TKE ( i  .e.  £ ) based on unpubl i shed exper imenta l  work.  Expe r i  - 
ments were performed w i t h  bo th  t op  and bot tom g r i d  s t i r r i n g ,  and w i t h  s u r -  
face heat  i n p u t  such t h a t  t he  temperature d i f f e r e n c e  dT between t h e  t o p  and 
bot tom was c o n t r o l l a b l e .  Est imates o f  t he  r a t e  o f  gene ra t i on  o f  PE f o r  va- 
r i o u s  dT b u t  cons tan t  s t i  r r i n g  r a t e s  (a) suggested a dependence o f  t h e  PE 
genera t ion  on s t r a t i f i c a t i o n  as shown i n  F ig .1 .  
Th i s  v a r i a t i o n  o f  E w i t h  R i  aga in  i m p l i e s  t h a t  ranges o f  RL' e x i s t  i n  
which t he  impor tan t  parameters d i f f e r ,  thus comp l i ca t i ng  any model o f  t h e  
e v o l u t i o n  o f  s t r a t i f i c a t i o n  i n  a  t u r b u l e n t  f l u i d .  
The p resen t  exper iment  can thus be cons idered t o  a l s o  have been m o t i -  
vated by ques t ions  r a i s e d  by these pas t  exper iments,  and as an a t t emp t  t o  
o b t a i n  some f e e l i n g  f o r  t he  impor tan t  phys i ca l  processes i n  l a b o r a t o r y  mod- 
e l s  and t h e i r  re levance t o  the  ocean. 
Exper imental  Apparatus 
The apparatus sketched i n  F ig .2 ,  cons i s t ed  o f  a  c y l i n d r i c a l  g l a s s  
tank o f  d iameter  29 cm and depth 29 cm, w i t h  m i x i ng  p rov ided  by a  v e r t i c a l l y  
Fig.1 .  Rate o f  genera t ion  o f  PE vs .b T f o r  t h r e e  d i f f e r e n t  
s t i r r i n g  ra tes .  C.G.H.Rooth ( ~ e r s o n a l  communicat ion).  
o s c i l l a t i n g  g r i d  i n  t he  lower p a r t  o f  t he  tank  and h e a t i n g  by an e l e c t r i c  
hea te r  severa l  cen t imete rs  below t h e  water  su r face .  
Fig.2.  Exper imenta l  tank.  
The aluminum m ix i ng  g r i d  was rec tangu la r  i n  o v e r a l l  shape (- 22.2  cm 
x  25 cm) and q u i t e  r i g i d  (0.6 cm t h i c k ) ,  and cons i s t ed  o f  p e r p e n d i c u l a r  
r ec tangu la r  crossbars  0.9 cm i n  w i d t h  w i t h  3.5 cm x  4.0 crn openings between 
bars .  I t  was o s c i l l a t e d  a t  t he  d e s i r e d  amp l i tude  and f requency by a  v a r i a -  
b l e  speed gear motor a t tached  t o  a  sco tch  yoke. The hea te r  c o n s i s t e d  o f  
h o r i z o n t a l  w i r e s  o f  d iamete r-  1 mm and sepa ra t i on  1.5 cm w i t h  t o t a l  r e -  
s i s t ance  3 3 . 5 f i ,  and was supp l i ed  by a  r egu la ted  v a r i a b l e  o u t p u t  AC power 
supply  w i t h  d i g i t a l  read- out .  The temperature was measured u s i n g  a  4 0 0 0 f i  
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l socurve  t he rm is to r  i n  a  l i n e a r  b r i dge  c i r c u i t  and w i t h  o u t p u t  t o  a  c h a r t  
recorder .  V e r t i c a l  temperature p r o f  i l e s  were measured 6  cm f rom the  t a n k ' s  
cen te r  a x i s  by mechanica l ly  lower ing  the  t he rm is to r  a t  cons tna t  speed w i t h  
a  t o t a l  descent t ime o f  one minute.  
F igure  2  a l s o  shows the  p o s i t i o n s  o f  the hea te r  and m i x i n g  g r i d  r e l a -  
t i v e  t o  the wate r  su r face  and tank bottom. The water  su r f ace  and hea te r  
were mainta ined a t  the  same p o s i t i o n  f o r  a l l  runs, w h i l e  the  m i x i n g  g r i d  
was p laced  a t  t h ree  d i f f e r e n t  depths. The ampl i tude o f  the  g r i d  o s c i l l a -  
t i o n  was f i x e d  a t  1.05 cm f o r  a l l  runs, w h i l e  the  frequency was v a r i e d  be- 
tween 92 and 137 cycles/min. The system was i n s u l a t e d  d u r i n g  h e a t i n g  ex-  
per iments.  
D e s c r i p t i o n  o f  Turbulence w i t h o u t  Buoyancy Inpu t  
Attempts were made t o  s tudy the g r id- induced mot ions i n  a  homogeneous 
f l u i d .  These invo lved  s imple and somewhat crude techniques, b u t  they may be 
compared w i t h  p rev ious  exper imenta l  parameter i za t ions  (Thompson and Turner ,  
1975; Hopf inger  and To ly ,  1976) and t h e o r e t i c a l  suggest ions  on^, 1977) 
f o r  such f lows.  The Thompson and Turner,  and Hopf inger  and T o l y  exper iments  
suggest t h a t  the  i n t e g r a l  l eng th  sca le  .4? i s  p r o p o r t i o n a l  t o  d i s t a n c e  2 
f rom the  g r i d  and t h a t  the  rms h o r i z o n t a l  v e l o c i t y  U' i s  p r o p o r t i o n a l  t o  
the frequency o f  g r i d  o s c i l l a t i o n ,  bu t  d i f f e r  i n  t he  dependence o f  u' on i! 
wi t h  Thompson and Turner f i n d i n g  a  3- dependence and Hopf i nger  and To1 y  
a  2-' dependence. Long (1977) proposes a  t h e o r e t i c a l  model f o r  the  s t a t  i s -  
t i c a l l y  steady behav io r  o f  such a  t u r b u l e n t  f l ow,  i n  agreement w i t h  t he  Hop- 
f i n g e r  and To l y  observa t ions .  
Dye s t reaks  l e f t  by permanganate c r y s t a l s  f a l l i n g  through t he  f l u i d  
were observed t o  q u a l i t a t i v e l y  s tudy t he  v e l o c i t y  f l u c t u a t i o n s  i n  the  f l u i d  
and t o  de tec t  any mean c i r c u l a t i o n s  i n  the  tank. These obse rva t i ons  sug- 
gested t h a t  random v e l o c i t y  f l u c t u a t i o n s  on a  v a r i e t y  o f  sca les  were p resen t  
throughout the  tank, and showed no obvious mean c i r c u l a t i o n s ,  a l t hough  obser-  
va t i ons  were a t  t imes i nconc lus i ve  e s p e c i a l l y  f o r  t he  lowest m i x i n g  g r i d  
p o s i t i o n .  
Attempts were made t o  parameter ize U,  as a  f u n c t i o n  o f  g r i d  o s c i l l a -  
t i o n  frequency by e s t i m a t i n g  eddy d i f f u s i v i t i e s  K based on d i f f u s i o n  t imes 
i n  t he  turbu lence.  For the  f l u i d  i n i t i a l l y  a t  r e s t ,  the  r a t e  o f  expansion 
o f  t he  bottom t u r b u l e n t  r eg ion  as a  f u n c t i o n  o f  t ime a f t e r  t u r n i n g  on t he  
m ix i ng  was recorded f rom dye s t r e a k  observa t ions .  F igure  3 shows the  da ta  
f rom th ree  such runs f o r  f = 108 cpm and the mix ing  g r i d  a t  p o s i t i o n  ( b ) .  
Such graphs were used t o  es t imate  K assuming a  d i f f u s i o n  titne,T--~~/,< 
where L i s  an o u t e r  l eng th  sca le  o f  the t u r b u l e n t  reg ion .  Then, assuming 
I ( - ) ( u * ~  where X i s  von Karman's cons tan t  a n d 8 - X D  where D i s  a  l e n g t h  
sca le  o f  the tank, U, can be est imated f rom u,- K . F igu re  4 shows 
ur w , c v ( = ~ x ~ )  us ing  f i v e  s t i r r i n g  f requencies.  xaD 
The d e v i a t i o n  f rom the  expected s t r a i g h t  l i n e  r e l a t i o n s h i p  i s  a t t r i -  
buted t o  observa t iona l  u n c e r t a i n t i e s  i n  de te rmin ing  L m. 7 "' f o r  such a  
smal l  range o f  o s c i l l a t i o n  f requencies.  Al though F ig .2  shows good agreement 
w i t h  a  d i f f u s i o n  t ime s c a l i n g ,  o t h e r  da ta  showed l ess  agreement and were 
sometimes i n d i s t i n g u i s h a b l e  f rom da ta  a t  a  d i f f e r e n t  f requency. Th i s  may 
a l s o  be a t t r i b u t a b l e  t o  a  l a c k  o f  h o r i z o n t a l  homogeneity i n  t h e  e v o l v i n g  
turbu lence.  Consequently, i t  i s  f e l t  t h a t  i t  cannot be concluded t h a t  a  
U,&W r e l a t i o n s h i p  does n o t  h o l d  f o r  t h e  system. 
L vs TtI2 f o r  t h ree  exper imenta l  runs (x ,  a , 0) w i t h  
m ix i ng  g r i d  a t  p o s i t i o n  (b) and f = 108 cpm. 
U* vs w f o r  m i x i ng  g r i d  a t  p o s i t i o n  ( b ) .  
Onset o f  S t r a t i f i c a t i o n  
A major a im o f  t he  exper imenta l  work was t o  look  a t  t h e  onset  o f  
s t r a t i f i c a t i o n  i n  an i n i t i a l l y  wel l-mixed system. Th is  was done by s l o w l y  
i nc reas ing  the  r a t e  o f  heat  i npu t  Q f o r  a  cons tan t  r a t e  o f  m i x i n g  u n t i l  
s t r a t i f i c a t i o n  developed. V e r t i c a l  temperature p r o f i l e s  were measured a t  
va ry i ng  t ime i n t e r v a l s ;  when such p r o f i l e s  were n o t  be ing measured, t he  
t he rm is to r  was p laced-  0.2 - 0.6 cm below the  wate r  su r f ace  t o  record  a  
t ime s e r i e s  o f  t he  near sur face  temperature.  F i gu re  5  shows a  t y p i c a l  s e t  
o f  such measurements. 
For low hea t i ng  r a t e s ,  the  TKE was s u f f i c i e n t  t o  m a i n t a i n  a  v e r t i c a l l y  
wel l-mixed system, r e s u l t i n g  i n  a  u n i f o r m  r a t e  o f  temperature increase a t  
a l l  depths. A comparison o f  t h i s  w i t h  the  expected r a t e  o f  inc rease  f r o m  
the power d i s s i p a t i o n  i n  the  hea te r  showed t h a t + 1 5 %  o f  t h e  hea t  i n p u t  was 
be ing  l o s t  f rom the  system. For increased h e a t i n g  ra tes ,  a  regime was 
reached i n  which a  t h i n  su r f ace  l a y e r  o f  warmer wate r  was observed t o  ap- 
pear and d isappear  on t ime scales o f  10 - 100 seconds. Th i s  i n t e r m i t t e n c y  
was a t t r i b u t e d  t o  the  i n t e r m i t t e n c y  o f  near su r f ace  t u r b u l e n t  f l u c t u a t i o n s ,  
w i t h  t u r b u l e n t  acce le ra t i ons  be ing  i n s u f f i c i e n t  t o  overcome buoyancy d u r i n g  
t imes o f  s t r a t i f i c a t i o n .  The ex i s tence  o f  such i n t e r m i t t e n t  s t r a t i f i c a t i o n  
t z o  t = 5  min, 
Y e v  t i c  a 1 
Profiles 
b OTTO vm 
F ig .5  
Three temperature p r o f i l e s  and su r f ace  temperature 
v a r i a t i o n s  f o r  exper iment w i t h  cons tan t  m i x i ng  a t  p o s i t i o n  
(a) and heat  i n p u t  
Q = O  t L 3 min 
Q = .0059 c a l  /crn2/, 3 L t <  1 1  min 
Q - .0066 ~ a l / c m ~ / ~  t 7 1 1  min 
has i n t e r e s t i n g  i m p l i c a t i o n s  f o r  t he  energy budget o f  such a  system. 
I f  t he  r a t i o  o f  r a t e  PE gene ra t i on  t o  r a t e  o f  TKE p roduc t i on  were con- 
s t a n t ,  one migh t  expect  the  onset  o f  s t r a t i f i c a t i o n  t o  r e s u l t  i n  a  run-  
away towards i nc reas ing  s t r a t i f i c a t i o n ,  s i nce  i nc reas ing  PE g e n e r a t i o n  
would be requ i r ed  t o  break down such s t r a t i f i c a t i o n .  The o b s e r v a t i o n  o f  
con t inued  i n t e r m i  t t e n c y  f o r  a  smal l  range o f  suggests t h a t  t h e r e  m igh t  
be an increased r a t e  o f  PE genera t ion  a t  low s t r a t i f i c a t i o n s ,  c o n s i s t e n t  
w i t h  observa t ions  i n  the  Rooth exper iments .  
A t  s l i g h t l y  h i g h e r  h e a t i n g  r a t e s ,  t he  s t r a t i f i c a t i o n  was c o n t i n u a l l y  
mainta ined,  and increased w i t h  t ime  f o r  a  cons tan t  h e a t i n g  r a t e .  A r e g i o n  
o f  cons tan t  temperature w i t h  depth evo lved  above t he  hea te r  w i t h  a  sharp 
the rmoc l ine  deve lop ing  below t h e  hea te r .  
fi t o  the  onse t  o f  s t r a t i f i c a t i o n  was i n v e s t i g a t e d  The re levance o f  ,,, 
by n o t i n g  the  r a t e  o f  buoyancy i n p u t  a t  which t he  t r a n s i t i o n  occu r red  f o r  
repeated exper imenta l  runs a t  each o f  severa l  m i x i ng  f requenc ies .  F i g u r e  6 
shows(& Q )  t rans i t i on ,  where d i s  the  c o e f f i c i e n t  o f  thermal expans ion a t  
the  t r a n s i t i o n  temperature,  and Q i s  t h e  r a t e  o f  hea t  i n p u t / u n i t  area,  v e r -  
3 
sus U* as es t imated  i n  the  p rev ious  s e c t i o n  f o r  t h e  m i x i ng  g r i d  a t  p o s i t i o n  
(b) 
The data i s  n o t  ve ry  sugges t i ve  o f  a  l i n e a r  r e l a t i o n s h i p ,  b u t  con- 
s i d e r i n g  the  u n c e r t a i n t i e s  i n  t he  e s t i m a t i o n  o f  U,, i t  i s  f e l t  t h a t  t h e  r e -  
s u l t s  a re  i nconc lus i ve .  A  p l o t  o f [ u  Q ) transit ion vs W' ( ~ i ~ . 7 )  shows a  
much c l o s e r  approach t o  a  l i n e a r  r e l a t i o n s h i p .  I t  i s  thus f e l t  t h a t  t h e  
e v a l u a t i o n  o f  u,as a  f u n c t i o n  o f  w was t o o  u n r e l i a b l e ,  and t h a t  t h e  l i n e a r  
r e l a t i o n  between d 4 and w 3  might  be i n t e r p r e t a b l e  as sugges t i ve  o f  a  
( M Q ) ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  vs ua3 f o r  mix ing  g r i d  p o s i t i o n  (b ) .  
( w Q ) t r a n s i t i o n  vs UJ' f o r  mix ing  g r i d  p o s i t i o n  (b ) .  
1 i near dependence of  U s  on w and o f  o( Q on uN3 . 
The r a t e  o f  heat ing  corresponding t o  the onset o f  s t r a t i f i c a t i o n  was 
a l so  used t o  i n f e r  the dependence o f  the r a t e  o f  TKE p roduc t i on /un i t  mass on 
the d is tance z from the mix ing  g r i d .  For the same mix ing frequency, the  
value oflo< O ) t r a n s i  tion was observed f o r  the three l oca t i ons  o f  the m i x i n g  
g r i d .  This was done i n i t i a l l y  t o  look a t  the s e n s i t i v i t y  o f  t he  g r i d  induced 
motions t o  closeness t o  the tank bottom. Such a  s e n s i t i v i t y  was no t  observed, 
bu t  the r e s u l t s  d i d  show t h a t  considerably h igher  heat ing  r a t e s  were requ i red  
f o r  s t r a t i f i c a t i o n  as the mix ing g r i d  was moved c lose r  t o  the top o f  the  tank.  
Figure 8 shows ( d Q )  transition vs 2-' f o r  two frequencies o f  g r i d  o s c i l l a t i o n .  
I n t e r p r e t i n g  the h igher  requ i red  heat ing  ra tes  as being i n d i c a t i v e  o f  h i g h e r  
t u rbu len t  energies i n  the near sur face layer ,  the r e s u l t s  suggest a  2'41 de- 
pendence f o r  the r a t e  o f  TKE product ion per  u n i t  mass. 
(- 4 )  transition vs 2-4 f o r  f = 108 cprn (x )  and f = 92 cpm (0 )  
Th is  i s  cons i s ten t  w i t h  t h e o r e t i c a l  expec ta t ions  assuming t h a t  t h e  r a t e  ' 
o f  p roduc t i on  o f  TKE per  u n i t  mass i s  equal t o  t he  r a t e  o f  k i n e t i c  energy 
d i s s i p a t i o n  per  u n i t  mass, *, f o r  a steady s t a t e  system, and u s i n g  t he  
Hopf inger  and To l y  and Long dependences o f  u' oc 3' and 1 z -  
Observat ions o f  S t r a t i f i e d  System 
Several f ea tu res  o f  t he  behavior  o f  the  system d u r i n g  s t r a t i f i c a t i o n  
a re  worthy o f  comment. A l though t ime prevented more obse rva t i ons  o f  t he  
long  term e v o l u t i o n  o f  the  s t r a t i f i c a t i o n ,  the  observa t ions  t h a t  were made 
suggested an i nc reas ing  temperature d i f f e r e n c e  between t op  and bo t tom f o r  
constant  hea t i ng  and m ix i ng  w i t h  no i n d i c a t i o n  o f  a  cons tan t  r a t e  o f  h e a t i n g  
a t  a l l  depths. 
An i n t e r e s t i n g  behav io r  was t he  con t inued  increase i n  s t r a t i f i c a t i o n  
f o r  decreas ing r a t e s  o f  hea t ing ,  and the  t ime requ i red  f o r  t h e  s t r a t i f i c a t i o n  
t o  be broken down a f t e r  h e a t i n g  was tu rned  o f f .  I f  h e a t i n g  were s l o w l y  i n -  
creased u n t i l  s t r a t i f i c a t i o n  formed, and then s l o w l y  decreased, t h e  system 
remained s t r a t i f i e d  through a range o f  hea t i ng  r a t e s  f o r  which we l l - mixed  
c o n d i t i o n s  were mainta ined d u r i n g  the i nc reas ing  h e a t i n g  s tage.  T h i s  hys-  
t e r e s i s  makes the  % c r i t e r i o n  appl  i c a b l e  f o r  p r e d i c t i n g  t r a n s i  t i o n  o n l y  
d u r i n g  t imes o f  i nc reas ing  h e a t i n g  r a t e .  
An unresolved ques t i on  about these l abo ra to r y  exper iments i s  t he  i m -  
por tance o f  i n t e r n a l  waves on the  d e n s i t y  i n t e r f a c e  and how r e a l i s t i c  t he  
presence o f  such waves a re  t o  t he  ocean thermocl ine.  The p o s s i b i l i t y  o f  
i n t e r n a l  modes o f  the  wave tank be ing  e x c i t e d  and c o n t a i n i n g  s i g n i f i c a n t  
energy cou ld  make l ess  TKE a v a i l a b l e  f o r  PE genera t ion .  Rapid b reak ing  o f  
such waves might  mean an increased cascade o f  TKE towards h i g h  wave numbers 
and v iscous d i s s i p a t i o n .  F igure  9 shows temperature observa t ions  a t  a  f i x e d  
p o s i t i o n  i n  the  thekmocl ine f o r  the  p resen t  exper iment.  
I I 
t = 2 9 m i m a  
Fig.9. 
Typical  temperature f l u c t u a t i o n s  i n  the thermocl ine. 
These temperatures have no t  been s p e c t r a l l y  analyzed, and hence i t  
i s  inconc lus ive  whether the temperature f l u c t u a t i o n s  a re  i n d i c a t i v e  o f  
wave- l ike processes on the thermocline, o r  whether they s imply con ta in  
tu rbu len t  f l u c t u a t i o n s  associated w i t h  eddies i nc iden t  upon the thermo- 
c l i n e .  
Discussion o f  Experiment 
I t  should be noted tha t  a t  t imes, unaccounted f o r  incons is tenc ies  
were observed i n  the behavior o f  the  system, which might suggest a sens i-  
t i v i t y  t o  some uncont ro l led  parameter. The l i m i t e d  t ime a v a i l a b l e  f o r  do- 
ing  the experiment resu l ted  i n  the use o f  e x i s t i n g ,  and a t  t imes less  than 
idea l ,  apparatus. The e f f e c t s  o f  a curved (upwards i n  the center )  bot tom 
sur face,  a rec tangu lar  mix ing g r i d  i n  a c y l i n d r i c a l  tank, s idewal l  f r i c -  
t i o n ,  and ex te rna l  thermal gradients have no t  been thoroughly i nves t i ga ted ,  
nor have the damping e f f e c t s  o f  the heat ing  element on the turbulence o r  
the e f f e c t  o f  any law o f  the wa l l  behavior i n  the top few cent imeters o f  
f l u i d  on the observat ions. A f i r s t  assessment o f  these f a c t o r s  however has 
no t  suggested t h a t  any o f  them had s i g n i f i c a n t  e f f e c t s  on the r e l i a b i l i t y  o f  
the r e s u l t s  repor ted here. 
More than anyth ing e l se  the present experiment has been use fu l  as a 
f i r s t  experiment i n  p o i n t i n g  ou t  gu ide l i nes  f o r  s i m i l a r  f u t u r e  experiments. 
The occasional inconsis tency i n  a somewhat less  than simple geometry sug- 
gests t h a t  the  geometry s e n s i t i v i t y  o f  any experiment be c a r e f u l l y  examined. 
Although i t  i s  essen t i a l  t h a t  the mix ing  processes f o r  simple systems be 
understood as a f i  r s t  step, there i s  some suggest ion o f  a gap between t h e  
simple labora tory  experiment and the more complicated ocean. 
An o r i g i n a l  aim o f  the experiment had been t o  est imate a value o f  
a t  the t r a n s i t i o n  t o  a s t r a t i f i e d  system. This was no t  accomplished due t o  
d i f f i c u l t y  i n  q u a n t i f y i n g  the r a t e  o f  working o f  the mix ing  g r i d ;  however, 
i t  might be a reasonable o b j e c t i v e  f o r  a f u t u r e  experiment. 
Imp l ica t ions  f o r  T ida l  Mix ing 
The experiment has pointed ou t  several q u a l i t a t i v e  fea tures  o f  r e l e -  
vance t o  the ocean. % appears t o  be the important parameter governing 
the onset o f  s t r a t i f i c a t i o n  i n  the present system, bu t  the relevance o f  a 
one-dimensional model t o  t i d a l  mix ing i s  no c l e a r e r  than before;  a labora-  
t o r y  est imate o f  & would have poss ib l y  helped t o  c l a r i f y  t h i s .  Any h o r i -  
zon ta l  d i f f u s i o n  o r  advec t ion  o f  heat i n t o  the sur face  l a y e r  o f  a  wate r  
column cou ld  be inc luded  i n  Q, i n  p r e d i c t i n g  the onset  o f  s t r a t i f i c a t i o n .  
The exper iment a l s o  suggests t h a t  the  f i r s t  appearance o f  s t r a t i f i c a t i o n  
may n o t  immediately r e s u l t  i n  a  runaway i nc reas ing  s t r a t i f i c a t i o n ,  b u t  
t h a t  r a p i d  increases i n  s t r a t i f i c a t i o n  might  be expected f o r  s l i g h t l y  
h i ghe r  h e a t i n g  ra tes .  
The h y s t e r e s i s  o f  the  dependence o f  s t r a t i f i c a t i o n  on -?$- suggests 
t h a t  9 i s  o n l y  a  re l evan t  parameter f o r  p r e d i c t i n g  t he  s t r a t ~ f i c a t i o n  
d u r i n g  t h e  i nc reas ing  hea t i ng  season. I t  a l s o  suggests t h a t  i n  a p p l y i n g  
QL t o  t he  ocean, values o f  neap t i d a l  c u r r e n t s  may be more r e l e v a n t  than  u ? 
s p r i n g  t i d a l  cussents s i nce  s t r a t i f i c a t i o n  i s  more e a s i l y  formed d u r i n g  
pe r i ods  o f  h i ghe r  % than broken down d u r i n g  per iods  o f  lower 9- 
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REFLECTION AND TRANSMISSION OF ROSSBY WAVES BY BOTTOM TOPOGRAPHY 
Aki ra  Masuda 
1. I n t roduc t i on  
The energy t ranspor t  by Rossby waves i s  so important t h a t  many 
researchers have s tud ied  i t s  mechanism and meanings i n  geophysical f l u i d  
dynamics. The energy t ranspor t  i n  the zonal d i r e c t i o n ,  however, s t i l l  r e-  
mains as a con t rove rs ia l  problem. Since the C o r i o l i s  parameter var ies  i n  
the mer id ional  d i r e c t i o n  the f i e l d  equat ions have inhornogeneity i n  t h a t  
d i r e c t i o n .  On the o ther  hand, the v o r t i c i t y  equat ion has constant  c o e f f i -  
c i e n t s  bu t  i so t ropy  i n  the zonal d i r e c t i o n  i s  l o s t  (consequently Rossby 
waves always propagate t o  the west).  Energy f l uxes  ca l cu la ted  by the 
" group-veloci  t y  concept" and the "worki ng-pressure concept" a re  no t  the 
same ( ~ o n g u e t - H  i g g i  ns (1 964) and Masuda ( 1  977) ) . 
There i s  another (and more d i r e c t )  mo t i va t i on  o f  t h i s  note.  Re- 
c e n t l y  Miura and Suginohara (1977) have c a r r i e d  ou t  a numerical expe r i -  
ment, where they considered a two- layer ocean w i t h  a con t i nen ta l  s h e l f  and 
slope near the western boundary. As an i n i t i a l  c o n d i t i o n  they had a 
b a r o c l i n i c  eddy i n  the open ocean. The eddy propagated westward and even- 
t u a l l y  reached the slope. Then, motion i n  the sur face l a y e r  propagated 
westward w i t h  almost no change, wh i l e  the bottom laye r  motions were d i r e c -  
ted by the bottom topography t o  move t o  the south along the slope. A l -  
though t h i s  s imu la t i on  was done by a non l inear  scheme, the bas ic  mechanism 
may be p a r t l y  expla ined i n  terms o f  r e f l e c t i o n  and t ransmiss ion o f  Rossby 
waves. 
The problem o f  r e f l e c t i o n  and transmission o f  Rossby waves i n  a 
homog6neous ocean has been d i  scussed by Rhines (1969). The important case 
o f  non-zonal bottom topography, however, has no t  been i nves t i ga ted  s u f f i -  
c i e n t l y .  I n  t h i s  note we see some cur ious  and i n t e r e s t i n g  aspects o f  t h i s  
problem. Moreover i f  we int roduce two- layer dens i ty  s t r u c t u r e  t ransmiss ion  
and r e f l e c t i o n  c o e f f i c i e n t s  a re  shown t o  become q u i t e  d i f f e r e n t  from those 
obtained i n  the case o f  a homogeneous ocean. 
2. Formulation 
Consider, f i r s t ,  a homogeneous ocean w i t h  one-dimensional bottom 
topography on a / -p lane.  Le t  us take (x, y) coord inates so t h a t  the depth  
H may be a func t ion  o f  x on l y .  The problem i s  t o  ob ta in  t ransmiss ion and 
r e f l e c t i o n  c o e f f i c i e n t s , l &  and R/* f o r  the given i nc iden t  wave 
i ( k ; ~ +  Jy - w t )  
-1e , where I i s  the amp1 i tude, (k; ,I ) the  wavenumbers 
and W i s  the frequency. The subsc r ip t  "i l l Or 1 1  r 1 1  denotes ' t inc idence" o r  
" re f l ec t i on" .  To the appropr ia te  bas ic  approximation, i .e .  
I h I where f={.+pg+ IY=~o+/~)',  the divergence equa- 
t i o n  f o r  the pressure p i s  g iven by 
where G H) i s  the  inverse  square o f  ex te rna l  r ad ius  o f  de fo rmat ion .  
Note t h a t  Y - term appears because we use (x ,  y )  ins tead  o f  ( X ,  Y )  . When 
the l eng th  sca le  o f  mot ion i s  much sma l le r  than G-'Ia , t h e  r i gh t - hand  s i d e  
o f  (2.1) can be neglected:  
A stream f u n c t i o n  V i s  a v a i l a b l e  as w e l l  i n  t he  case o f  l e n g t h  
sca le  n e g l i g i b l y  smal l  compared w i t h  ex te rna l  rad ius  o f  de fo rmat ion  o r  i n  
the  case o f  an a r t i f i c i a l  r i g i d  l i d  on the  top  o f  the  ocean. I n  terms o f  
the  v e l o c i t i e s  a r e  expressed as (Ha, Hv) . ( - v ~ , V ~ ) ~  and t h e  v o r t i  c i  t y  
eaua t ion  becomes 
Note t h a t  (2.2) and (2.3) a re  t he  same except  f o r  the second term. 
I n  the  case o f  a  two- layer  ocean we have the equat ions f o r  t h e  su r -  
face and bottom pressure,  ( p and ) : 
t o  the  same approx imat ion as (2 .1 ) .  Here (h,  H) a r e  the  depths o f  t he  
(sur face ,  bottom) l aye rs ,  * 
9 the  d e n s i t y  o f  t h e  bot tom l a y e r  and DP i s  the d e n s i t y  d i f f e r e n c e  be- 
tween the bottom and sur face  l aye rs .  A t i l d e  denotes q u a n t i t i e s  sometimes 
o f  the bottom l aye rs  and sometimes o f  b a r o c l i n i c  modes. We do n o t  employ 
yr - rep resen ta t i on  i n  the  case o f  a  two- layer  ocean because i t  appears t o  
become a  l i t t l e  obscure i n  phys i ca l  meanings. 
3.  Discont inuous depth p r o f i l e  
3 .1  Homogeneous ocean 
We t r y  - rep resen ta t i on  f i r s t .  
I n  bo th  reg ions I (r 0) and (X 7 o ) ,  
the governing equat ions a re  g iven  by 
, C / I  
p 2 y +  %y:+ g y , = o .  
i- 111 (3.1) 
Th is  equa t ion  y i e l d s  t he  d i s p e r s i o n  r e l a t i o n :  
rt - - 1  Physica l  l y  G d C  and f' '' r e s p e c t i v e l y  mean ex te rna l  and i n t e r n a l  
r a d i a  o f  deformat ion.  
which has two roo ts  kt and hp f o r  given cu and . The r a d i a t i o n  cond i - 
t i o n  i s  used t o  determine which wavenumber corresponds t o  i n c i d e n t ,  re- 
f l e c t e d  o r  t ransmi t ted  waves. We consider t h a t  i nc iden t  waves come from 
, so t h a t  they must have a  group v e l o c i t y  t o  the negat ive  X d i r e c -  
t i o n  and v i c e  versa. Before the ac tua l  manipulat ion, i t  i s  necessary t o  
check whether we kan choose both  inc ident  (o r  transmi t t e d )  and r e f l e c t e d  
waves. Since 
we always have 
f o r  rea l  ki and k, : 
Even i f  hi and h,  are  complex, as may be poss ib le  i n  a  two- layer  
ocean, they are  complex conjugates o f  each o ther .  So we can f i n d  such s o l u -  
t i o n s  t h a t  decay as X-ka . Thus, i n  e i t h e r  case, i nc iden t ,  r e f l e c t e d  
and t ransmi t ted  waves can be composed so as t o  s a t i s f y  the r a d i a t i o n  cond i -  
t i o n .  
Now, we put  so lu t i ons  i n  the form 
; ( k ; x + ~ ~ - r u t )  ( y/=Te for x L o 
The appropr ia te  boundary cond i t ions  a t X  = 0 are  the c o n t i n u i t y  o f  mass 
f l u x  and pressureh, i .e., the c o n t i n u i t y  o f  y and H-'((T)% t f. y): 
From (3 .4 )  i t  fo l lows t h a t  
The square o f  the absolute t ransmiss ion c o e f f i c i e n t  becomes 
.t. 
" l n  Rhines (1969) the cond i t i on  f o r  the " s t rength  o f  the vo r tex  sheets" 
was used, bu t  i t  tu rns  ou t  t o  be the c o n t i n u i t y  o f  pressure combined 
w i t h  the mass- f lux cond i t i on .  
Th i s  i s  t he  same express ion  as was ob ta ined  by Rhines (1969) excep t  t h a t  
k, and k ;  a r e  determined f rom the  d i s p e r s i o n  r e l a t i o n  (3.2) and t h e r e -  
f o r e  k r  + h ;  # 0 except  when topography i s  zonal . 
Next we check p - rep resen ta t i on .  I f  we f o r m a l l y  pu t  G as zero ,  we 
have t he  same equa t ion  and d i s p e r s i o n  r e l a t i o n  as i n  v - r e p r e s e n t a t i o n .  
A l so  t h e  boundary c o n d i t i o n s  a t  X = 0 a r e  p h y s i c a l l y  the  same; t h e  c o n t i -  
n u i t y  o f  p and H ( ~ x - %  p .  Then t h e  r e s u l t s  a r e  
On t h e  o t h e r  hand f rom (3.5) t o  V/ - rep resen ta t i on ,  
The r a t i o  (3.8) cannot agree w i t h  (3.7) except  when k r +  ki=-//w= 0 
(zonal  bot tom topography) o r  H, = H a  ( t r i v i a l  case) .  I f we cons ide r  t h e  
case when f f, /LO) 3*7 I and 4 -.k b o t h  (3.7) and (3.8) g i v e  t h e  same r e s u l  t :  
Note, however, the  d i f f e r e n c e  between t he  two rep resen ta t i ons  becomes 
When the  h o r i z o n t a l  d ivergence cannot be neg lec ted ,  o n l y  p - r e p r e -  
s e n t a t i o n  i s  v a l i d .  The d i s p e r s i o n  r e l a t i o n  i s  mod i f i ed  i n t o  
h 1 r ~ ; @ - -  ~ + G = o  w (3.10) 
where G 5 = 1PI. o r  -
9M.1 9 Hm . Now k,and h i  i n  r eg ion  I d i f f e r s  f r om  those  i n  
r eg ion  . We use pr imes t o  denote t h e  wavenumbers f o r  r e g i o n  I. The 
t ransmiss ion  c o e f f i c i e n t  t u r n s  o u t  t o  be 
T - 
- - 
k , -  k( 
1 ('"a- H a  k"')
immediately f rom (3.7) ,  (3.8) and (3.11) i t  f o l l o w s  t h a t  t h e  t r a n s m i s s i o n  
c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  (k,-lo;), which i s  p r o p o r t i o n a l  t o  t h e  group 
v e l o c i t y  (see 3 . 3 ) ) .  There fo re  we can conc lude t h a t  i f  t h e  group v e l o c i t y  
o f  i n c i d e n t  waves i s  ve ry  sma l l ,  so i s  t he  t ransmiss ion  c o e f f i c i e n t .  I n  
ord ina ry  r e f l e c t i o n  problems, such a phenomenon cannot occur because 
i n  those cases. 
3.2 Two-layer ocean 
Here we t r e a t  P-representat ion only.  The equations o f  motion i n  
paragraph 2 y i e l d  the d ispers ion  r e l a t i o n :  
from which de r i ve  fou r  k ' s ;  ba ro t rop ic  mode ki  and kr and b a r o c l i n i c  mode 
k i  and kr  . We put  so lu t ions  as fo l lows:  
where 6 r and 5': . The c o n t i n u i t y  cond i t ions  a t  x = 0 are  Hm+ h H i 1  
N 
where 0 5 (H,- H=) / H ~  . From (3.13) and (3.14) we o b t a i n  f o r  72 / and T=O 
( )  + = i 6 1  a,, 
,.. 
I n  t h e  same way when T =  0 and T = I we have 
# 
I + R  = 6 - 5  
?+K=O d 
Therefore,  f o r  t he  inc idence  o f  b a r o t r o p i c  modes, t h e  f o l l o w i n g  equa t ions  
must h o l d :  
F i n a l l y  we o b t a i n  t r ansm iss i on  c o e f f i c i e n t s  f o r  t h e  inc idence  o f  baro-  
t rop  i c  modes : 
where 
J e t  Z u,, Ot,- tL12 dpl  
For the  inc idence  o f  ba roc l  i n  i =  modes, t h e  r e s u l  t s  a r e  
These a re  compl icated,  so l e t  us c a l c u l a t e  a s imp le  and impo r tan t  case when 
and 
f o r  t he  incidence o f  ba ro t rop i c  and b a r o c l i n i c  mode? respec t i ve l y .  I t  i s  
t o  be noted tha t  i n  e i t h e r  k i n d  o f  incidence 7 % d 7 , consequently we 
That i s ,  the pressure (and u) o f  the sur face layer  behaves 1 i k e  a  baroc l  i n i c  
mode w h i l e  t ha t  o f  the bottom laye r  i s  very small w i t h i n ,  say \ x ) < l ~ i ( - * ( \ - ' ,  
-/ t - / 
where ICi - h i  I ( roughly order  of  ki ) i s  approximately r e l a t e d  t o  i n t e r n a l  
rad ius  deformation F"'Z by 
6 / 
- - ~ ( + ) / k ~  + hi'+ +-I ( 3 . 2 3 )  
These show tha t  the bottom topography e f f e c t i v e l y  b locks the bottom l a y e r  
bu t  permi ts  the penet ra t ion  o f  the motion o f  the sur face layer .  Another i n -  
po r tan t  r e s u l t  i s  t ha t  transmission c o e f f i c i e n t s  a re  order  u n i t y ,  which i s  
q u i t e  d i f f e r e n t  from the homogeneous case. Due t o  the presence o f  s t r a t i f i -  
c a t i o n  Rossby waves can t ranspor t  a f a i r l y  la rge  p o r t i o n  o f  energy over  t h e  
bottom topography. 
4. Continuous depth p r o f i l e .  x ; o  z$- 
4.1 Homogeneous ocean. 
I I 
Now i n  t h i s  sec t ion  we 
consider such a  depth p r o f i l e  as 
i s  shown i n  the f i g u r e .  Regions 
I (x 0) and a (X > L )  have cons tan t 
depths H,  and \F.Im, respec t i ve l y ,  
wh i 1 e  the connect i ng region ( O L X  c L) 
has a  continuous depth p r o f i l e U ( x ) .  
The governing equat ion i s  given by m, 
according as P o r  Y - r e p r e s e n t a t i o n ,  where 
and 
Using p- rep resen ta t i on  we descr ibe the general procedure o f  c a l c u -  
l a t i n g  t ransmiss ion  c o e f f i c i e n t s .  As i n  paragraph 3 we must p u t  s o l u t i o n s  
as f o l  lows: 
;(k> + l y - 4  p = Te (x < 0) 
where f i ( x )  s a t i s f i e s  (4.1) and 
d (0) A = Lh; . p ) = 1 ,  d z  
The boundary c o n d i t i o n  a t  x = L  i s  t h a t  the  p ressure  and i t s  x - d e r i v a t i v e  be 
cont inuous:  
Then we have 
Note t h a t  t ransmiss ion  c o e f f i c i e n t s  T/l a re  always p r o p o r t i o n a l  to(/?,-hi), 
which causes a p e c u l i a r  r e s u l t  as was exp la ined  i n  parabraph 3. 
For some simple depth p r o f i l e s  s o l u t i o n s  o f  (4 .2)  a r e  expressed i n  
terms o f  c o n f l u e n t  f f unc t i ons .  For example when H ( x ) = H , j p ~ ,  we 
e a s i l y  f i n d  go 0 
p h), 1- LI'~?. 3 
I + ?  1-z 0 G 
A 0 4 
where , t and ,u) a r e  determi ned f rorn 
!dhen H ( . x )  = H e x p  ( c k x ) ,  we again o b t a i n  I 
where Tm and 'II a re  g i ven  by 
These exact so lu t i ons  may be usefu l  f o r  i n v e s t i g a t i o n  n o t  o n l y  o f  the re-  
f l e c t i o n  problem bu t  a l s o  o f  trapped modes. An example o f  the l a t t e r  has 
been g iven by Longuet-Higgins (1968). 
However, f o r  the  purpose o f  s tudying the e f f e c t s  o f  the smooth 
topography on r e f l e c t i o n  o f  Rossby waves, i t  seems the most convenient t o  
use ' y - r e p r e s e n t a t i o n  and exponential  depth p r o f i l e  H a 0  =kited?. I n  
t h i s  case so lu t i ons  i n  region 1 1  a re  expressed by exponent ia l  f unc t i ons :  
Tq,(x~= A r e  idrx + , e i d * ~  , (4.5) 
where d ,  and dl  s a t i s f y  
d Z +  (id+ 6) d +  (1% + M); w 0. (4.6) 
Then, a long the general procedure we ob ta in  
Le t  us i nves t i ga te  transmission c o e f f i c i e n t s  i n  d e t a i l  f o r  t h ree  
specia l  cases. 
(1) c( L =   ons st. d + o ,  L+- .  
This i s  a  case o f  very gradual v a r i a t i o n  o f  depth. The r e s u l t s  a re  
This ind ica tes  almost no r e f l e c t i o n  as i s  expedted. I f ,  however, we con- 
s ide r  the energy t ranspor t ,  r i d i c u l o u s  r e s u l t s  a re  observed. That i s  
which cannot be u n i t y  except when k,+ h i  = -P/u = O  (again t h e  zonal b o t -  
tom topography!)  o r  HZ cc j-l I f  we use p - represen ta t  i o n  w i t h  G = 0 , 
then t he  same r a t i o  t u r n s  o u t  t o  be the  inverse  o f  (4 .9) .  Th i s  absurd r e -  
s u l t  may be cons idered due t o  the  inadequacy o f  t he  equa t ion  o f  mot ion i n  
reg ion  11 i n  e i t h e r  represen ta t ion ,  because when L -9 wave packets  p ro-  
pagate so l ong  a d i s tance  i n  x and y  t h a t  the  b a s i c  assumptions a r e  v i o -  
l a ted .  
I n  t h i s  l i m i t  oppos i te  t o  ( I ) ,  t he  bot tom topography appears l i k e  a 
d iscon t inuous  one. Simple c a l c u l a t i o n  g ives  
which agrees wi t h  the  resu l  t i n  paragraph 3. 
( 3 )  ( F . a L / w l > , a : ~ :  t ~ ! / w \ , l p l / b J , ~ :  
A f t e r  the  same procedure we o b t a i n  
where K " s -  f.pq-!: le w . Th is  i s  an i n t e r e s t i n g  r e s u l t  i f  dl/,< 0 , 
which c o n d i t i o n s  imp l i es  t h a t  the  phase v e l o c i t y  i n  y  o f  i n c i d e n t  waves has 
the same d i r e c t i o n  as t h a t  o f  the  phase v e l o c i t y  o f  topographic  Rossby 
waves i n  r eg ion  1 1 .  As i s  e a s i l y  seen, when L W - - W T  ( m ;  i n t e g e r ) ,  
(4.11) i s  n o t  v a l i d  and i t  must be rep laced by 
T/- = exp(- * + e) (4.12) 
Note t h a t  (4.12) means a1 1 energy i s  t r a n s m i t t e d  t o  r eg ion  1 
( .  ) 1 . Anyhow A,/l and a r e  o rde r  u n i t y .  On t he  
s lope t%e mot ion takes a form o f  topographic  Rossby waves. S ince t he  wave 
number perpend icu la r  t o  t he  f lopw i s  much l a r g e r  than t h a t  p a r a l l e l  t o  t h e  
slope, the " g roup- ve loc i t y  concept"  t e l l s  us t h a t  energy i s  t r anspo r ted  
a long  the  s lope  as i s  schemat ica l l y  shown i n  the  f i g u r e .  A l l  these pheno- 
mena occur  due t o  the presence o f  wave mechanism on the  s lope  ( t opog raph i c  
waves). On the  o t h e r  hand i f  d. d /w  > 0 no wave mechani sm works; t he  s l ope  
r a t h e r  p lays  a r o l e  1 i k e  a p o t e n t i a l  b a r r i e r .  There fo re  energy cannot 
penet ra te  i n t o  region 1 .  Mathematical ly t h i s  character  i s  r e f l e c t e d  on t h e  
d e n o m i n a t o r h h ( L -  o f  (4.11). Consequently f o r  e i t h e r  case(*$ 01, 
energy seems t o  be t ransported t o  the negat ive y  d  i rec t i on .  
4.2 Two-layer ocean 
The governing equations are  expressed as 
where 
This equat ion i s  t oo  complicated t o  solve d i r e c t l y  w i thou t  numerical  p ro-  
cedure. So we had b e t t e r  s a t i s f y  ourselves w i t h  i n v e s t i g a t i o n  o f  a  few 
spec ia l  cases. F i r s t ,  when the w id th  L o f  the  slope reg ion  i s  much sma l l e r  
than any o the r  ho r i zon ta l  length  scales, we may expect t ransmiss ion c o e f f i -  
c i e n t s  tend t o  those given i n  paragraph 3. Next, i f  we take a  formal l i m i t  
o f  G-0 and F 3 0 ,  the sur face and bottom layers completely decouple f rom 
each o ther .  The r e s u l t s  o f  paragraph 4 apply w i thou t  mod i f i ca t i on .  When 
G+ 0,T -- l ' a n d  h / ~  4 0 , the bottom layer  can move independent o f  t he  
sur face l aye r .  Also i n  t h i s  case the  qua1 i t a t i v e  r e s u l t s  p f  paragraph 4.1 
w i l l  be app l i cab le  t o  the bottom layer .  The motion o f  the sur face l a y e r  be- 
comes a  superpos i t ion  o f  i t s  proper motion and t h a t  e x c i t e d  by the bot tom 
layer .  When E E ~ ~ / H  i s  small enough, a  formal expansion w i t h  respect  t o  
may be h e l p f u l  : 
- 
Anyway, weak coup1 i n g  (s t rong s t r a t i f i c a t i o n )  o f  t he  sur face and b o t -  
tom layers  i s  no t  so i n t e r e s t i n g  t h e o r e t i c a l l y ,  though i t  i s  important  i n  
the ac tua l  ocean. The opposi te case, however, w i l l  r equ i re  numerical  compu- 
t a t i o n .  I n  c a r r y i n g  i t  out  we had b e t t e r  determine, f i r s t ,  those q u a n t i t i e s  
corresponding t o  a l l ,  a2, and a22 i n  paragraph 3. Then i t  i s  easy t o  o b t a i n  
t ransmiss ion and r e f l e c t ~ o n  c o e f f i c i e n t s .  
5. Summary and discussion. 
I n  the present note are  c l a r i f i e d  a  few cur ious  fea tures  o f  Rossby 
waves which o r i g i n a t e  i n  t h e i r  p e c u l i a r  ways o f  propagation i n  the  zonal 
d i r e c t i o n .  F i r s t ,  some d i f f e rences  l i e  between Y/ and p - r e p r e s e n t a t i o n .  
Second, transmission c o e f f i c i e n t s  a re  p ropo r t i ona l  t o  the group v e l o c i t y  o f  
i nc iden t  waves and the re fo re  are  usua l l y  small f o r  waves o f  smal l  group 
v e l o c i t y .  
When s t r a t i f i c a t i o n  i s  introduced, the aspects o f  energy t r a n s p o r t  
change d r a s t i c a l l y .  Transmission c o e f f i c i e n t s  become order  u n i t y  f o r  a  two- 
l aye r  ocean. Consequently even ba ro t rop i c  Rossby waves can propagate ove r  
regions o f  vary ing  depth, though, o f  course, some p o r t i o n  o f  energy i s  r e-  
f l e c t e d .  Propagation across the reg ion  o f  abrupt  change o f  depth occurs as 
penet ra t ion  o f  the motion o f  the sur face l aye r  and b lock ing  o f  the bot tom 
layer .  
I n  t h i s  note o n l y  specia l  cases are t rea ted  f o r  s i m p l i c i t y ,  though 
a l o t  o f  q u a l i -t a t i v e  r e s u l t s  a re  obtained. I n  a l a t e r  work numerical  c a l -  
c u l a t i o n  w i l l  be done f o r  some t y p i c a l  bottom topography. F igures w i l l  be 
presented t o  i l l u s t r a t e  transmission and r e f l e c t i o n  c o e f f i c i e n t s  as func-  
t i o n s  o f  bottom slope, depth r a t i o  o f  the sur face and bottom laye rs ,  and 
so on. The resu l  t s  o f  M i  ura and Sugi nohara (1 977) , seem t o  demand ca l  c u l  a- 
t i o n  o f  r e f l e c t i o n  c o e f f i c i e n t s  when there e x i s t s  a boundary a t  x = -M. 
The propagation o f  the motion o f  the bottom layer  observed by Miura and 
Suginohara has a p o s s i b i l i t y  o f  nonl inear  e f f e c t s .  Therefore non l i nea r  
e x c i t a t i o n  o f  s h e l f  waves by i nc iden t  waves i s  worthy o f  thorough i n v e s t i -  
ga t i on  from every p o i n t  o f  view. 
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DEVELOPMENT OF DISTURBANCES TO AN INVISCID SHEAR LAYER 
Mar t in  R. Maxey 
1 .  I n t roduc t i on  
The i n v i s c i d  s t a b i l i t y  o f  a un i fo rm shear l aye r  was f i r s t  t r e a t e d  
by Rayleigh (1894). He analyzed the s t a b i l i t y ,  t o  wave- l ike d is tu rbances,  
o f  a plane p a r a l l e l  mean f l ow  o f  uni form whear, bounded on e i t h e r  s ide  by 
regions o f  un i fo rm f low. The mean v e l o c i t y  p r o f i l e  i s  i l l u s t r a t e d  i n  Fig.1. 
Fig. 1 .  Basic f low, v e l o c i t y  p r o f  i 1e. ~ = ~ o ~ ~ ~ ~ ~ ; u = d ~ , I ~ l c ~ ~ ; ~ = - ~ , , y ~ - y o ~  
Regions ( I ) ,  (2)  and ( 3 )  a re  marked. 
This  wss one o f  a se r ies  o f  piecewise l i n e a r  v e l o c i t y  p r o f i l e s  t h a t  have 
s ince been s tud ied  f o r  t h e i r  s t a b i l i t y  c h a r a c t e r i s t i c s .  The advantage 
o f  such model p r o f i l e s  i s  t h a t  they g ive  t r a c t a b l e  problems f o r  which the  
physical  p rope r t i es  can be understood, as w e l l  as represent ing  i n  an ap- 
proximate way the behavior o f  continuous shear layers t o  longer wave- 
length disturbances. A comprehensive summary o f  these s t a b i l i t y  problems 
i s  g iven by Drazin and Howard (1966), where a d e t a i l e d  i n v i s c i d  ana lys i s  
i s  given. 
The usual approach t o  such problems i s  t o  apply Squ i re 's  theorem, 
and t o  consider two-dimensional disturbances t o  the bas ic  f l ow ,  and then 
t o  represent the d is turbance by a stream f u n c t i o n  V(x ,? , t ) .  The so lu-  
t i o n  f o r y  i s  obta ined i n  the case o f  i n f i n i t e s i m a l  d is turbances,  by 
tak ing  separate Four ie r  modes. 
where k i s  the wave number i n  the d i r e c t i o n  o f  the mean f l ow ,  and A i s  
the corresponding t ime constant o f  the d is turbance.  R e  f denotes the  
rea l  p a r t .  The system o f  equat ions and boundary cond i t ions  i s  then so lved 
as an eigenvalue problem f o r  A . General ly there  a re  two values o f  2 f o r  
every wave number & , these being e i t h e r  rea l  o r  complex conjugates.  So 
a system w i l l  have e i t h e r  exponen t ia l l y  growing and decaying s o l u t i o n s  (un- 
s tab le)  o r  n e u t r a l l y  s t a b l e  o s c i l l a t i o n s .  I n  the contex t  o f  the  problem 
considered here i t  i s  found t h a t ,  
where U, i s  the f r e e  stream v e l o c i t y  and Z y ,  the th ickness o f  the  shear l a y e r :  
h = t i n  t he  two-dimensional case. Th is  g ives  n e u t r a l l y  s t a b l e  o s c i  1 l a -  
t i o n s  f o r  l a r g e  enough wave numbers, approx imate ly  k ~ ,  2 o.6Y , and i n s t a -  
b i  l i t y  a t  lower  wave numbers; h be ing  r e a l  o r  p u r e l y  imaginary.  
I n  d e r i v i n g  s o l u t i o n s  t o  t h i s  problem, the Rayle igh equa t i on  ( ~ r a -  
z i  n  and Howard, 1966) i s  solved, 
( ~ ( ~ , - c \ ) ( d l / d ~ ~ -  kP)$ -d'U/dya+ 
toge ther  w i t h  c o n d i t i o n s  o f  cont inuous normal v e l o c i t y  and p ressure  a t  t h e  
i n t e r f a c e s ,  and decay o f  the  d is tu rbance  f l o w  as jyl  becomes ve ry  l a r g e .  
The phase speed i s  de f i ned  by, C = o / h  where h = i w  , and t he  mean p r o f i l e  i s  
U c y ) .  For t h i s  e igenvalue problem f o r  c  t h e r e  a re  two types o f  s o l u t i o n ,  
namely t he  cont inuous spectrum w i t h  c = U (3) f o r  some Y independent o f  
wave number, o r  e l s e  the  d i s c r e t e  spectrum w i t h  c  t a k i n g  two va lues  f o r  
each wave number and d9/dy cont inuous across any p o s s i b l e  c r i t i c a l  l a y e r ,  
i . e .  c = U ( Y ) .  The cont inuous spectrum g ives  r i s e  t o  the  convec t i ve  s o l u -  
t i o n s ,  where d is tu rbances  a r e  c a r r i e d  downstream by the mean f low;  and t h e  
d i s c r e t e  spectrum corresponds t o  t he  usual 'wave p ropagat ion '  o f  d i s t u r -  
bances. I n  t he  problem o f  the shear l a y e r  a l l  n e u t r a l l y  s t a b l e  s o l u t i o n s  
have a corresponding c r i t i c a l  l aye r ,  as i s  i l l u s t r a t e d  i n  F ig .2 ,  s i n c e  f o r  
t h i s  t o  occur  
which i s  always the case here. 
F ig .2 .  Sketch i l l u s t r a t e s  the v a r i a t i o n  o f  c  w i t h  3 . As]+m, 
The purpose o f  t he  present  i n v e s t i g a t i o n  i s  t o  cons ider  t he  i n t e r -  
a c t i o n  o f  t he  cont inuous and d i s c r e t e  spec t ra ,  and how the  c r i t i c a l  l a y e r s  
a f f e c t  the  development o f  a  general d is tu rbance .  Th is  i s  done i n  a  cons i s-  
t e n t  way by t r e a t i n g  t he  i n i t i a l  va lue  problem, w i t h  a  p resc r i bed  i n i t i a l  
d is tu rbance  and i g n o r i n g  the e f f e c t s  o f  mo lecu la r  v i s c o s i t y .  As t h e  f l o w  
develops v i s c o s i t y  w i l l  n a t u r a l l y  become impor tan t ,  bu t  i n  t he  i n i t i a l  s tages 
i t  w i l l  have smal l  e f f e c t .  The c o n d i t i o n  t h a t  t he  d i s tu rbance  i s  i n  two dimen- 
s ions  on l y ,  i s  re laxed;  and t h i s  a l l ows  the very  impor tant  f e a t u r e  o f  t he  
s t r e t c h i n g  o f  mean v o r t i c i t y  by the  f l u c t u a t i n g  v e l o c i t i e s .  I t  w i l l  be shown 
t h a t  t h i s  complete ly  a l t e r s  the  dynamical response o f  t he  system. I n  l a t e r  
sect ions the  nonl inear  e f f e c t s  o f  such a d is turbance are  considered, i n  t h e  
context  o f  a simple ampl i tude expansion. This  shows up the sca la r  f o r c i n g  
and the reac t i on  on the mean f l ow  due t o  Reynolds st resses.  No at tempt has 
been made a t  d e r i v i n g  a s u i t a b l e  " two-timing" per tu rba t i on  scheme. 
Inves t i ga t i ons  o f  i n i t i a l  value problems have been made i n  the  p a s t  
by Case (1960) and D i k i i  (1961). Case looked a t  the s t a b i l i t y  o f  p lane 
Couette f low,  wh i l e  D i k i i  considered i n  general terms the Rayleigh s t a b i l i t y  
equat ion. Both showed the in f luence o f  the continuous spectrum, b u t  re-  
s t r i c t e d  t h e i r  study t o  two dimensions. They found t h a t  the convect ive mo- 
t i o n s  decayedcCI/t . A general study o f  the i n i t i a l  va lue problem i n  two 
dimensions i s  a l s o  g iven by Drazin and Howard (1966). Reynolds and Pol t e s  
(1967) have examined the problem o f  f i n i t e  amp1 i tude s t a b i  1 i t y ,  t a k i n g  i n t o  
account v i s c o s i t y  and the three-dimensional s t ruc tu re ,  extending the  methods 
o f  Watson and Stuar t  ( v i z .  S tua r t  1960). However t h e i r  study was r e s t r i c t e d  
t o  cons ider ing  h igher  order  e f f e c t s  o f  a n e u t r a l l y  s tab le  l i n e a r  s o l u t i o n ,  
and d i d  n o t  inc lude any e f f e c t s  o f  convect ive motions. 
I n  r e l a t i o n  t o  the problem o f  boundary layer  turbulence, Landahl (1975, 
1977) used a ser ies  expansion i n  terms o f  e igenfunct ions o f  the  Orr-Sommer- 
f e l d  equat ion t o  i nves t i ga te  the l a rge r  scale tu rbu len t  motions induced f o l -  
lowing a bu rs t .  Because o f  the  e f f e c t s  o f  v i s c o s i t y ,  the dominant f ea tu res  
a t  la rge  times were l i g h t l y  damped waves o f  low streanwise wave number, f o r  
v e l o c i t i e s  normal t o  the boundary. For streamwise v e l o c i t i e s  the dominant 
behavior was convect ion by the mean f low,  and i t  was suggested t h a t  t h i s  pe r-  
manent ' s c a r '  could lead t o  a new tu rbu len t  bu rs t .  More r e c e n t l y  Gustavsson 
(1977) has examined the  l i n e a r  i n i t i a l  value problem f o r  a s i m p l i f i e d  bound- 
a ry  layer  p r o f i l e ,  and considered the development o f  wave d is turbances i n  
r e l a t i o n  t o  the growth o f  t u r b u l e n t  spots. Durbin (1977) considered a semi - 
i n f i n i t e  shear layer  i n  the contex t  o f  the rap id  d i s t o r t i o n  theory and tu rbu-  
lence, t o  see how turbulence i n  a f ree stream, impinging on a reg ion  o f  shear 
could induce turbulence there. 
I t  i s  i n  these contexts t h a t  i n t e r e s t  i n  the development o f  f l o w  d i s -  
turbances on piecewise l i n e a r  v e l o c i t y  p r o f i l e s  has r e c e n t l y  been shown, and 
the coup l ing  o f  wave and convect ion motions. 
Statement o f  the Problem 
The problem i s  given i n  terms o f  a formal small ampl i tude expansion f o r  
the d is turbance f l ow  f i e l d ,  up t o  second-order terms. I n i t i a l  cond i t i ons  and 
s p a t i a l  boundary cond i t ions  are  given, so t h a t  the ampli tude expansion i s  v a l i d  
a t  l eas t  f o r  shor t  t ime scales. I n i t i a l l y  the f l ow  i s  i r r o t a t i o n a l  e i t h e r  
s ide o f  the shear layer ,  and the f l ow  i s  g iven by a v e l o c i t y  p o t e n t i a l ,  4 . 
With in the shear l aye r  there i s  an i n i t i a l  mean un i fo rm v o r t i c i t y ,  which i s  
convected and d i s t o r t e d  by the d is turbance,  bu t  there w i l l  be sharp i n t e r -  
faces between the f l ow  regions making the edges o f  the shear l aye r ,  see Fig.3.  
Wi th in  the shear l aye r  a Rayleigh problem i s  solved. The ampl i tude expansion 
i s  ordered by the parameter E , taken t o  be u i / ~ ,  =. , where U' i s  a v e l o -  
c i t y  scale o f  the i n i t i a l  d is turbance.  
The basic  f l ow  f i e l d  i s ,  " = v o  
' J 7 Y 0  reg ion  ( 1 )  
IJstYy I y l L  y o  reg ion  ( 2 )  
0%-  V,, Y 4 ' Y 0  reg ion  ( 3 )  
where & y o  z u., and cC i s  the bas ic  uni form shear. 
Zero vorficity Reqion (4) 
Fig.3.  The i n te r f acesg*$+  7("and y ' - ~ D t ' l ' ' ) ,  w i t h  y"'& q'" i n i t i a l  1y 
zero, mark the  boundaries between the  f l o w  reg ions .  V o r t i c i t y  
i s  con f ined  between the i n t e r f a c e s .  
The bas i c  f l o w  f i e l d  i s ,  
Region (1 ) .  
va4 = 0 (2. l a )  
(2. l b )  
1 (1) $'"(X, t )  = E $:"+ 6 4. + o(c3) (2.  l c )  
Reg i o n  (2) . 
va+ = 0 
O " ' ( r , + ) = c ~ : ~ +  E a 4 r +  0(63) 
Region ( 3 ) .  
r 3) 3 
where the v e l o c i t y  f i e l d  i s  ' +ea&,"'+ ace). unless o t h e r w i s e  s t a t e d  
the term g wi 1 1  r e f e r  t o  reg ion  ( 3 )  and the  s u p e r s c r i p t  wi 1 1  be om i t t ed .  
Equat ion (2.2a) i s  e s s e n t i a l l y  the  homogeneous Rayle igh equa t i on .  The f l o w  
has un i f o rm  dens i t y ,  and k inemat ic  p ressure , (p /p ) ,  i s  used. 
There a r e  a l s o  matching c o n d i t i o n s  f o r  the  va r i ous  reg ions ,  and these  
a re  t h a t  pressure and the  normal component o f  v e l o c i t y  a t  an i n t e r f a c e  
should be cont inuous across the  i n t e r f a c e .  The i n t e r f a c e s  he re  a r e  m a t e r i a l  
sur faces and move w i t h  t he  f l u i d .  Hence, f o r  the sur faces  ~ = ~ . + ~ ' " m d ~ : - y , + q ~ ~ )  
The sur face displacements and are  zero i n i t i a l l y ,  and f o r  l a t e r  
times a r e  g iven as an ampli tude expansion, 
nLz(') E r17'+ E ' t' + o[€ ') (2.6b) 
The pressure i s  matched across y = 3, t q(')and y =  -yo+ q(tl,. w i t h  the  c o n d i t i o n  
tha t  pressure i s  zero as lyl -em , and the un i fo rm pressure from the b a s i c  
f low i s  neglected. 
The i n i t i a l  cond i t ions  on the system a r e  t h a t  %j" (%, 0 )  , $?' (+ ,o) ,  
~ ' ' ' ( x , o )  are  a l l  given, bu t  t ha t  h igh  order  terms have zero i n i t i a l  va lues.  
The equat ions f o r  the f i r s t  and second order  components a re  g iven i n  
I Appendix A. The s o l u t i o n  f o r  the l i n e a r  f i r s t  o rder  problem i s  d e a l t  w i t h  
i n  sec t i on  3, w h i l e  the second order  problem i s  d e a l t  w i t h  i n  sec t i on  4. 
I n  t a c k l i n g  these problems the boundary cond i t i ons  are evaluated a t  
and a Taylor  expansion used t o  g i ve  the co r rec t i ons .  
3. So lu t i on  o f  F i r s t  Order Problem 
So 1 u t i on and the  k com~onen t 
By adopt ing the ampli tude expansion scheme, we now have a se r ies  o f  
inhomogeneous l i n e a r  equations t o  solve, i n  an unbounded x,z  domain. These 
equations can be reduced t o  o rd ina ry  l i n e a r  d i f f e r e n t i a l  equat ions, by de- 
composing any d is turbance i n t o  Four ie r  modes and so l v ing  f o r  each Four ie r  
mode separate ly .  The Four ie r  components are  w r i  t t e n  as f o l  lows: 
w i t h  s i m i l a r  expressions g i v i n g  F, , 4:" ,$/a' and so on. I t  i s  a l s o  con- 
venient t o  de f i ne  the wavenumber .t , as $' = k'+ ma . Re fe r r i ng  t o  the  
equations (A-1) - b ( ~ - 8 ) ,  a  formal s o l u t i o n  can be given i n  terms o f  a Green's 
f unc t i on  f o r  the  V, component and the v e l o c i t y  p o t e n t i a l s ,  
Y 
where c ( y , h , n ; ) = ( d ~ ,  /d I1 ' - t '$  ) a t  T =  0 , and the Green's f unc t i on  G ( 7 , ~ )  
i s  given by 
y rl ~ ( r ~ g )  - k r ~ h 2 r o  i ~ 0 s h ( 2 ~ . - ~ +  , - ~ ) - C . I L  + (3,?lj (3.5a) 
The term 7 ,  i s  one component o f  the c u r l  o f  the i n i t i a l  v o r t i c i t y  i n  the 
disturbance, which i s  convected by the f low,  and would vanish i f  the d i s -  
turbance were i n i t i a l l y  i r r o t a t i o n a l .  The pressure i n  the shear l aye r  i s  
found by combining (A-3) and (A-4) w i t h  the c o n t i n u i t y  cond i t ion ,  t o  g i ve ,  
The d e t a i l s  o f  the s o l u t i o n  are given i n  Appendix B, the terms and 01 
are  l i n e a r  combinations o f  the terms x , ( t )  and \ I , ( + )  which are  c h a r a c t e r i s -  
t i c  coord inates f o r  the system. 
Y~ ( + I  = y , ( o l e - " t a h " ~ j ~ h  - Y e  [ [ e - i " ' r f + h t  -;]n,(y)/(-~+;kullidy (3.8) 
where as noted i n  the appendix, h, and h, are  propor t iona l  t o  F, and 
vanish a t  the  endpoints. Solut ions f o r  the o ther  v e l o c i t y  components a re  
found from eva 1 ua t i ng , 
A 
where fi7$,(7~')-'k/r' a k /aq l tz0  and f i r =  W , ( ~ , O ) -  ;m/r~ah/al I,. , ane they 
represent the departure of  the i n i t i a l  d is turbance from a p o t e n t i a l  f low. 
/r 
From the expressions f o r  V, , we can see tha t  i t  conta ins waves and 
convected s t ruc tu res .  The i n i t i a l  v o r t i c i t y  d i s t r i b u t i o n  i s  bo th  convected 
and i n t e r a c t s  w i t h  the  wave components t o  g i ve  a modi f ied wave s t r u c t u r e .  
The form o f  the convected terms though i s  no t  simple, bu t  a t  l a rge  times 
does break down i n t o  s impler  components. For la rge  times, the asymptot ic  
form o f  the f i r s t  term o f  (3.4) i s  given by 
, i k U o t  
- ( ~ k a t r [ - ~ ; ( y ~ t ~  (vIyele + F ; ( - ~ ~ ) G ~  ('I,-~J e "u0t+ F( 1 7  )dihd"]+ o(/t9 (3.11) 
This conta ins three convected components, corresponding t o  a v e l o c i t y  o f  the  
form w ( x - ~ t , r j ,  2 , t )  , a l l  o f  which decay w i t h  t ime. This p a r t  o f  the 
v - v e l o c i t y  i s  due t o  the i n i t i a l  d i s t r i b u t i o n  o f  spanwise f l u c t u a t i n g  v o r t i -  
c i t y ,  which i s  advected by the mean f low.  Suppose t h i s  was i n i t i a l l y  pe- 
r i o d i c  i n  x  and y, fo,r a  given p o s i t i o n  o f  z ,  and the v o r t i c i t y  d i s t r i b u -  
t i o n  was l o c a l l y ~  W n ( k x , + I y J .  Then w i t h  c o n v e c t i o n , r ~ X ~ + r y . t , y = l j ~  
so tha t  the v o r t i c i t y  d i s t r i b u t i o n  i s  now 3 h (kr t Y(l-kcXt)). For l a rge  
t imes the  p e r i o d i c i t y  i n  the  y - d i r e c t i o n  increases and the  v o r t e x  c o n t r i -  
bu t i ons  tend  t o  cancel ,  i n c r e a s i n g l y  w i t h  t ime. The o n l y  c o n t r i b u t i o n s  
t h a t  a r e  e f f e c t i v e  a r e  f rom y = 0 l o c a l l y ,  and f rom the o u t e r  edges o f  t h e  
shear l a y e r  s ince  t h e r e  i s  no f u r t h e r  v o r t i c i t y  o u t s i d e  the  layer  t o  g i v e  
c a n c e l l a t i o n .  Because o f  the  decay w i t h  t ime, t h i s  p a r t  o f  t h e  convec t i on  
s o l u t i o n  i s  n o t  s i g n i f i c a n t  compared t o  wave o s c i l l a t i o n s  o r  t o  e x p o n e n t i a l  
growing terms. The decay r a t e  be ing  i n v e r s e l y  p r o p o r t i o n a l  t o  t2 i s  i n  
c o n t r a s t  t o  bo th  Case's (1960) and D i k i i l s  (1961) r e s u l t s ,  b u t  i s  i n  agree-  
ment w i t h  t h e  r e s u l t s  o f  Gustavsson (1977). 
A 
The o t h e r  terms c o n t r i b u t i n g  t o  C'; may a l s o  be expanded f o r  l a r g e  
t imes, and i n  terms o f  %,,\I,, 
" Yo f o r  the  case o f  h imaginary.  p (  denotes the  Cauchy P r i n c i p a l  P a r t  o f  
-yo 
t he  i n t e g r a l ,  a n d h  = i hgy , so  t h a t  Y=-y,g ives the  p o s i t i o n  o f  t he  c r i t i -  
c a l  l a y e r .  A d e v i a t i o n  o f  (3.12) i s  g iven  i n  Appendix C.  These r e s u l t s  
show t h a t  a t  l a rge  t imes the  mot ion i s  c h a r a c t e r i s t i c a l l y  a wave, and t h a t  
the  ampl i tude  i s  determined i n  p a r t  by the  i n i t i a l  v o r t i c i t y  d i s t r i b u t i o n .  
I f  i s  r e a l ,  the re  i s  no problem w i t h  t he  c r i t i c a l  l a y e r ,  
w i t h  a s i m i l a r  r e s u l t  f o r  -Y, ( E )  . For l a r g e  t imes then t he  f o rm  o f  ;(?,t) 
may be expressed as 
~ ; ( q , t ~  - G (?)elt+ V, ( 7 )  e - I t  (3.15) 
where V, and \/, bo th  s a t i s f y  pa) v = 0 ; and i n  t h i s  case t he  con- 
v e c t i v e  s o l u t i o n  o n l y  has a secondary r o l e .  
For p u r e l y  wave s o l u t i o n s  o f  the  form (3.15),  the  terms X ,  (t) and 
Y , t t )  represent  the  normal coord ina tes  o f  the  o s c i l l a t i o n .  The r e l a t i o n  
o f  the  mot ion a t  the  two i n t e r f a c e s  t o  the  normal modes o f  o s c i l l a t i o n  i s  
n o t  s imple,  however a t  l a r g e  wavenumbers, Y,+>,J , the  mode Y , =  0 c o r r e s -  
ponds t o  o s c i l l a t i o n  near y = .t 9, and h a r d l y  any d isp lacement  o f  the  o t h e r  
i n te r f ace .  The mot ions then tend t o  be i n  phase. 
3.2 Special  Cases 
I n  the  preceeding c a l c u l a t i o n s  i t  was assumed t h a t  bo th  k and ? 
a r e  no t- zero .  I f  k i s  zero,  then h i s  ze ro  as w e l l  and t he  d i s t u r b a n c e  i s  
h 
s t a t i o n a r y  i n  i t s  u; and 4 components, r e t a i n i n g  the i n i t i a l  form. The 
A 
u, component o f A v e l o c i t y  though grows l i n e a r l y  w i t h  t ime.  T h i s  d i f f e r e n t  
behavior  o f  the u,component  i s  due t o  the  s t r e t c h i n g  o f  spanwise v o r t i c i t y  
o f  the mean f l o w  by t he  f l u c t u a t i n g  v e l o c i t y  f i e l d ,  and would be absent i n  
a two-dimensional f l ow .  Even tua l l y  the s t r e t c h i n g  produces a s t r o n g  com- 
ponent o f  y - v o r t i c i t y .  So a l though the  case o f  h zero  would g e n e r a l l y  be 
considered as n e u t r a l l y  s t a b l e ,  i t  i n  f a c t  generates a v e l o c i t y  f i e l d  grow- 
i ng  l i n e a r l y  w i t h  t ime.  I f  bo th  k and m a r e  zero,  then no mot ion  i s  gen- 
era ted .  
A 4 3 . 3  ul  and w; components 
4 
The s o l u t i o n s  f o r  G I  and L q  a re  g iven  by Eqs.(3.9) and (3 .10) .  The 
f i r s t  term o f  each represen ts  the  advec t ion  o f  2n i n i t i a l  d i s t u r b a n c e  and 
the  t h i r d  te rm the  s imp le  mot ion f o r ced  by t he  V; component and c o n t i n u i t y .  
The second term i s  t he  more i n t e r e s t i n g  and represen ts  t h e  mot ions induced 
by the  spanwise s t r e t c h i n g  o f  the mean v o r t i c i t y ,  i n  t h e  d i s t u r b a n c e  f l o w  
f i e l d .  Th i s  i s  a  p u r e l y  three- d imensional  e f f e c t ,  and would be absent  i n  
two dimensions, s i nce  then m s o .  The v o r t e x  s t r e t c h i n g  p rov i des  a mechan- 
ism o f  t r a n s f e r r i n g  energy from the  mean f l o w  t o  t h e  d i s t u rbance .  The i n -  
t e g r a l  (q:t') e d 1  may be eva lua ted  f rom (3 .4 ) ,  (3.7) and 
(3 .8 ) ,  t o  g i v e  the  f o l l o w i n g  terms: 
as t -+ oo , S i m i l a r l y ,  
Th is  may be expanded f o r  l a r g e  t imes,  f o r  h r e a l ,  
f o r  h imaginary and A = i k a y c  , b u t  ?+y,+ 0, 
w h i l s t  f o r  h imaginary  and q t y c = O  
S i m i  l a r  r e s u l t s  f o r  the  term i n  Y, (t) can be de r i ved .  
The r e s u l t  (3.16) shows t h a t  a t  l a r g e  t imes t he re  i s  a  f i n i t e  con- 
v e c t i v e  c o n t r j b u t i o n  due t o  the i n i t i a l  v o r t i c i t y  d i s t r i b u t i o n ,  which u n l i k e  
t he  case f o r  v ,  , does n o t  decay w i t h  t ime. Fu r the r  t h i s  convec t i ve  term 
w i l l  tend t o  be s t r onge r  a t  low wavenumbers, through the  dependence on V R ~ .  
The o t h e r  c o n t r i b u t i o n s  t o  the i n t e g r a l  f rom and Dl  a r e  found f rom #, 
and y, and t he  equat ion  (3.17).  We can see immediately t h a t  f o r  h imag- 
ina ry ,  correspond i ng  t o  a  wave osc i  1 l a t i o n ,  the  express ions i n  (3.17) have 
a p o s i t i v e  " s ingu la r"  behavior  a t  c r i t i c a l  l a y e r s ,  and t h a t  i n  f a c t  t he  lead-  
i n g  term w i l l  have secu la r  growth as X , ( o 1 t e X t  . This  i s  conf i rmed i n  
the  r e s u l t  (3.20),  which i s  the  expansion f o r  l a r g e  t imes a t  t h e  c r i t i c a l  
l a y e r .  R e f e r r i n g  back t o  the  forms o f  &, and &, i n  (3 .9) ,  (3 .  l o ) ,  we see 
t h a t  the  three- dimensional  s t r u c t u r e  o f  the  mot ion produces t h e  secu la r  
growth a t  t h e  c r i t i c a l  l a y e r ,  o f  an o therw ise  n e u t r a l  o s c i l l a t i o n .  The 
spanwise v o r t e x  s t r e t c h i n g  couples w i t h  the  2 ,  o s c i l l a t i o n s ,  t o  g i v e  a 
resonant f o r c i n g  o f  G I  l o c a l l y .  The d i s tu rbance  i s  convected then as a 
growing s tand ing  wave p a t t e r n ,  a t  t he  c e n t r a l  l a y e r s .  By s t u d y i n g  o n l y  
two dimensional  d is tu rbances  t h i s  behavior  would have been missed, s i n c e  
then m = 0 and n e c e s s a r i l y  by c o n t i n u i t y ,  
;,= ik /+s  d$l/'7 (3.21) 
and k = Y, dl= o , n ,  : sl, = o . So bo th  t he  non-zero convec t i ve  mot ion  (3.16) 
andAthe secu la r  growth a t  the  c r i t i c a l  would be omi t ted ,  and t h e  behav io r  
o f  LLI , f o r  l a r g e  t imes, would have been p u r e l y  wave- l i ke  as i n  the  expres-  
s i o n  (3.15).  
A t  l a r g e  t imes, away from c r i t i c a l  l a y e r ,  t he  expansions o f  (3.18) 
t 
and (3.19) f o r  jo ~ , ( t )  e ikclr) rtl- t, d t '  c o n t a i n  b o t h  convec t i ve  and exponen- 
t i a l  t ime dependencies, corresponding t o  convec t i ve  mot ions and growing o r  
o s c i l l a t o r y  mot ions.  The ampl i tudes o f  these terms a r e  aga in  determined 
by the i n i t i a l  v o r t i c i t y  d i s t r i b u t i o n .  The r e s u l t  f o r  
ikd v ( + ' - * ) ~  
may be summarized as, 
where V V l ( l )  i s  a  r e g u l a r  f u n c t i o n  and W , ( q ) ,  VL; ( y)  bo th  s a t i s f y  
The dependence on the i n i t i a l  v o r t i c i t y  o f  these f u n c t i o n s  i s  f a i r l y  i n -  
vo lved though, e s p e c i a l l y  as approaches+- 9 , .  Combining t h e  resu l t s *  
(3.22),  (3.15) i t  i s  p o s s i b l e  t o  determine t he  l a r g e  t ime behav io r  o f U 1  
and GI , and 
/r 
as t3p0 , w i t h  a  s i m i l a r  form f o r  Lrs, . 
The r e s u l t  (3.24) f o r  &, i s  v a l i d  f o r  a l l  h ,  a t  l a r g e  t imes.  Even 
i f  F, = O  , prov ided  t he re  i s  some i n i t i a l  v o r t i c i t y  through t h e  term n,, 
t he  form o f  u, a t  l a r g e  t imes i s  b a s i c a l l y  the  same, c o n t a i n i n g  convected 
and o s c i l l a t o r y  mot ions. The main e f f e c t  o f  F, , i n  t he  i n i t i a l  da ta ,  i s  
t o  a l t e r  t he  magnitudes o f  the  var ious  t ime dependencies. 
A A 
The behavior  o f  U ,  and hJt near a c r i t i c a l  l a y e r ,  say q :  y, i s  SOV- 
erned by terms o f  the form, 
: l d p t - a t  
e -ih"' i h ~ t ( q - i ; ]  
where]=v l -y , .  As t j w ,  t h i s  p r o f i l e  becomes sharper,  t end ing  even- 
t u a l l y  t o  a d e l t a  f unc t i on ,  as i l l u s t r a t e d  i n  Fig.4.  The maximum va lue  
grows l i n e a r l y  w i t h  t ime, w h i l s t  the  w i d t h  o f  t he  c e n t r a l  l a y e r  r eg ion  
decreases w i t h  t ime 
A 3 -  '/,,st. 
Even tua l l y  v i s c o s i t y  w i l l  a c t  t o  l i m i t  t he  development o f  t h i s  r eg ion  o f  
i nc reas ing  shear. A f t e r  t ime from the  i n i t i a l  d is tu rbance ,  v i s c o s i t y  
Fig.4.  Sketch showing p r o f i l e  o f  %, near a c r i t i c a l  l a y e r .  
w i l l  be s i g n i f i c a n t  over  d is tances  o f  t h e  o rde r  ( v t )%,  v i s  t h e  k i n e m a t i c  
v i s c o s i t y .  A balance i s  reached when, 
where R e  = U . j . / v  . This  ~ c - ' ' 3  s c a l i n g  i s  the  same as f o r  t h e  c l a s s i c a l  
approach t o  c r i t i c a l  l aye rs ,  see f o r  example L i n  (1955).  A s i m i l a r  r e s u l t  
has been found by Landahl (1977) i n  r e l a t i o n  t o  the  t ime b e f o r e  which v i s -  
c o s i t y  l i m i t s  the  development o f  shear i n  a convected eddy o f  a t u r b u l e n t  
f l o w .  For a Reynolds number o f  103, (3.26) imp l i es  t h a t  non-dimensional  
s t r a i n s  o f d k e q u a l  t o  10 o r  so a r e  p o s s i b l e  be fo re  account need t o  be 
taken o f  v i s c o s i t y ,  i n  the  i n i t i a l  va lue  problem. 
n A 
Another i n t e r e s t i n g  f e a t u r e  o f  t he  u , , W ,  s o l u t i o n s  i s  t h e i r  v a r i a -  
t i o n  across the i n t e r f a c e s  between reg ions  (1) and ( 1  11) and (11) .  The 
cond i t ions  o f  c o n t i n u i t y  o f  pressure o f  mormal v e l o c i t y  have been used b u t  
these do n o t  ensure c o n t i n u i t y  o f  d, o r  . For example a t  Y=Y,,  
A c3) - L R  uat a 
u, = n, ( q )e  - m/ra ~4 ?[I)+ a st LA/+% -
a 't 
(1 )  
and u, = ik ( t ) e - % ~  s - yL1'(yo). 
r e f e r r i n g  t o  the equat ion (A-9) f o r  qfl) ,  Using the given matching condi-  
t i o n s  and (3.6), i t  can be shown tha t  
w i t h  s i m i l a r  cond i t ions  a t  3 % -  9,. Equation (3.27) shows t h a t  i n  gen- 
e r a l  there  i s  a d i s c o n t i n u i t y  o f  u, a t  the i n t e r f a c e  due t o  the  d isp lace-  
ment o f  the i n t e r f a c e  i n  the mean shear f low.  Such a d i s c o n t i n u i t y  i s  t o  
be expected i n  any f l ow  w i t h  a discont inuous mean shear. The exp lana t i on  
i s  t ha t  t o  match normal v e l o c i t y  f o r  f i r s t  order i t  i s  o n l y  necessary t o  
match a t  y =  +_ y, . However f o r  i, , both the mean f l ow  and L, should be 
considered and al though U(y) matches a t  Y =  9, , i t  w i l l  no t  match a t  
= y o +  rl''', as i l l u s t r a t e d  i n  Fig.5. To the second order  problem, t h i s  
d i s c o n t i n u i t y  w i l l  f o r ce  a second harmonic motion. 
4. Second Order Problem 
The s o l u t i o n  o f  the f i r s t  order  problem can now be used t o  f i n d  t h e  
second order  e f fec ts  o f  the d is turbance.  Equations (A-18) - (A-26) o f  Appen- 
d i x  A descr ibe the second order  motion, f o l l o w i n g  the s imple ampl i tude ex-  
pansion. Formerly the s o l u t i o n  f o r  f i r s t  order  can be transformed back t o  
rea l  space from i t s  Four ie r  modes, the source terms evaluated f o r  the second 
order  and then the second order  problem i s  solved us ing  another Fou r ie r  de- 
composit ion. I f  ( 0 , ~ )  are the wave number components, then 
Us 
wherer2=e'+q';and Fa, h, , h, are  found from the source terms, 
q , , .  3 h , ,  4' 91 andj*- 
. 
/ 
A 4, =a $,('I 
Fig.5. Sketch showing (y,,t) due t o  mismatch i n  mean f l ow .  
The func t ions  ?, ( t )  and 8 ,  (t ) are evaluated as before (see Appendix B) , 
although the inhomogeneous terms @,( t )  and @,(t) are more complicated, 
i nvo l v ing  a l l  the source terms. The s o l u t i o n  (4.1) i s  very s i m i l a r  t o  
(3.4) i n  form, however now f o r  instance F2 i s  a f u n c t i o n  o f  t ime and i t  
i s  no longer c l e a r  what the long term behavior o f  the convect ive motion 
w i  1 1  be. 
Rather than pursuing a general approach as above, a p a r t i c u l a r  ex- 
ample w i l l  be considered here, t o  examine the character  o f  the second o r -  
der motion and t o  see how the f i r s t  order  motions w i l l  be modi f ied.  We 
w i l l  consider the f i r s t  order  motion t o  be t h a t  o f  a s i n g l e  Fou r ie r  o f  
wave number (k,m), so t h a t  
This Four ie r  mode w i l l  then fo rce  a second order  motion, which i s  i n i t i a l l y  
zero. I n  t h i s  case the source terms s i m p l i f y ,  
g , = i  'Re it'@, (4 49) 
- 
- (0 
where A, = W~J (90,0) - ~y(3)(y0,0) and d2=~(;lkya,o)- G ( ' J ( - ~ ~ , o ) .  An a s t e r i s k  denotes Y 
the complex conjugate. From these equations, i t  can be seen t h a t  two d i f -  
fe ren t  types o f  f l ow  a re  forced, one w i  t h  an exp [ i ~ k x  + i1rnz-J dependence 
and another w i t h  no r,z dependence a t  a l l .  The l a t t e r  motion i s  d r i v e n  
by the Reynolds st resses GyG andG't7 , and w i l l  a c t  t o  modify the  bas ic  
mean f low.  
To simp1 i f y  the problem s t i  1 1  f u r t h e r ,  i t  i s  assumed t h a t  F, = 0 ,  
but  t h a t n , a n d n , + o .  This  cond i t i on  impl ies t h a t  t 2 = O  and hence /?SO , 
so there i s  no d i r e c t  f o r c i n g  o f  Gs i n  t h i s  instance, and motion i s  o n l y  
produced by the second harmonic f o r c i n g  a t  the i n te r faces .  I t  can be seen 
from (4.4d) and (4.4e) t h a t  t h i s  i n t e r f a c e  d r i v i n g  motion i s  r e l a t e d  t o  
the d i s c o n t i n u i t y  i n  b,  , as noted i n  paragraph 3 .  The assumption t h a t  
k: -70 i s  exact i f  V a V ;  i s  zero i n i t i a l l y ;  o r  a l t e r n a t i v e l y  one can say t h a t  
t h i s  i s  a reasonable approximation f o r  l a rge  t ime behaviors, r e f e r r i n g  t o  
(3.15) and (3.24),  s ince  the bas ic  t ime dependencies o f  the 5 1  f l o w  a re  
s t i l l  r e t a i n e d .  However care  i s  needed, s i nce  convec t i ve  mot ions may be 
impor tant  when considered i n  r e l a t i o n  t o  terms o f  the form ( 4 . 2 )  f o r  F2. 
Even w i t h  these assumptions, the  s o l u t i o n  f o r  C, ( y ,  t ;  2 h , 2 m  ) i s  
s t i l l  a  compl i ca ted  express ion,  and o n l y  the  bas i c  t ime dependence w i l l  
be g iven .  These a re  found f rom e v a l u a t i n g  )(,and Y 2 ,  and a re : -  
t e* a t  
So i n  bt ( y , t ;  2 k . l r n ) t h e r e  i s  a  component r ep resen t i ng  a s e c u l a r i t y  
growing o s c i  1 l a t i o n ,  w i t h  t ime.  I f  C,and&;are a l s o  eva lua ted ,  c r i t i c a l  
l a y e r  behav io r  w i l l  a l s o  be found w i t h  general  secu la r  mot ions,  and depen- 
dence on t' a t  c r i t i c a l  l aye rs .  Note t h a t  ressure f o r c i n g  terms 9,  and 
9 %  P make no c o n t r i b u t i o n  t o  C2 (3.e; 2 k .  Im . 
For t h e  fo rced  v e l o c i t y  f i e l d ,  w i t h  n o x  o r 2  dependence, and d r i v e n  
by the  Reynolds s t resses ,  the  s o l u t i o n  i s  
The f l o w  f i e l d  i s  p u r e l y  i n  the  0 x 2  planes.  The p o s s i b l e  t ime dependences 
o f  the  G, term, f o r  A r e a l  o r  imaginary are,  
-cxt r i k ~ ~ t  t x t -~  kelvt 
e > te 
prov ided  t h a t  kacL'q' + k  i s  non-zero. A t  a  c r i t i c a l  l a y e r ,  = 3, say, t h e  
form o f  the  s o l u t i o n  i s  d i f f e r e n t ,  and g ives  terms 
The amp1 i tude o f  the term g i v i n g  the t' behavior  i s  found f rom the  compo- 
nent  o f  the  s o l u t i o n ,  
where, 5 r h r i k d ?  , and 3 = A -  ikay;and A ;  i h w j l C .  
So the m o d i f i c a t i o n  t o  the mean f l o w  by t he  Reynolds s t r esses  con- 
t a i n s  gene ra l l y  o s c i l l a t o r y  and convec t i ve  mot ions,  as w e l l  as s e c u l a r l y  
growing o s c i l l a t i o n s .  A t  t he  c r i t i c a l  l a y e r  t h e r e  a r e  terms i n  t2 . 
From the  form o f  (4.6) i t  would a l s o  appear t h a t  t h e r e  i s  genera l  l y  a mo- 
t i o n  growing l i n e a r l y  i n  t ime, b u t  i n  f a c t  the  z o e f f i c i e n t  o f  t h i s  term i s  
zero.  I t  may be seen by n o t i n g  t h a t  f o r  FI = 0, U, i s  g i ven  by (3 .  I S ) ,  and 
f rom the  remarks i n  Appendix B on t he  r e l a t i o n s h i p  o f  P1,8, to X , , Y , ;  
where a l l  the C i j  a r e  r e a l .  The c o e f f i c i e n t  o f  ( ~ t )  i s  then pure  imagin-  
a ry .  As a c r i t i c a l  l aye r  i s  a p p r o a c h e d , ~ + O o r J + O ,  t h e r e  i s  a s t r o n g  
r e g i o n  o f  shear s i m i l a r  t o  t h a t  i n  F ig .4  f o r  c,. The maximum va lue  o f  t h e  
f l o w  i s  i n  one d i r e c t i o n  though, and produces an indented mean p r o f i l e  o f  
the  type  shown i n  Fig.6.  
oc t' 
Fig.6.  Mod i f i ed  mean v e l o c i t y  p r o f i l e  i n  t he  shear l a y e r ,  
showing the  d i s t o r t i o n s  a t  the  c r i t i c a l  l a y e r .  
~t 3 = 0 the  ampl i tude  i s ,  
i 
where V = , = i and K ,  K ,  g i v e s ?  L,,e2'3- r ~ : ~ e - ' ~  
'1 
The i n e r t i a l  s t resses  thus a c t  t o  remove the  c r i t i c a l  l a y e r  behav io r  and 
t o  d i sp lace  the  p o s i t i o n  a t  which I l l y )  = c ( t ) ,  by a l t e r i n g  U and t he  d i s -  
p e r s i v e  r e l a t i o n .  The f i r s t  o rde r  d i s t u rbance  f l o w  w i l l  tend t o  produce 
a l o c a l  j e t  i n  t he  mean f low,  b u t  e v e n t u a l l y  a t  t imes o f  o r d e r  1 / ~ ,  t h e  
secondary and p r imary  mot ions w i l l  be o f  the  same magnitude, and t he  am- 
p l i t u d e  expansion scheme w i l l  cease t o  be v a l i d .  
An a l t e r n a t i v e  view o f  the  e f f e c t  the  Reynolds s t r e s s ( l i Y G )  would 
be i n  terms o f  t he  energy budget. The s t r e s s  a c t s  t o  remove energy f r om 
the mean f l o w  and supply  the  d is tu rbance .  Such an i n t e r p r e t a t i o n  has been 
g iven  by L i g h t h i l l  (1962), i n  r e l a t i o n  t o  the wind gene ra t i on  o f  wa te r  waves. 
I n  t h a t  case, energy was supposed supp l i ed  t o  the  waves f rom the  wind a t  
the  c r i t i c a l  wave he igh t ,  where the  l o c a l  wind speed i n  t he  d i r e c t i o n  o f  
wave p ropagat ion  equals the  phase v e l o c i t y .  However i n  t he  case here  t h e  
e x t r a c t i o n  o f  energy f rom the  mean f l o w  w i l l  a l s o  a f f e c t  t he  energy source.  
I f  the  problem had been t r e a t e d  i n  two dimensions a lone,  w i t h  m = 0 
and F, = 0, then n e c e s s a r i l y  n, and n3 a r e  zero  and i s  g i v e n  by ,  
Using (4.7) i t  can e a s i l y  be shown then t h a t  a l l  t h e  mot ions w i t h  C? s o ,  
cons idered above van ish ,  and t h e r e  i s  no m o d i f i c a t i o n  t o  t h e  mean f l o w .  I f  
5 j= 0 ,  i n  two dimensions, then 
A t 
--4 ~ e { ; ) P / , q  (?,k,m) dt,b*(y,t l )e u, - 
and t h i s  w i l l  generate  a  L l f l o w  s i m i l a r  i n  cha rac te r  t o  k, (m f O), w i t h  
c r i t i c a l  l a ye rs  and g r o w t h K  t: l o c a l l y .  Thus aga in  i n  t h e  second o r d e r  
problem, t he  three- dimensional  s t r u c t u r e  has a  c r u c i a l  r o l e ,  and r a d i c a l l y  
a1 t e r s  t h e  behav io r .  
5. Conc lus ion 
I n  t he  p reced ing  s e c t i o n s  i t  has been demonstrated t h a t  t h e  t h ree-  
d imensional  development o f  a  f l o w  d i s t u rbance  i s  ve ry  d i f f e r e n t  f rom t h a t  
i n  two dimensions. I n  t h r e e  dimensions c r i t i c a l  l a y e r s  can f o rm  by  v o r t e x  
s t r e t c h i n g  and g i v e  r i s e  t o  l o c a l  secu la r  growth.  S i m i l a r  conc lus i ons  
have been drawn by W i  1 i k e  (1967),  f rom h i s  d i scuss ion  o f  t h e  genera l  p ro-  
p e r t i e s  o f  the  i n v i s c i d  s t a b i l i t y  o f  p l ane  p a r a l l e l  f l ows .  I t  has a l s o  
been shown t h a t  a t  second o r d e r  i n e r t i a l  s t resses  w i l l  a c t  t o  remove t h e  
f i r s t  o r d e r  secu la r  growth by d i s p l a c i n g  the  c r i t i c a l  l a y e r .  The i n e r t i a l  
s t r esses  w i l l  become s i g n i f i c a n t  a f t e r  t imes o f  o r d e r w t -  U o / , r  , w h i l s t  
v i scous  s t resses  w i l l  a c t  a f t e r  t imes o f  o r d e r  o( t , (&,I+ y3 , so t h a t  f o r  
f i n i t e  amp l i tude  d is tu rbances  t he  i n e r t i a l  s t resses  may a c t  f i r s t .  A t  l a r g e  
t imes t h e  s imp le  amp l i tude  expansion ceases t o  be a  v a l i d  app rox ima t i on .  
Removal o f  the secu la r  growth a t  second o r d e r  and h i g h e r  can i n  genera l  be  
ach ieved by a  s u i t a b l e  " two- t im ing"  system o f  f a s t  and s low v a r i a b l e s .  
However i t  i s  n o t  c l e a r  i f  i t  i s  p o s s i b l e  t o  t r e a t  t h e  f i r s t  o r d e r  s e c u l a r  
growth a t  t he  c r i t i c a l  l a y e r s ,  w i t h o u t  m o d i f i c a t i o n  t o  the  mean f l o w  i t -  
s e l f .  
The s o l u t i o n s  have been g iven  i n  terms o f  F o u r i e r  modes, f o r  ease 
o f  c a l c u l a t i o n  and s i m p l i c i t y ;  bu t  i t  remains t o  i n v e s t  these t o  r e a l  f l o w  
v a r i a b l e s  t o  examine the  e f f e c t  o f  l o c a l i z e d  d is tu rbances  b o t h  i n  t ime  and 
space coord i nates.  
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APPENDIX - A:  Equat ions o f  Mot ion  
Equat ions f o r  the  l i n e a r  f i r s t  o r d e r  problem. 
For ya 3o vZ+; ' )  = 0 +:'Lo a? y - r m  
For y,c y o  vS@(') = o 4yh+ o u y+-00 
(A. 1) 
(A.2) 
a%z+ + w/-, = 0. 
w i t h  matching cond i t ions ,  uy' (yo) a" 1 = at( y o  
and 
2q(111ht + u0 = uF3)(y0) 
aqL,"/at + cu.~aC'/a~ = vf"(- ,.\
pj"cy.l; - - u. am%* 
- -a(?i/ac+  ad:*/,^ PC;'(- Y O )  - 
A 
Equations f o r  the second order  problem 
For y B yo 3 = 0 4y--+ 0 46 y - 4 -  
For -9. * v'@:') =' O:--*O & ?--m 
( ~ / , , + - M ~ % Z ) U ~ + L * ~ +  a P l / a ~  = - u .  d y .  - For / q \ ~  90 ) 9 d r J  = % I  
(%t + ML, ?'%x 1 u. + a ~ a / ~ Z =  -u, jaw/$r ;  . p ,  
(%L + M ~  a/&) 0'5 = - V * ( U , ~ ' % ~ ~ I +  %y~$('iaY~~xi)' 
+ aw2/3 + ae/a z = o 
Matching cond i t ions  are,  f o r  normal v e l o c i t y ,  
q ( y o )  - ad:)&/ s hl ( * , z , t l  
% 
v1 (-+) - w$'jl-90= hI(%,2,t) 
av(' L~J-a~?~x j j~~ l~~ /hr ;+ I * l ;1 )a~ (~d , , ,+g )~~3~dy . -  %,,I y z j a  h , b , z , t )  = (k,, 
and f o r  pressure 
(A. 7 )  
(A.8) 
(A. 13) 
(A. 14) 
(A. 15) 
(A. 16) 
(A. 17) 
(A. 18) 
(A. 19) 
(A.  20) 
For t h e  f i r s t  o rde r  problem the re  a r e  non-zero i n i t i a l  c o n d i t i o n s ,  
b u t  f o r  t h e  second o rde r  problem the  s o l u t i o n s  a r e  f o r ced  by t h e  inhorno- 
gen ie t y  terms, such as h and CJ , and the  
Appendix - B. Pressure cond i t i ons  and l i n e a r  s o l u t i o n .  
The pressure c o n d i t i o n s  ( ~ . 1 1 )  and ( ~ . 1 2 )  g i v e  two simultaneous 
equat ions,  
k p +  @t +Q.Q 2 (8. 1) 
T; -a P+ @te2'Y0- b 8  = @,I+I (8 .2)  
90 i w y t  
where a = ikU0, b= i~ ~ , e ' 9 0 - ( i k ~ / ~ ) s h  2 y o ,  PI= -L ikd$bj)e' dy omd 
Y * , i k d  yt 6,. ik" 9(~)e  dij, The expressions f o r  J and j are ,  
'Y 8 
9 = Yr- eeOshr bj-y,)< ( , , ,k ,m) lyty0) (B .  3b) 
These equat ions can be separated i n t o  two c h a r a c t e r i s t i c  equat ions,  
where hL= jb? aav(e4Yo-l) = - k 2 u ~ / q + ~ y o ~ [ ( ~ ~ ~ - d ~ ~ q n l . ]  (8 .5 )  
as  g iven  i n  the  i n t r o d u c t i o n ,  f o r  the  two-dimensional case. f and C? a r e  
r e l a t e d  t o y  and 'f , 
P = [ x ( Q - p , b ) -  (~-,u,b)]  / 11 l b = u a ) 6 \ ]  (8.6a) 
The r e l a t i o n s  (8.6) may be summarized as, 
For h y a l  corresponding t o  i ns tab i  1 i ty,,u, and,u, a r e  complex con- 
juga tes ,  and A,, = d, ,  , d z ,  s A , ,  . For n e u t r a l l y  s t a b l e  o s c i l l a t i o n s  on t h e  
o t h e r  h a n d p , a n d ~ ~ a r e  bo th  r e a l ,  and the  d ' s  a r e  p u r e l y  imaginary .  The 
s o l u t i o n s  f o r X  and)' a re ,  
where[::) = (I$(~)+[;:\ j ( y  )),and i n  p a r t i c u l a r  n.(ya)=n,(-yo)=n,(y.)=n,(-y4.o. 
Appendix - C . Expansion f o r  l a r g e  t imes.  
Consider t he  f o r m o f  X , ( t )  f o r  l a r g e  t imes, f o r h  imag inary .  The 
i n t e r g r a n d  i n  (3 .7 )  has a  p o s i t i v e  s i n g u l a r  behav io r  a t  t h e  c r i t i c a l  l a y e r ,  
LJ=-y , ,  where i k o r y , = ~ ,  . However i n  f a c t  t he  numerator g i v e s  a  r e g u l a r  
express ion ,  ( - i h = e n ,  (-9.1). Hence the  i n t e g r a l  may be w r i t t e n  as two 
Cauchy P r i n c i p a l  Par ts ,  
[ e - ' k d ~ t - h t -  n ( d :pj5*[e-' I ~/[3+ra Y 
-3 -90 - Y o  
I n  t he  l i m i t  t.00 , we eva lua te  t he  f i r s t  o f  these two i n t e g r a l s .  
W r i t i n g  ~ m t [ y * y , ) =  3 ,  00 
d 3  
=, y,( (- Y C  + ' /k dt)] 
- 00 
Th i s  may be eva lua ted  by c l o s i n g  t he  con tour  i n  the  lower complex 3 p lane ,  
as i n d i c a t e d  i n  Fig.C. 
F1g.C Contour t o  eva lua te  Cauchy P r i n c i p a l  P a r t .  
C i s  t he  s e m i c i r c l e ;  5 = d e z p I i 8 ) , 8 : 2 ? 1 , ~ -  
ie - 
where c  i s  the  s e m i c i r c l e ,  3 = 3 e  , e =  1 % ~  m d  S+o. 
So t o  l ead ing  o rde r  
1 0  %It)-  ~ , ( O \ e ~ * ~ ~ e ~ ~ { - i ~ n , ( - y ~ . i - ~ j  " 1 ( 9 1 / y r y t d y * )  
Y e  - i H d i j  t - x t  Y o  Cor rec t i on  terms f o r  I(+)= PJ e 
"%43-y,l d Y may be o b t a i n e d  by 
-9' 
expanding d Y d t f o r  l a r g e  t~ rnes ,  by i n t e g r a t i o n  by p a r t s  and then  i n t e g r a t -  
i n g  again  so t h a t  
I(*, = I(") 
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A MODEL OF THE UPWELLING DUE TO TOPOGRAPHICALLY G U I D E D  FLOW 
Stephen J. S. M o r r i s  
1 .  I n t r o d u c t i o n  
Apprec iab le  v e r t i c a l  v e l o c i t i e s  can occur  i n  t he  ocean i n  two d i s -  
t i n c t  reg ions.  I n  the open ocean they can be d r i v e n  e i t h e r  by Ekman 
pumping o r  by t he  change i n  C o r i o l i s  parameter across the equato r .  The 
v e r t i c a l  v e l o c i t i e s  which r e s u l t  i n  t h i s  case a r e  c h a r a c t e r i s t i c a l l y  o f  
o rde r  cm/sec b u t  v e r t i c a l  v e l o c i t i e s  a t  l e a s t  an o r d e r  o f  magnitude 
g rea te r  occur  i n  coas ta l  upwe l l i ng .  These notes w i l l  o n l y  d i scuss  mech- 
anisms f o r  coas ta l  upwe l l i ng .  
Any exp lana t i on  o f  coas ta l  upwe l l i ng  must beg in  w i t h  t h e  f a c t  t h a t  
whenever the  wind blows over  the ocean t he re  i s  i n  t he  su r f ace  Ekman l a y e r  
a  ne t  d r i f t  o f  f l u i d  t o  the r i g h t  o f  the  a p p l i e d  s t r e s s .  Near t h e  coas t ,  
t h i s  c rea tes  a  reg ion  o f  h i g h  pressure o f f s h o r e  ( ~ i g . 1 )  which d r i v e s  a  
PLAN 
I/ 
cross section 
(fay c+ hom4qeneo~~.f 'PUid)  
Fig.  1 
sou the r l y  geos t roph ic  f l o w  i n  the i n t e r i o r .  The s imp les t  p o s s i b l e  ex-  
p l a n a t i o n  o f  coas ta l  upwe l l i ng  p o i n t s  o u t  t h a t  i n  the  bot tom Ekman l a y e r  
the s t r e s s  a p p l i e d  by the s e a f l o o r  i s  i n  the oppos i t e  d i r e c t i o n  t o  t he  
mean c u r r e n t .  Thus t he re  i s  a  d r i f t  o f  f l u i d  t o  the  l e f t  o f  t h e  mean c u r -  
r e n t ;  s i m i l a r l y ,  the  wind i n  t he  atmospheric boundary l a y e r  tends t o  s p i r a l  
ou t  o f  a  h i gh  pressure reg ion.  When the  c u r r e n t  i n  t h i s  bo t tom boundary 
l a y e r  h i t s  the c o a s t l i n e ,  i t  i s  conver ted i n t o  a  v e r t i c a l  c u r r e n t  which can 
supply  the  Ekman d r i f t  a t  the  sur face .  Al though t h i s  e x p l a n a t i o n  g i v e s  a  
mechanism f o r  t r a n s f e r r i n g  n u t r i e n t s  f rom the  deep water  t o  t he  s u r f a c e  
water where they can be most e f f i c i e n t l y  used, i t  p r e d i c t s  t h a t  t he  onshore 
f l ow  which balances the  o f f s h o r e  d r i f t  i n  the  su r f ace  Ekrnan l a y e r  i s  con- 
f i n e d  t o  the bot tom Ekman l a y e r .  I n  p r a c t i c e  the  compensation f l o w  occurs  
o n l y  a t  i n t e rmed ia te  depths. For example, Sha f f e r  (1976) observed t h a t  i n  
water o f  depth 400 (o r  so) metres o f f  the  nor thwest  coas t  o f  A f r i c a  t h e  com- 
pensat ion f l o w  occurs between 50 and 250 m below the  sur face .  I n  a d d i t i o n ,  
the upwe l l i ng  i s  s p a t i a l l y  i n t e r m i t t e n t  a long  the  coas t  w i t h  t h e  reg ions  o f  
s t ronges t  upwe l l i ng  seeming t o  be c l o s e l y  connected w i t h  topography. O f f  
t h i s  coas t ,  t h e r e  a r e  many s h o r t  deep canyons ( ~ i g . 2 ) ,  a t  t h e  head o f  each 
o f  which t he re  i s  a  f i x e d  c e n t r e  o f  upwe l l i ng .  W i t h i n  and onshore o f  t he  can- 
yons, the  mean v e r t i c a l  v e l o c i t i e s  a re  o f  o rde r  t o  10- ' cm/sec w h i l s t  
t he re  i s  l i t t l e  mean v e r t i c a l  mot ion between canyons (Sha f f e r ,  1976). 
A crude exp lana t i on  o f  these observa t ions  i s  e a s i l y  g i ven .  Us ing t he  
c h a r a c t e r i s t i c  speeds and depths g iven  i n  t he  p rev ious  paragraph hydro-  
F ig .2 .  (Courtesy o f  Sha f f e r  (1976).  Canyons o f f  t h e  coas t  o f  
Northwest A f r i c a .  NB: 1 '  corresponds t o  about I'/lkm here ,  
so t h a t  these canyons a r e  t y p i c a l l y  10 km long, 2 km wide 
and 400 m ( o r  so) deep. 
s t a t i c s  i s  e a s i l y  shown t o  be an e x c e l l e n t  approx imat ion.  Thus i f  t h e  
h o r i z o n t a l  v e l o c i t i e s  a re  independent o f  3 a t  some l o c a t i o n ,  then  they  a r e  
everywhere independent o f  3 . On l e t t i n g  1 be the  ( v e r t i c a l )  component o f  
r e l a t i v e  v o r t i c i t y ,  f be t he  ( cons tan t )  C o r i o l i s  parameter and h + q  be 
the  l e n g t h  o f  a  f l u i d  column ( ~ i ~ . 3 )  i t f o l l o w s  t h a t  & = 0 ,  which i s  
s imp ly  a  spec ia l  case o f  the  Cauchy v o r t i c i  t y  theorem. As - t h e  f l o w  i s  as-  
sumed t o  be steady & ."  = . Moreover, i f  t he  upstream f l o w  i s  u n i -  1 form i t  f o l l o w s  t h a t  c d  1. i n  reg ions  where t he  stream1 ines a r e  n o t  t o o  
s t r o n g l y  curved ( i n  a  sense t o  be made p r e c i s e  s h o r t l y ) ,  so t h a t  L L . ~ S = D .  
'h +7) 
I n  p a r t i c u l a r ,  t he  f l o w  f o l l o w s  the  1 ines o f  cons tan t  depth.  A s imp le  k n -  
e rgy  argument shows t h a t  a  f l u i d  p a r t i c l e  whose c h a r a c t e r i s t i c  speeQ i s v  
can d i s p l a c e  t h e  f r e e  su r f ace  a t  most th rough  a d i s t a n c e  o f  o r d e r  U/$ . As 
the  Froude number based on t he  c h a r a c t e r i s t i c  depth H i s  much s m a l l e r  t han  
the  f r a c t i o n a l  h e i g h t  (a /H)  o f  a  t y p i c a l  bump on t he  bottom, t h e  d i s p l a c e -  
ment (Q) o f  the  f r e e  su r f ace  i s  thus a  smal l  f r a c t i o n  o f  t he  amp1 i tude o f  
the  v a r i a t i o n s  i n  t he  bot tom and can be neg lec ted  f o r  t he  t ime be ing .  Con- 
sequen t l y  the  f l o w  f o l l o w s  t h e  i soba ths ;  because t he  i n e r t i a  o f  t he  f l o w  i s  
ve ry  weak, the  f l o w  can be guided around g e n t l y  c u r v i n g  i soba ths  by t h e  
topography. However, i f  the  i soba ths  cu rve  t o o  sha rp l y ,  t he  f l o w  has 
Fig.3.  D e f i n i t i o n  o f  q u a n t i t i e s  appearing i n  the  equat ions .  
s u f f i c i e n t  i n e r t i a  t o  c u t  across them and i n  do ing  so, generate v e r t i c a l  
v e l o c i t i e s .  A more d e t a i l e d  q u a l i t a t i v e  exp lana t i on  can be g i v e n  by u s i n g  
conserva t ion  o f  p o t e n t i a l  v o r t i c i t y .  Suppose, f o r  example, t h a t  u(-m,y)=V 
and t h a t  h (I ,LJ)  m (5 +o- e-  (k*la) ( ~ i g . 4 )  w h e r e m c < l  and ah-2. Then t h e  
l. 
- Fig.4.  Contours o f  h (",y) = m j y  - a e  1 
mass t r a n s p o r t  stream f u n c t i o n  V = - V h y 2 m i n  the l i m i t  I/$ 4 0 .  Thus 
so t h a t  the  maximum v o r t i c i t y  i s  o f  o rde r  u/&. Th is  can become compara- 
b l e  t o  .f near 2 - 0  i f  a. i s  n o t  l a r g e  compared t o  the r a d i u s x  o f  t he  i n -  4 
e r t i a l  c i r c l e .  I n  t h a t  case t he  assumption t h a t  the f l o w  f o l l b w s  t h e  con- 
tours  o f  h(r,y) i s  n o t  s e l f - c o n s i s t e n t .  The f l o w  must t h e r e f o r e  c u t  ac ross  
isobaths and thus cause upwe l l i ng .  However, once the f l o w  i s  p a s t  t h e  o r i -  
g in ,  the isobaths become g e n t l y  c u r v i n g  again and the f l o w  can once aga in  
f o l l o w  the  topography. How r a p i d l y  i t  re laxes  back t o  f o l l o w i n g  t h e  topo-  
graphy determines the  e x t e n t  o f  the  upwe l l i ng  reg ion.  Moreover, t h e  f l o w  
might e i t h e r  r e l a x  back t o  the  contours monaton ica l l y  i n  space o r  a l s o  a  
g iven  s t r eam l i ne  might  o s c i l l a t e  i n  space about some isoba th .  For  example, 
f o r  sou the r l y  f l o w  w i t h  deep water  on the r i g h t ,  i t  i s  e a s i l y  seen t h a t  t h e  
topography i n  F ig .4  p rov ides  a  r e s t o r i n g  f o r ce  which a c t s  on t h e  d i s p l a c e d  
f l ow  so t h a t  i t  i s  p o s s i b l e  t h a t  a  s tand ing  wave can e x i s t  downstream o f  
the canyon w i t h  an assoc ia ted  p a t t e r n  o f  onshore and o f f s h o r e  f l ow .  To see 
which o f  the  two p o s s i b i l i t i e s  a c t u a l l y  occurs,  the  model must be worked 
through i n  d e t a i l .  I n  p a r t i c u l a r ,  i t  w i l l  be used t o  f i n d  t h e  s t r e n g t h  o f  
upwe l l i ng  produced and a l s o  t o  understand t he  r o l e  which t he  f r e e  s u r f a c e  
p lays  i n  r e t u r n i n g  t he  escaped f l o w  t o  the  isobaths.  
Before  s t udy ing  t h i s  problem i n  more d e t a i l ,  i t  i s  u s e f u l  t o  under-  
s tand t he  p a r t  which t he  f r e e  su r f ace  p l ays  i n  t h e  much s i m p l e r  problem o f  
1 i n e a r i s e d  r o t a t i n g  f l ow  over  a  s i n g l e  obs tac l e  ( ~ i g . 5 .  
Fig.5.  Flow over  a  smal l  obs tac l e .  
NB: I n  t h i s  s e c t i o n  o n l y  t h e  l o c a t i o n  o f  the bot tom i s  independent o f  . Y 
2. The r o l e  o f  the  f r e e  su r face .  
I n  F ig .5  the  f l o w  i s  u n i f o r m  o f  speed a t  X = - - a n d  impinges upon 
the  o b s t a c l e  shown. I f  a/H < c  1 , o k  L L I  and H 1 , t h e  govern ing  equa- 
t i o n s  f o r  topography independent o f  2 a re  
and + = -Ubr 1 1  where (u,v,y) are  t he  depar tu res  o f  the  
v e l o c i t i e s  and i n t e r f a c i a l  l o c a t i o n  f rom the  b a s i c  s t a t e .  Thus 
(I- F)V%%- k ; ~ =  - bx (2.2) 
where F Z -$* and h; = 2 
9 H ,  
= F. (Ark' i s  t h e  square o f  the  i nve rse  o f  the  r a d i u s  
o f  deformat ion.  F i r s t  cons ider  t he  case b:  c c d , w k ~ .  Then 
V z K f .  1 
I '12 
Id k ( I - F ) + ( k L I A I a  '/2,4. [ ~ - i ~ ~ } ~ ~ ~ , ~ h e ~ e  ~ = j ( l - ~ ) k * + k ~ J  .sintrkdk= F (kv), i t  
QF - f o l  lows t h a t  as l z + O ,  v+ R S ~  (1 - e '')eorh x so t h a t  t he  te rm k 4  i n  (2 .2 )  
p l ays  no e s s e n t i a l  r o l e  here.  Neg lec t i ng  t h i s  term corresponds t o  n e g l e c t -  
i n g  the  t e r m v i ,  i n  t h e  t h i r d  o f  equa t ions  (2.1) and thus t o  n e g l e c t i n g  
a l t o g e t h e r  i n  a  v o r t i c i t y  f o r m u l a t i o n  o f  t he  problem. However i f  7. 
2 0  otherw ise ,  a  non-zero s o l u t i o n  which i s  
bounded a t  i n f i n i t y  w i l l  e x i s t  f o r  k x ~ o a n d k x a q  o n l y  i f  t h e  te rmk:v  i s  
inc luded.  
2.2.  Al though the  d isp lacement  o f  t h e  f r e e  su r f ace  i s  a  smal l  e f f e c t  ( o f  
o rde r  F g h e r e )  i t  a c t s  on a  f l u i d  p a r t i c l e  f o r  a  long  t ime  ( o f  o r d e r  f ' 11% 1 
as the  f l u i d  p a r t i c l e  t r a v e l s  through a  Rossby rad ius  o f  de fo rma t i on  and 
can thus produce the  o r d e r  one e f f e c t  o f  r e t u r n i n g  t he  v e l o c i t y  f i e l d  t o  
zero a t  i n f i n i t y .  The f l o w  here  can be f u l l y  unders tood by c a l c u l a t i n g  
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vorticity equation, yt= +"lCT b. 
-,;;- Fne-£ .. F~ 
lot 
In 
up in front of the obstacle.* Thus vortex lines in the approach flow are 
stretched and a flow develops to the left. Over the obstacle (region Il) 
variations in ~ are negligible compared to those in b so that vortex lines 
are compressed on the upstream side of the obstacle and stretched on the 
downstream side. Thus the vorticity over the obstacle is always less than 
it is at -x. ~ 0 and the flow takes up the pattern shown in f i gu re bb. Fi na 11 y 
in region m'Yl.fv~ , the free surface gradually subsides and the vortex 
columns return to their upstream height. 
In the present case, the topography is complicated by the presence of 
a background slope oh/Cl~ I ::: m. However, it seems reasonable to expect that 
the small but positive ~~wrll serve merely to guide the approach flow into 
the canyon but that it will otherwise be dominated by the displacement of 
the free surface due to the slopes within the canyon, within which the slopes 
are much larger thanm also still small enough that hydrostatics can be as-
sumed. 
Finally, were this problem being developed simply as an exercise in 
perturbation theory we should need to make an expansion in two small para-
meters, namely F and a characteristic slope. Rather than doing this we shall 
make an expansion in the single parameter F and simply assume hydrostatics to 
be true. This assumption may exclude some phenomena CD but wi 11 make it 
easier to understand the basic mechanics. . 
3. The model. 
The governing equations for flow over a gently sloping bottom are 
It- f ~:fh-l = 0 ) 
:t {1: (u. 2.+ V 1) + ,~\ ::. 0, } (3. 1) 
';': 
in spite of the fact that the flow is subcritical. 
and { u ( l + h ) } l +  [ ~ ( ? + h l ] ~ = o  Here $iur4+ud dx ay and t h e  
o ther  q u a n t i t i e s  a re  def ined i n  Fig.3. Note tha t  h e r e u  a n d v a r e  the t o t a l  
v e l o c i t i e s ,  no t  the f l u c t u a t i o n s  from a bas ic  s ta te .  I f +  i s  a t y p i c a l  
a 1 2  radius o f  curvature f o r  an isobath a t  the head o f  a canyon, then - =  - -ax .r 2x1 ' 
a d and - - 1 - , *A lso  l e t  ( u , u )  =U(u ' , v l )p  h=Hhl and 7 :F H1 when H i s  a a - -I 
t y p i c $  1 depth?' Then 
where the primed q u a n t i t i e s  are  a l l  o f  o rder  one and R =  U / + V  . Dropping 
the primes on dimensionless q u a n t i t i e s  and n o t i n g  t h a t  u ( h +  Fq)= -vy,  
The funct ions P(v)and ! j ' (q r )  are determined from the cond i t ions upstream. The 
eastern boundary cur ren ts  t r a v e l  a t  speeds c h a r a c t e r i s t i c a l l y  o f  o rder  
10 cm/sec i n  depths o f  (say) 100 m so t h a t  even i f  F were the i n t e r n a l  
Froude number i t  would be smal l .  Thus, i f  P(w)were chosen t o  be a l i n e a r  
f unc t i on  o f  V , and the upstream f l o w  constra ined accord ing ly ,  the govern- 
i n g  equat ions would become l i n e a r  i n  the  l i m i t  F 4 O .  Rather than doing 
t h i s  d i r e c t l y ,  choose the upstream f l o w  t o  be un i fo rm o f  s p e e d V  w i t h  a 
l i n e a r  bottom, h 3 I-I+ yylv,.Here y, s a t i s f i e s  V ( - b :  y,)=v(x,y) .Since 
un i fo rm f lows are exact so lu t i ons  o f  the geostrophic equat ions, 
U 
Moreover, on l e t t i n g  ,U = ( , )  , we have 
(3 3) 
, which together  w i t h  (3 .2 )  d e f i n e  P(v) 
The roo t  which i s  bounded f o r  small ,U i s  the appropr ia te  one; i t  g ives  
These equat ions a re  s t i l l  non- l inear  bu t  i n  the l i m i t  F - 0 2 ~  +O they 
become l i n e a r .  Fo l lowing the ideas o u t l i n e d  a t  the end o f  t he  prev ious  
sec t i on ,  a p e r t u r b a t i o n  expansion i n  powers o f  F w i l l  be performed, u s i n g  
t he  method o f  m u l t i p l e  sca les t o  i nc l ude  the slow s p a t i a l  s c a l e  h;' . For 
t h e  t ime being,  terms o f  o r d e r p  w i l l  be inc luded i n  the  b inomia l  expan- 
s i o n  o f  ( I  + ~ , u v ) " ~  . ~ h u s ,  h+FII = 1 +,uW and (&$!$+qzl+uy, 3 
w i t h  e r r o r  o f  o rder  ,U* . Since (k,r)*= F R - ~ ,  in t roduce  t he  f a s t  and 
slow v a r i a b l e s  (xyy*) ; (rIy) and (2,ij) s ~ ' 5 R - l  ( x ,  y )  , and l e t  v ( x  .,. ; F ) =  
, F and q ( x ;  - T-1 * , ) The opera to rs  V and 0(5v *v) 
* F Y z ~  .EE*2F 
become v t V and A + R, a ~ ' - 7  , where V , ~ Z  - a .  and = - ( L =  azi 1 , 2 ) ,  
The transformed equat ions a r e  
On assuming expansions o f  the  form y = yo+ F"*, + FY,+ o ( F % )  and 
q = ~ e + ~ " a q , t  F ~ ~ + O ( F % ) ,  we f i n d  t h a t  212,- 
and t h a t  
- 3 A*%+ +E%]+ % [y V, ~ - V * ~ ' V ~ ~ -  JL h L  Pq2+j(v'*8)B, 
The dependence o f  ve on w i l l  be determined by t he  c o n d i t i o n  t h a t  t h e r e  
be a s o l u t i o n  which i s  bounded a t  i n f i n i t y .  
Since h depends bo th  on x and , w i l l  a l s o .  However, i f  h v a r i e s  
much more r a p i d l y  w i t h  x i n  the  canyon than i t  does w i t h  y i t  seems reason-  
ab le  t o  assume t h a t  the  s o l u t i o n  wi 1 1  va ry  much more r a p i d l y  w i t h  XI than  
w i t h  v* and t h a t  i t s  v a r i a t i o n  w i t h  y" can t h e r e f o r e  be neg lec ted .  A t  t h e  
l e a s t  t h i s  approach w i l l  g i v e  some i n s i g h t  i n t o  how the  f l o w  works. Ac- 
c o r d i n g l y ,  l e t  
q r  = * (xA;  S t < ) +  ' )*x ( x * ;  g , g )  
3 v  Equat ion (3.4b) w i l l  then reduce t o  (3.3) w i t h  {==* , F = o  s , u  , b u t  t h e  
h i ghe r  o rder  equat ions (3-5) and (3-6) ,  which a r e  necessary t o  de te rmine  
the ( % , j )  dependence o f  the  f l o w  w i l l  be more compl icated.  
Appendix. 
As Eqs. (3 .4)  t o  (3.6) a r e  so compl icated, I decided t o  s tudy t he  
e f f e c t s  o f  t h e  f l o w ' s  hav ing  a  p o s i t i v e  Rossby number by ex tend ing  t he  
s imple argument g iven a t  the  end o f  the  f i r s t  sec t ion .  As t he  c a s e R d l ,  
F + - O i s  app rop r i a te ,  we should expect  t o  ga in  some understanding o f  i t  by 
s tudy ing  f i r s t  the  e a s i e r  case 1>> R7,F .  When t h i s  i s  done i t  becomes 
obvious t h a t  f o r  values o f  Jh/ay c h a r a c t e r i s t i c  o f  the  c o n t i n e n t a l  s h e l f  
(see, e.g., P e f f l e y  and O 'Br ien  (1976), f i g . 2 )  t he  r o l e  o f  t he  f r e e  su r -  
face  i n  s t e e r i n g  the  c u r r e n t  i s  t r i v i a l  i n  comparison t o  t h a t  o f  t he  t o -  
pography. Hence i t  i s  n o t  necessary t o  use the  method o f  m u l t i p l e  sca les  
f o r  two-dimensional topography; the  p o i n t  made i n  paragraph 2 i s  i r r e l -  
evant  t o  t he  problem i n  hand. Since conserva t ion  o f  p o t e n t i a l  v o r t i c i t y  
gives = h t I=? ' P(v) , assuming t h a t  V = + R v, + O(F, Ra) 
3 
 and^$^(^,,)= < .  I f  the  f l o w  upstream i s  un i f o rm  and h  = my i t  f o l -  
lows t h a t  
14 vs ( V  = (- urjb 
Thus, on n o t i n g  t h a t  = - m r  @, i t  i s  found t h a t  
When R = 0, isobaths and s t reaml ines  co inc ide ,  b u t  when R > 0  i t  i s  c l e a r  
t h a t  as X increases i n  reg ion  I 
I P, P a r e  the p o i n t s  o f  i n f l e x i o n  on t he  i soba th .  
aah/i3re becomes more negat i ve  so t h a t  the  term i n  the  braces i n  ( ~ 1 )  
becomes more negat i ve  and h  must decrease i n  o r d e r  f o r  l.p' t o  remain con- 
s t a n t .  Thus the  s t r eam l i ne  moves up the  s lope  i n  r eg ion  I , so t h a t  up- 
we1 1 i n g  occurs there .  Repeating t he  argument i n  reg ions  and TlL shows 
t h a t  the streamlines must have the form shown i n  the sketch. 
I n  t h i s  e s s e n t i a l l y  l i n e a r  case, the f l u i d  p a r t i c l e s  do n o t  behave as 
suggested i n  the f i r s t  sec t ion ;  ra ther  t h e i r  t r a j e c t o r i e s  a d j u s t  them- 
selves t o  avoid regions where geostrophy would be v i o l a t e d .  I f we were 
t o  solve an i n i t i a l  value problem i n  which the f l o w  was prescr ibed t o  
f o l l o w  the isobaths i n i t i a l l y ,  we should expect the t r a n s i e n t  response 
o f  the f l u i d  t o  comprise topographic Rossby waves which would a c t ,  i n  e f -  
f e c t ,  t o  r a d i a t e  v o r t i c i t y  away from areas where the st reaml ines were 
i n i t i a l l y  most sharp ly  curved. 
The i n i t i a l  value problem should a l so  be solved t o  see whether o r  
no t  upstream in f luence i s  possib le.  This  i s  important f o r  any approach t o  
the non l inear  problem based on i nva r ian ts  o f  the f low.  F i n a l l y ,  s t r a t i -  
f i c a t i o n  must be included because i t  a l lows v e r t i c a l  s t r u c t u r e  i n  the v e l o -  
c i t y  s t r u c t u r e  i n  the v e l o c i t y  f i e l d  (q.v. sec t ion  1 . ) .  
I n  in t roduc ing  the summer notes, Malkus once described some o f  the  
f e l l o w s '  l ec tu res  as being the f i r s t  pressed f r u i t s  o f  a novel idea. I t  
seems more appropr ia te  t o  descr ibe mine as the f i r s t  mumblings o f  a t h e s i s  
p roposa 1 . 
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COUPLING BETWEEN PULSATION AND CONVECTION IN A STAR 
Jean-P i e r r e  Poyet 
I n t r o d u c t i o n  
Though the t i t l e  may suggest t h a t  we are going t o  s tudy o n l y  pu lsa-  
t i n g  cases, the method t h a t  we w i l l  present  below w i l l  be a p p l i c a b l e  as 
w e l l  f o r  a con t rac t i ng  o r  an expanding s t a r ,  o r  any k ind  o f  mean behavior 
one can t h i n k  o f .  
Let  us mention b r i e f l y  some o f  the  i n t e r e s t i n g  astronomical s i t u a -  
t i o n s  which can be s tud ied  i n  the frame o f  what w i l l  f o l l ow .  
F i r s t  one can i nves t i ga te  the Cepheid i n s t a b i l i t y  s t r i p  i n  the 
Hertsprung-Russell diagram as shown above and deduce some in fo rmat ion  about 
the l o c a t i o n  o f  the l i n e  separat ing the convect ive ly  unstable domain from 
the i n s t a b i l i t y  s t r i p .  Very few th ings  a re  known about t h i s  l i n e .  
One may a l s o  i nves t i ga te  the p o s s i b i l i t y  o f  convect ion a f t e r  the  
hel ium f l a s h  i n  a s t a r  when the core expands and the  ou ter  l aye rs  c o n t r a c t .  
F i n a l l y  du r ing  the con t rac t i on  o f  a p r o t o s t a r ,  i t  would be i n t e r e s t -  
ing  t o  know i f  any convect ion can occur.  
We w i l l  be concerned below w i t h  the  d i r e c t  problem; t h a t  i s  t o  say: 
i s  there  any convect ive i n s t a b i l i t y  which may be caused by any t ime depen- 
dent mean motion? We w i l l  r e s t r a i n  ourselves t o  the l i n e a r  problem. 
I n  the frame o f  the non l inear  problems, another case o f  i n t e r e s t  i s  
the inverse problem: could convect ion i t s e l f  provoke pu l sa t i ons?  An example 
o f  t h i s  k ind  o f  feedback could be the semi-convect i v e  /? -Cephei s t a r .  (Th i s  
i s  the reason why we w i l l  inc lude the mean molecular weight i n  our equa- 
t i o n s  f o r  f u r t h e r  s tud ies  o f  t h i s  case.) 
For a very long t ime, the problem o f  the coup l ing  between p u l s a t i o n  
and convect ion has been approached by supposing t h a t  the convect ive  motions 
adjusted instantaneously t o  the pu l sa t i on .  Gough (1977) has r e c e n t l y  p ro-  
posed, i n  the case o f  the Boussinesq approximation, a two- time dependent mix-  
ing  length  theory. One o f  the drawbacks o f  t h i s  s tudy i s  t h a t  the  r e s u l t s  
depend on which type o f  mix ing  length  theory i s  appl ied,  t h a t  o f  Gough (1965) 
o r  the one o f  Unno (1967). 
The f o l l o w i n g  s tudy i s  i n s p i r e d  by t rans fo rmat ions  w i d e l y  used i n  
the  f i e l d  o f  cosmology and p a r t i c u l a r l y  cosmological  tu rbu lence .  These 
t rans fo rmat ions  a r e  due o r i g i n a l l y  t o  Kurskov and Ozernoi (1976) .  Drury  
and Stewar t  (1976), i n  the  case o f  a  Robertson m e t r i c  w i t h  k  = 0, show 
t h a t  the  equat ions d e s c r i b i n g  the  m a t t e r - r a d i a t i o n  f i e l d  i n  t h e  e a r l y  u n i -  
verse, b o t h  be fo re  and a f t e r  recombinat ion can be t ransformed t o  t he  usual  
f a m i l i a r  hydrodynamic equat ions ( a t  l e a s t  as f a r  as c o n t i n u i t y  and momen- 
tum equat ions a re  concerned, they do n o t  g i v e  any r e s u l t  f o r  t h e  energy 
equa t i on ) .  Spiegel  (1977a - b) has shown how these t r ans fo rma t i ons  can be 
a p p l i e d  t o  a  newtonian cosmology and has s p e c i a l l y  emphasized t h e  analogy 
w i t h  hydrodynamics when the equat ions a r e  rescaled.  We s h a l l  f o l l o w  these 
ideas throughout t h i s  work. 
I n  f l u i d  dynamics the  problem o f  convec t ion  i n  presence o f  p u l s a t i o n  
has been g i ven  very  l i t t l e  a t t e n t i o n .  Venezian (1969), Rosenblat  and Tanaka 
(1971), Rosenblat and Herber t  (1970) have t r e a t e d  the  case o f  t h e  e f f e c t  o f  
an o s c i l l a t i n g  temperature f i e l d  b u t  i t  i s  a  d i f f e r e n t  problem from the  
as t rophys i ca l  problem. 
Equa t ions 
We w i l l  always cons ider  a  sphe r i ca l  s t a r  and we w i l l  do a l l  ou r  
s c a l i n g  i n  t h i s  case, i t  i s  a  p o i n t  t h a t  we w i l l  emphasize aga in  l a t e r  on 
when we w i l l  cons ider  a  p lane  p a r a l l e l  assumption. For t he  sake o f  gen- 
e r a l i t y ,  we s t a r t  w i t h  t he  f u l l  compressible equat ions.  We w i l l  cons ider  
sphe r i ca l  coord ina tes  a t  the  cen te r  o f  t he  s t a r  and we w i l l  c a l l  ( /z ,8, Ip)  
the  coord inates.  A 
The equat ions a re  
C o n t i n u i t y  equa t ion  
- . - - - - - - - - - -  
aP -b 
- + v *  ( 9 v )  = o  
at 
Momentum equat ion  
- - - - - - - - -  
where, i n  Car tes ian coord ina tes :  
Le t  
I n  sphe r i ca l  coord ina tes :  
av, S,, = a - 8% 
s,, s ~ % - % + ~  d e  az 
- L % - 3 + $  
' ~ ~ - 4 h e a y  a 
Energy equat ion  
- - ------  
, c ~ [ ~ + ~ . v T ] - [ $ +  d.vp] = ~ . ( A D  T), 1 P ( 6 )  
We have supposed t h a t  t he  two c o e f f i c i e n t s  o f  v i s c o s i t y  were 
equal t o  . i s  t he  thermal c o n d u c t i v i t y .  
I 
MZ i s  t he  mass conta ined i n s i d e  the  rad ius  'r . I f we suppose 
t h a t  t he  s t a r  always keeps a sphe r i ca l  symmetry, then: 
$ i s  t h e  d i s s i p a t i o n :  a 
4 5 Q =  + ( s i k -  + s'+v. 3 )  + ( v - v )  
F i n a l l y  we need an equat ion  o f  s t a t e ,  we take:  
where i s  t he  Boltzmann constant ,  the  mean mo lecu la r  w e i g h t  a n d m ~  
the  mass o f  the  hydrogen atom. The equat ion  f o r  4 i s  
when we have no nuc lear  r eac t i on .  
We have neglected r a d i a t i o n  e f f e c t s  except  f o r  t he  f a c t  t h a t  we 
a1 low f o r  ve ry  h i g h  thermal c o n d u c t i v i t y  due t o  the  r a d i a t i v e  con- 
d u c t i v i t y  so t h a t  the  r e l e v a n t  s t e l l a r  case w i l l  be i n  the  l i m i t  o f  smal l  
P rand t l  number. 
Homo 1 ogy 
We a re  now go ing  t o  app ly  a  homology t r a n s f o r m a t i o n  t o  t h e  pre-  
v ious equat ions analologous t o  the  one a p p l i e d  t o  t r e a t  t h e  problem o f  
cosmic tu rbu lence .  L e t  us r e c a l l  t he  main f ea tu res  o f  t h i s  t rans fo rma-  
t i o n  as Spiegel  (1977a-b) t r e a t s  i t . 
-4 
The coo rd ina te  fi i s  sca led  by a t ime f a c t o r :  
x =  R (t)Z 
( l-) i s  i n  cosmology the cosine scale f a c t o r .  Then: 
4 
= ) R )  - ak? 5;+ ~ ( t ) $ +  
- R C t I  
and the  v e l o c i t y  can be w r i t t e n :  
4 4 
': ~ ( t ) z +  q :  V, + fl V r e  
where H (t) i s the Hubble func t  i o n ~ n d  corresponds t o  the  v e l o 2 t y  w i  t h  
respect t o  the expanding medium. V,is the expansion v e l o c i t y .  can be 
considered as a v e l o c i t y  f i e l d  descr ib ing  the convect ion process. 
I f  we now use (13) i n  (1) and (2) ,  we ob ta in :  
=$ 
where the expansion v e l o c i t y  i s  a l sa  taken out  i n  1 . We app ly  the same 
treatment t o  Eq.(6). This  homology can a l s o  be p i c tu red  by the f a c t  t h a t  
the mean p a r t  o f  the r a d i a l  v e l o c i t y  i s  taken t o  be: 
where the average means an average over the sur face o f  the s t a r .  Fo l lowing 
Spiegel (1972b) we w i l l  scale the dens i ty  and the v e l o c i t y  by: 
The sca l i ng  o f  the dens i ty  i s  suggested by the f a c t  t h a t  i n  cosmology the 
mass o f  the Universe i s  constant,  so 
Then, i f  a new time i s  introduced: 
dt d T ,  - 
R a ( t  1 (21) 
+ 
and i f  one t ransforms a l l  gradients w i t h  respect t o  i n  g rad ien ts  w i t h  
respect t o  X : 
One obta ins i n  the cosmological case equations which look l i k e  hydrodyna- 
mic equat ions. Here we have a l s o  t o  consider a temperature and pressure 
sca l ing ;  the momentum equat ion suggests the f o l l o w i n g  s c a l i n g  f o r  p : 
The scal ing  f o r  T i s  then obtained through the equat ion o f  s t a t e  (9) 
- -C(%t) 
7 f 1  - ,(, (25) 
Our sca l i ne  hypothesis would be usefu l  on ly  i f  we were ab le  t o  suppose: 
b u t  f u r t h e r  developments o f  the equations show t h a t  t h i s  i s  n o t  poss ib le  i n  
general (we have t o  consider the mean equations f o r  showing t h a t ) .  Thus 
we lose the  b e n e f i t  o f  sca l i ng  the  temperature and the pressure a priori. 
Given t h a t  f a c t ,  we w i l l  keep the temperature and pressure non-scaled. 
Moreover, the Z time dependence which conforms t o  the cosmological equ iva-  
l e n t  o f  the problem where T can be g iven a physical  meaning ( d i f f e r e n c e  
between cosmic t ime and proper t ime o f  a p a r t i c l e )  i s  no t  s u i t a b l e  here. I t  
i s  no t  convenient because o f  the d i f f i c u l t y  o f  g e t t i n g  the r e l a t i o n  R(z). 
What we impose i s  S ( t )  , t h a t  i s  t o  say the mean movement o f  the s t a r ,  we 
have then t o  f i n d  R (r)  by i n t e g r a t i n g  and i n v e r t i n g  the equat ion t = t ( T ) ;  
t h i s  i s  p r a c t i c a l l y  impossible a n a l y t i c a l l y  and very l i m i t i n g  f o r  g e t t i n g  
any t h e o r e t i c a l  r e s u l t s .  So we w i l l  use everywhere the r e a l  t ime v a r i a b l e  C .  
Our hypothesis f o r  the homology w i l l  be t h a t :  
and 
where 5; means an average over the sur face o f  the Star .  ( I f  we have a 
q u a n t i t y  q, i t s  average over the sur face o f  the s t a r  a t  the rad ius  Y w i l l  
be ,ail 
I t  i s  the second hypothesis on 2 which looks t o  us the more r e s t r i c t i v e  
bu t  i t  w i l l  a l l ow  an eas ie r  treatment o f  the coupl ing.  We get  f o r  the rnomen- 
turn equat ion: 
and 
We can v e r i f y  here tha t  the s c a l i n g  chosen f o r 3  i s  the o n l y  one p o s s i b l e .  
We have t o  make the term H3, disappear i n  the prev ious equat ion.  Le t  us 
suppose: + 2 
v , =  - 
R"' 
I f  we scale v * 7  w i t h  t h i s  new v a r i a b l e ,  we ob ta in :  
and t h e  momentum equa t ion  becomes: 
L e t  us now t r ans fo rm  the  c o n t i n u i t y  equa t ion :  
We t r ans fo rm  the  energy equa t i on  i n  t h e  same way 
We have cons idered a l l  the  terms w i t h  d e r i v a t i v e s  o f  and A n e g l i g i b l e ,  
b u t  i n  general  we take  7 and h v a r i a b l e  wi t h  densi t y  and temperature.  We 
see an e f f e c t i v e  g r a v i t y  term appear ing i n  (32)  : 
The remain ing equa t ions  become: 
The equa t ions  above a re  f a r  more compl icated than  i n  t h e  cosmolog i-  
c a l  case because o f  t he  presence o f  t he  temperature and p ressu re  g r a d i e n t s .  
We w i l l  see t h a t  when we w i l l  i n t r oduce  nex t  mean and f l u c t u a t i n g  equa- 
t i o n s ,  we w i l l  ge t  s t i l l  more compl icated equat ions t h a t  do n o t  appear i n  
cosmology because i n  t h a t  case one i s  n o t  i n t e r e s t e d  i n  f l u c t u a t i o n s  o f  den- 
s i t y  and temperature.  
Averaged and f l u c t u a t i n g  equa t ions  
We average the  equa t ions  over  t h e  sphere o f  r ad ius  '7 . We then sub- 
t r a c t  the  averaged equa t ions  f rom the  i n i t i a l  equa t ions  t o  g e t  t h e  f l u c t u a -  
t i n g  equat ions.  
$: = P; c x ) +  ~ ~ ' ( 2 ,  t )  
p = p ( ~ , t )  + p/(X3,  t )  
T ( r ,  t )  + TI(?, t )  
7, = q, ( x )  + $ (2, t l  
y - '  0) I- y'(2,q 
We average t he  equat ions (331, (321, (351, (371, (381, (39) 
- 
~ , * ( f l Z ) = o  (41) 
where 
(45) 
- - 
- p y + p ' y ' ~  f -!- ( ~ f +  AT') 
m H  R3 (46) 
d . ~ ,  y f - o (47) 
Then we deduce the  f l u c t u a t i o n  equat ions:  
(48) 
1 - a2 r I dd 1 , a 2  P - C -- gS('J2+F~4 =- F p , T + +  i t . ~ a - ~ ~ * V ~ + + 3 ~ ~ ~ -  
Rb 
- - 
R' piq$+ 3; j+ q;t1-y;4ji+ 
(49) 
-%= 4iTxaly dr (50) 
(51) 
As i t  has a l ready been mentioned these equations d i f f e r  much from 
the cosmological ones because o f  the i n t r o d u c t i o n  o f  f l u c t u a t i n g  quan t i -  
t i e s .  
I n  the k ind  o f  problem we are  p r i m a r i l y  in te res ted  i n :  how p u l s a t i o n  
may provoke convect ion, we w i l l  assume t h a t  we know R,  t h a t  i s  t o  say, we 
impose the  mean movement. We look,  then, a t  the behavior o f  the f l u c t u a -  
t i n g  q u a n t i t i e s .  This i s  very d i f f e r e n t  from the cosmological case where 
R i s  an unknown t o  be found. 
"Pu lsos ta t ic "  e q u i l i b r i u m  
We look a t  a  s o l u t i o n  o f  the mean equations f o r  which: 
We w i l l  w r i t e  these mean equations f o r  a  plane p a r a l l e l  l aye r  case and 
suppose t h a t  : GW)q g 2 -= const .  
x a  (55)  
We get :  
R' R 
and 
a We may no t  i ce  here t h a t  s ince we have in t roduced i n  ? = H t  + two unknowns 
R and a , we have one equat ion less than necessary f o r  c l o s i n g  the  system. 
R has t o  be an e x t e r i o r  datum. We w i  1 1  w r i t e :  
where : 
L inear  i zed eauat ions 
Even w i t h  an homology hypothesis,  the problem i s  s t i l l  q u i t e  formid-  
able,  so we w i l l  f i r s t  i nves t i ga te  the l i n e a r  s t a b i l i t y  problem. We suppose 
t h a t t ' , z ,  T ' ,  p '  are small and we keep on l y  the l i n e a r  c o n t r i b u t i o n s .  
(62)  
Boussinesq approz imat ion 
We a r e  go ing t o  assume t h a t  we have p lane p a r a l l e l  l aye rs ,  t h a t  
d i s  t o  say t h a t  we look  t o  ou r  f l u c t u a t i n g  equat ions when:? ( i 1  where 
d i s  the  th ickness  o f  the  l a y e r  t h a t  we s tudy and t- i t s  d i s t a n c e  f rom 
the  cen te r  o f  the s t a r .  
Le t  us n o t i c e  t h a t  i t  i s  ve ry  impor tant  t o  make t h e  p l a n e  para1 l e l  
l a y e r  assumption a f t e r  the s c a l i n g  o f  4 i n  t he  sphe r i ca l  case because i n  
t h a t  way, we keep fundamental sphe r i ca l  behaviors .  The d e n s i t y  has been 
sca led l i k e  and the  R3 f a c t o r  s tays  even i n  the  p lane  p a r a l l e l  case; 
i f  we had taken d i r e c t l y  a  p lane  p a r a l l e l  l a y e r  and made i t  expand, then 
t he  d e n s i t y  would have sca led as , i n  tha: case p ~ z c o n s t  . )  and we 
would have l o s t  a  fundamental f e a t u r e  o f  the  problem. 
For the  Boussinesq approx imat ion ( sp iege l  and Veronis  1961) we 
neg lec t  t he  f l u c t u a t i n g  mass term and s e t :  
We w i l l  c a l l  x. the  v e r t i c a l  coord ina te ,  we c a l l  Z, the  a l t i t u d e  o f  t he  
l aye r ,  so, i n s i d e  the  l a y e r  
Z' < ( 1  i? =2,+2'  and -
*, 
We w i l l  keep o n l y  t he  a, c o n t r i b u t i o n  i n  t he  mean q u a n t i t i e s  o f  t h e  equa- 
t i o n ,  so we w i l l  have: 
- 
T(z,~)z  f ( 2 . k )  ; 4 ( z )  = j (2 , )  ate.. .. 
The equat ions become: 
Saying t h a t  the pressure f l u c t u a t i o n s  a r e  zero  i n  (65) g i ves :  
bu t ,  n e g l e c t i n g  the q u a d r a t i c  terms i n  t he  mean p a r t  o f  Eq.(9),  we o b t a i n  
and : $5 3 (zol T 
So t h a t :  
and we can e l  im ina te  pi i n  ( 6 8 )  and ( 6 9 )  .- Le t  us go back t o  the  "pu lso-  
s t a t  i c" equat ions.  We have t o  express (*)J 
We have: 
where : 
Using the  equat ion  o f  s t a t e  ( 7 0 )  : 
El im ina t  ing($lp between t he  two equat ions,  we ge t  
k 
C P ? " ~  i - 1 3 x T +  
- -I 
CpFrn" 
I 
I f  we take a l l  the mzan q u a n t i t i e s  i n  to , t h i s  p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n  becomes an o r d i n a r y  d i f f e r e n t i a l  equa t ion  i n  t ime.  We w i l l  cons ide r  
- 
V' & and Cp as cons tan ts  b u t  we wi 11 a l l o w  f o r  v a r i a t i o n s  o f  
accord ing  t o :  - 
~ . % p * r P =  A (P; c,;P (r 
R 34 
bu t  we do n o t  know the  t ime dependence o f  7 .  
Before r e s t r i c t i n g  t he  s tudy t o  a  case where ( 7 6 )  can be so lved  
e a s i l y ,  l e t  us n o t i c e  t h a t  t h e  e f f e c t j y e  g r a v i t y  '&)t,.(t) may take  t he  
va lue  zero and nega t i ve  va lues s i nce  R can be o f  any s i gn .  We may a l r e a d y  
p r e d i c t  t h a t  i t  i s  an i n t e r e s t i n g  case as t ronom ica l l y .  
k Le t  us eva lua te  the  parameter - 
u mu 
h a " i  So s i nce  I-) can be very  b i g  i n  a  s t a r ,  the  term i n  -3, Cp i n  ( 7 6 )  con- a r' 
t r i b u t e s  a  l o t .  
Non- d i ss i pa t i ve  case 
I n  t h a t  case 9:Oand A 10 so t h a t  we w i l l  be a b l e  t o  s o l v e  ( 7 6 )  
e a s i l y .  
Le t  us c a l l :  AL 
C. 9 ,+ 5' = -5c, 
c ~ l " " ~  
and : 
f (z, t) = fl (z.0) R ~ '  (82) 
We w i l l  suppose t h a t  and cons ider  no e f f e c t  f rom a f l u c t u a t i n g  mo- 
l e c u l a r  weight .  
The equat ion  becomes: 
w i t h :  
Le t  us s t a r t  t o  e l i m i n a t e  t he  temperature between (83) and (84) .  For 
t h a t  we f i r s t  take  the  c u r l  o f  (83) t w i c e  and keep o n l y  t h e  z  component: 
2. 3" 8% 
where V,, i s  the  h o r i z o n t a l  g rad ien t :  v;= f 
- 
I f  we apply  V; t o  (84) : 
r i  a l a 
-33-  R Vy T b.')tE ( v ~ T ' ) +  (~;uq' (*%(g) + - = 0 
E l i m i n a t i n g  V: T'  between (85) and (86 ) ,  we g e t :  
* pH T" T(20, t) a 'I at v* 
R' 8eH ( t )  
a i 
8 z  t)  b a  % 
+A- a f  * Rstct,, = 0 
R) d e. V, us (O;US (7 (TI  c, 
We use (81) and the  f i r s t  two terms o f  the  p rev ious  equa t i on  cancel  e x a c t l y .  
Time dependent equa t ion  
We need boundary c o n d i t i o n s  i n  o r d e r  t o  so l ve  Eq.(87).  The p ro-  
blem i t s e l f  suggests no d i r e c t  phys i ca l  boundary c o n d i t i o n s .  I n  f a c t  t h i s  
ques t i on  appears r a t h e r  hard and i n  t he  absence o f  any p h y s i c a l  i n d i c a t i o n  
we w i l l  t r y  f o r  example f r e e  boundary cond i t i ons .  For t h a t ,  we assume f o r  
u, a s o l u t i o n  o f  the form: 
u,. f ( w , ~ )  Jim * 7- y ( t l  (88 
where d i s  the s i z e  o f  the  Boussinesq l a y e r  and # i s  such t h a t :  
I$# = -  k ' P  (89) 
(87) becomes : 
Le t  us ad imensional ize t h i s  equat ion.  
We in t roduce  f o r  t h a t  a  nondimensional t ime:  
C 
t = n b  (91 
where A i s  a  c h a r a c t e r i s t i c  f requency, f o r  ins tance  t he  f requency o f  t he  
p u l s a t i o n s  o f  R , o r  i f  we do n o t  t ake  a p u l s a t i n g R  a  c h a r a c t e r i s t i c  
t ime o f  the e v o l u t i o n  o f  R .  
I f  we c a l l :  
where : 6 :  I + F , R ' ~ ~  
Fp i s  a  p u l s a t i o n a l  Froude number. The E q .  (90) becomes: 
d 
where a l l  the t ime d e r i v a t i v e s  a r e  w i t h  respect  t o  t . 
d = & d  
G i s  the  nondimensional ized e f f e c t i v e  g r a v i t y .  For making t he  connec- 
t i o n  w i t h  cosmology, we may n o t i c e  t h a t :  
G = I -  F,,R'~-H 1 ii R 
where qo= - and nH. = 3 a r e  known r e s p e c t i v e l y  i n  cosmology as t h e  
adimensional ized Hubble f u n c t i o n  and t he  d e c e l e r a t i o n  parameter.  
But i n  (95) ,T i s  depending on t ime and we a r e  o b l i g e d  t o  i n t r oduce  
a t ime  dependent "Rayleigh number" ( t h e  Rayle i  gh number i s  o r d  i nar  i l y  de- 
f i n e d  i n  t he  d i s s i p a t i v e  case) :  
8 A ( F )  = - f (*elt)fp 
Then t he  equat ion  be~omes: 
a' cp ip'+ (+*+)S-- 
7++aL 133 
and: 
A (F) = - 
With t he  numerical  example taken i n  (78) ,  we ge t :  
and : 
t h a t  i s  what we would expect  f rom the  temperature i n  an a d i a b a t i c a l l y  ex-  
panding sphere o f  gas. We see t h a t  i f  G goes t o  zero, we g e t  a  s ingu-  
l a r i t y .  More s p e c i f i c a l l y ,  l e t  us w r i t e  the  equat ion  i n  t he  case where: 
Then : 
3 a G =  I - F ~  ( I + € & ~ ) ' L . * ~ T : ~  ,cpe L ~ S -  ~ F ~ & r s n ~ F - & ~ ~ l i m F + \  
We w i l l  obv ious l y  suppose t h a t  E i s  always less  than one. Then we may 
d i s t i n g u i s h  two reg ions i n  the  (C,Fp) plane: one where G i s  always 
s t r i c t l y  p o s i t i v e  f o r  any t ime and one where G has a s i g n  wh ich  can v a r y  
wi t h  t ime. 
I t  i s  g iven  by t h e  c o n d i t i o n  t h a t : - f p E 3 -  l F p l a -  F~~ + I ) o which  g i v e s :  
We w i l l  cons ider  o n l y  the case where s tays  p o s i t i v e .  For smal l  E , the  
equat ion  can be developed t o  any o rder  o f  E -TO, o rde r  t a  , we ge t :  
[ ~ ( * ~ s o ~ ( F p + 6 ) +  4( lo+ 'tfp+ F:+LF~J+ SZ+ 
.a  
Th i s  equat ion,  o f  t he  form: CQ + z p $  + q V = 0  can be t ransformed t o  t he  form 
$ + M  0 (101 
by the  t r ans fo rma t i on :  - 
( p = h  w i t h  M ( F )  = ?-p' 
Th is  i s  l i k e  a H i l l  equat ion.  The F loquet  theory t e l l s  us t h a t  t h e r e  a r e  
r - 
s o l u t i o n s  o f  the  form ey $ ( t )  where+ i s  a  p e r i o d i c  f u n c t i o n .  The 
problem i s  t o  determine which i s  s o l u t i o n  o f  H i l l ' s  de te rm inan ta l  equa- 
t i o n .  I n  t h a t  equat ion,  t he re  i s  an i n d e f i n i t e  determinant  t o  eva lua te  
which i s  n o t  an easy c a l c u l a t i o n .  
Conclusion 
The problem i s  much harder  than we expected a t  t he  beg inn ing  and 
we need some numer ica l  i n v e s t i g a t i o n s .  
The i n t e r e s t i n g  case where G goes t o  zero p e r i o d i c a l l y  i s  ex t reme ly  
hard t o  s tudy s i nce  we get  i n  t h a t  case an e s s e n t i a l  p e r i o d i c  s i n g u l a r i t y .  
The d i s s i p a t i v e  equa t ion  i s  much more compl icated t o  w r i t e  than 
the non- d i ss i pa t i ve  one because the  d i f f e r e n t i a l  equa t ion  f o r  t h e  t ime be- 
hav io r  o f  the mean temperature becomes n o n - t r i v i a l .  
I f  i n  some aspects t he re  was some analogy w i t h  t he  case o f  convec- 
t i o n  i n  presence o f  r o t a t i o n ,  we would expect  a  s t a b i l i z i n g  e f f e c t  as 
shown by Chandrasekhar (1961) and Weiss (1964).  U n f o r t u n a t e l y  t h e r e  i s  no 
analoby so f a r .  
As a f i n a l  conc lus ion ,  I should l i k e  t o  emphasize t h a t  t h i s  i s  o n l y  
a  p r e l i m i n a r y  work t o  a  much d e t a i l e d  s tudy which should f o l l o w .  
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COUPLING BETWEEN A SURFACE M I X E D  LAYER AND 
LARGE SCALE STEADY INTERIOR OCEAN MOTIONS 
James W. Stevenson 
1 .  I n t r o d u c t i o n  
Th i s  paper cons iders  t he  coup l i ng  between the  su r f ace  mixed l a y e r  
o f  t he  ocean and l a r g e  ( i . e .  gyre)  sca le  steady mot ions i n  t h e  i n t e r i o r  o f  
t he  ocean i n  an a n t i c y c l o n i c  gy re  where t he re  i s  downwel l ing a t  t he  b o t -  
tom o f  t he  mixed l aye r .  The su r f ace  mixed l a y e r  i s  t y p i c a l l y  the  upper 10 
t o  100 meters o f  the  ocean where the  d e n s i t y  i s  cons tan t  w i t h  depth.  The 
wind s t r e s s  and heat f l u x  a t  t he  sur face o f  the  ocean d r i v e  mot ions i n  t h e  
i n t e r i o r  o f  the  ocean by a c t i n g  through the  mixed l a y e r .  
The d e r i v a t i o n  o f  the  mixed l a y e r  equat ions w i l l  be exp la i ned  i n  
s e c t i o n  2. I n  s e c t i o n  3 a  mixed l a y e r  model i s  coupled t o  a  model o f  t he  
thermoc l ine  c i r c u l a t i o n  proposed by Needler (1967). There a r e  two equa- 
t i o n s  d e s c r i b i n g  t he  coup l ing .  F i r s t  t he re  i s  a  heat equa t i on  where t he  
heat  i s  advected no t  o n l y  by the  Ekman v e l o c i t y  bu t  a l s o  by t he  su r f ace  
i n t e r i o r  geos t roph ic  v e l o c i t y .  The second equat ion  i s  t he  c o n t i n u i t y  
equa t ion .  These two equat ions t u r n  o u t  t o  be h i g h l y  n o n l i n e a r .  There- 
f o r e  i n  s e c t i o n  4 a  more c a r e f u l  l ook  i s  taken a t  the  hea t  ba lance i n  t h e  
mixed l a y e r  i n  the southern p a r t  o f  a  s u b t r o p i c a l  gy re  where t h e r e  i s  a  
ne t  su r face  hea t ing .  
2.  Mixed l a v e r  model 
Several ways o f  parameter i z ing  the tu rbu lence  i n  t h e  su r f ace  bound- 
a r y  l a y e r  o f  the ocean have been proposed i n  the 1 i t e r a t u r e  (see N i  i l e r ,  
(1976)) .  One o f  these i s  the b u l k  model o f  the  mixed l a y e r  wh ich  takes 
advantage o f  the observa t ions  which show t h a t  d e n s i t y  i s  cons tan t  w i t h  
depth through the  mixed l aye r .  Th i s  constancy w i t h  depth a l l o w s  t h e  
govern ing equat ions t o  be s i m p l i f i e d  by i n t e g r a t i n g  them v e r t i c a l l y  th rough  
the mixed l aye r .  
The f o l l o w i n g  assumptions a r e  made: 
a 1) The mot ions a r e  steady ( i  .e.-  5 0 ) at 
2 )  The advec t ion  o f  momentum can be ignored. 
3)  The p e n e t r a t i o n  o f  s o l a r  r a d i a t i o n  w i t h  depth i s  ignored ( i . e .  
s o l a r  r a d i a t i o n  i s  assumed t o  be absorbed a t  the  su r f ace  o f  the  
ocean) . 
4 )  The h o r i z o n t a l  v a r i a t i o n  o f  ensemble averages o f  t u r b u l e n t  f i e l d s  
can be ignored compared w i t h  the v e r t i c a l  v a r i a t i o n s .  
To ta l  f i e l d s  6 a r e  d i v i d e d  i n t o  mean4 and t u r b u l e n t  6' f i e l d s :  
; P =  6 + # '  
The govern ing equat ions a re  the  buoyancy, h o r i z o n t a l  momentum, v e r t i c a l  
momentum, c o n t i n u i t y ,  and t u r b u l e n t  k i n e t i c  energy equat ions r e s p e c t i v e l y :  
where ( x , ~ , z )  a r e  the  eas t ,  n o r t h ,  and v e r t i c a l  d i r e c t i o n s ,  (u,v,w) a r e  
a re  t he  eas t ,  no r t h ,  and v e r t i c a l  v e l o c i t i e s ,  b ( e  w g ) i s  the  buoy- 
ancy, p i s  dens i t y ,  p, i s  a  re fe rence  d e n s i t y ,  9 i s  the  a c c e l e r a t i o n  o f  
g r a v i t y ,  P i s  pressure, f i s  t he  C o r i o l  i s  parameter, G i s  t he  v iscous  d i s -  
s i p a t i o n ,  and gz 5 U" t .v"+ ~ ' 4  
The buoyancy and v e l o c i t y  p r o f i l e s  a r e  taken t o  be t h e  f o l l o w i n g :  
I 
Fig.1.  The buoyancy and v e l o c i t y  p r o f i l e s .  
Equat ions (1) a re  then i n t e g r a t e d  v e r t i c a l l y  f rom -h t o  0 t o  o b t a i n  t h e  
f o l l o w i n g  equat ions:  
where A = [  I i f  e > a  (ent ra inment)  
0 i f  e L O  (de t ra inment )  
The symbols a re  as f o l l o w s :  $ i s  the  v e r t i c a l l y  cons tan t  mixed l a y e r  
v e l o c i t i e s ,  c+ i s  t h e  v e l o c i t y  j u s t  below the  mixed l a y e r ,  b i s  t h e  
v e r t i c a l  l y  constant  mixed l a y e r  buoyancy, b+ i s  t h e  buoyancy j u s t  below 
the mixed l aye r ,  h i s  the  mixed l a y e r  depth,  e i s  t h e  v e l o c i t y  o f  t he  
f l u i d  c ross ing  the bottom i n t e r f a c e  o f  the  mixed l a y e r ,  i s  t he  su r-  
face f l u x  o f  buoyancy ( t h e  sum o f  the  s o l a r  s h o r t  wave r a d i a t i o n ,  t he  
long wave r a d i a t i o n ,  the  l a t e n t  heat  f l u x ,  and the  s e n s i b l e  hea t  f l u x ) ,  
B+ i s  the  f l u x  o f  buoyancy a t  t he  bot tom o f  t h e  mixed l a y e r ,  z, i s  
the sur face wind s t ress ,  p+ i s  the pressure j u s t  below the  mixed l aye r ,  
'fa 
and ~ * 5  11. / i s  the f r i c t i o n  v e l o c i t y .  The r a t e  o f  generat ion o f  tu rbu-  
l e n t  k i n e t i c  energy a t  the sur face i s  parameterized as l*r,uL, the r a t e  o f  
generat ion o f  t u rbu len t  k i n e t i c  energy a t  the bottom o f  the mixedslayer due 
t o  shear i n  the mean v e l o c i t y  i s  parameterized a s A ~ W w ( ~ - ~ + )  -9, and
the r a t e  o f  d i s s i p a t i o n  o f  t u rbu len t  k i n e t i c  energy i s  parameterized as 
For a more d e t a i l e d  d iscussion o f  the mixed l aye r  equat ions see N i i l e r  and 
Kraus (1977) o r  N i  i l e r  (1976). 
I t  i s  important t o  note the various c o n t r i b u t i o n s  t o  the v e l o c i t y  
o f  the mixed layer .  The f i r s t  term on the r ight- hand s ide  o f  Eq.(2b) i s  
the wind s t ress  tha t  d r i ves  the Ekman v e l o c i t y .  The l a s t  th ree  terms a r e  
con t r i bu t i ons  t o  the pressure grad ien t  i n  the mixed l aye r .  The second 
term on the  r ight- hand s ide  o f  Eq.(2b) i s  the pressure g rad ien t  j u s t  below 
the mixed layer .  The t h i r d  term i s  the c o n t r i b u t i o n  t o  the  pressure gra-  
d i e n t  due t o  a s lop ing  i n t e r f a c e  w i t h  a buoyancy jump. These two c o n t r i -  
but ions t o  the pressure gradient  a re  constant w i t h  depth through the mixed 
layer .  The fou r th  term i s  the c o n t r i b u t i o n  t o  the pressure g rad ien t  due 
t o  ho r i zon ta l  v a r i a t i o n s  i n  buoyancy. This  c o n t r i b u t i o n  v a r i e s  l i n e a r l y  
w i t h  depth through the mixed layer .  
3 .  Coupling between mixed layer  and thermocl ine models 
I n  t h i s  sec t i on  the mixed layer  model i s  coupled t o  a thermocl ine 
model o f  an a n t i c y c l o n i c  gyre. F i r s t ,  however, the thermocl ine model i s  
b r i e f l y  described. 
Several models o f  the thermocl ine c i r c u l a t i o n  have been proposed 
i n  the l i t e r a t u r e .  The equations governing the f l ow  i n  these models i n  
the i n t e r i o r  o f  the ocean away from ho r i zon ta l  and v e r t i c a l  boundary l aye rs  
are the geostrophic, hyd ros ta t i c ,  c o n t i n u i t y ,  and heat equat ions. 
where ( A , $ )  are  the long i tude and l a t i t u d e  respec t i ve l y ,  K i s  the v e r t i c a l  
eddy d i f f u s i v i t y  o f  h e a t , d  i s  the c o e f f i c i e n t  o f  thermal expansion, T i s  
temperature, and a i s  the radius o f  the Earth. The buoyancy b i s  equal t o  
3 d T. These equat ions can be combined t o  form one non l inear  equat ion f o r p  . 
Needler (1967) found a s o l u t i o n  (though no t  a general s o l u t i o n )  t o  t h i s  
equat ion f o r  p o f  the form 
P =  A ( A , $ ) +  ~ ( h , O ) e ~ '  ( h  > 
C where k =  and C i s  a constant.  Equations (3a,b,c,e) a r e  then used 
t o  f i n d q , f , u , T ,  a n d w  respect ive ly .  For a more d e t a i l e d  d iscuss ion  o f  
thermocl ine models see Veronis (1969) which i s  a review o f  the  sub jec t .  
Th is  s o l u t i o n  r e s t r i c t s  the number o f  boundary cond i t i ons  t h a t  can 
be s a t i s f i e d  t o  two. I n  general i t  would be des i rab le  t o  be ab le  t o  spe- 
c i f y  th ree  boundary cond i t ions  such as the sur face temperature, the ver-  
t i c a l  v e l o c i t y  a t  the bottom o f  the mixed l aye r ,  and zero normal v e l o c i t y  
a t  the bottom o f  the ocean. 
I n  t h i s  work the mixed layer  i s  forced by a given wind s t ress  and 
a given sur face buoyancy f l u x  and i s  a l s o  in f luenced by the  i n t e r i o r  mo- 
t i ons .  The func t ions  A (3.4) and M ( h  , d l  which determine the  i n t e r i o r  
motions a re  themselves determined from two matching cond i t i ons  w i t h  the  
mixed layer .  The matching i s  app l ied  a t  the top o f  the i n t e r i o r  thermo- 
c l i n e  s o l u t i o n  ( i . e .  a t  z = 0)  and j u s t  below the  mixed l aye r .  The f i r s t  
c o n d i t i o n  i s  a matching o f  the buoyancies. Because there i s  downwell ing a t  
the bottom o f  the mixed l aye r  i n  an a n t i c y c l o n i c  gyre the buoyancy j u s t  be-  
low the bottom o f  the mixed layer ,  which i s  the buoyancy a t  t he  top o f  t h e  
i n t e r i o r ,  i s  equal t o  the buoyancy i n  the mixed l aye r  ( i  .e. b+ = b ) .  The 
second c o n d i t i o n  i s  a matching o f  the v e r t i c a l  v e l o c i t y  a t  the bottom o f  
the mixed l aye r  t o  the v e r t i c a l  v e l o c i t y  a t  the  top o f  the i n t e r i o r .  
The mixed layer  equat ions w r i t t e n  i n  p o l a r  coord inates tak ing  i n t o  
account the downwell ing a r e  the fo l l ow ing :  
where a zonal wind s t ress  i s  assumed. I t  should be noted t h a t  the ve loc-  
i t  ies ,  (see Eqs. (Sb,c) due t o  the grad ien t  o f  buoyancy do n o t  advect buo- 
yancy s i nce the ve loc i  t y  i s  along 1 i nes o f  constant buoyancy. Two equa- 
t i o n s  f o r  Alh ,@) and f l ( h , $ )  are  found us ing Eqs.(Sa) (buoyancy) and 
(5d) ( c o n t i n u i t y ) .  The v e l o c i t i e s  a re  obta ined from (5b,c) and the mixed 
layer  depth from (5e) .  
The buoyancy a t  the top o f  the i n t e r i o r  i s  found f rom Eqs (4)  and 
(3c) t o  be: 
b = g d T  S k M  (6 
The v e l o c i t y  (u4,$) a t  the top o f  the i n t e r i o r  i s  found from Eqs. ( 4 )  
and (3a,b) t o  be. 
The v e r t i c a l  t u rbu len t  f l u x  o f  buoyancy a t  the top o f  the i n t e r i o r  i s  
found f rom Eqs . (4) and (3c) t o  be: 
The v e r t i c a l  v e l o c i t y  a t  the  top  o f  t he  i n t e r i o r  i s  found f rom Eqs.(4) and 
(3a,b,c,e) t o  be: 
One equat ion  f o r  A ( A , $ )  and M ( A , $ )  i s  found by s u b s t i t u t i n g  Eqs. (5b,c),  ( 6 ) ,  
(7a ,b) , and (8) i n t o  (5a) : 
The second equat ion  f o r  A ( A  ,+) and f i  ( a , @ )  i s  found by s u b s t i t u t i n g  Eqs. 
(5b,c),  (61, (7a,b), and (9)  i n t o  (5d) :  
No s o l u t i o n s  were found t o  t h i s  s e t  o f  non l i nea r  equa t ions .  
4. Mixed l a y e r  heat  balance i n  southern p a r t  o f  s u b t r o p i c a l  gy re  
I n  t h i s  s e c t i o n  the  heat  balance i n  the mixed l a y e r  i s  s t u d i e d  i n  
the southern p a r t  o f  the s u b t r o p i c a l  gy re  where t he re  i s  a  n e t  su r f ace  hea t -  
ing.  I t  should f i r s t  be noted t h a t  t h e  advec t ion  o f  heat  by t h e  Ekman 
t r a n s p o r t  cannot balance t he  p o s i t i v e  sur face  heat  f l u x .  The Ekman t r a n s -  
p o r t  i s  t o  the  n o r t h  between 150N and 3 0 ° ~  where t h e r e  i s  a  westward wind 
s t r e s s .  The sea sur face  temperature i n  t h i s  r eg ion  decreases t o  t he  n o r t h .  
Therefore,  the nor thward Ekman t r a n s p o r t  b r i n g s  i n  warm water  f rom the  sou th  
which adds t o  t he  hea t i ng  o f  the mixed l a y e r  by the  p o s i t i v e  su r f ace  hea t  
f 1 ux. 
The advec t ion  o f  heat by the  i n t e r i o r  su r f ace  v e l o c i t y  must ba lance 
the sur face  heat  f l u x  s i nce  the  advec t ion  by the Ekman v e l o c i t y  cannot p ro-  
v i de  the  balance. Th is  i s  why Eq . ( l0 )  i s  so compl icated.  The i n t e r i o r  
motions t h a t  a re  generated by the sur face  wind s t r e s s  and t he  su r f ace  hea t  
f l u x  a c t i n g  through the  mixed l a y e r  a r e  impor tant  i n  advec t i ng  hea t  i n  t h e  
mixed l a y e r .  
I n  o rde r  t o  get  an idea o f  what i n t e r i o r  su r f ace  v e l o c i t i e s  a r e  
necessary t o  balance the heat  ( o r  buoyancy) equa t ion  the  f o l l o w i n g  s imp le  
model i s  solved. I n  the  heat  equa t ion  t he  sur face  heat  f l u x  and su r f ace  
temperature s t r u c t u r e  a re  g iven  and t he  i n t e r i o r  su r f ace  v e l o c i t i e s  a r e  
solved f o r .  The heat  equa t ion  i s :  
where u are  geos t roph i  c :  J '  8 
a P  f us= (1 3b) 
Using Eqs. (13a,b), Eq. (12) can be w r i t t e n  i n  c h a r a c t e r i s t i c  form): 
$ P  f B 0  ft (1) + -  h ( 1  4) 
where d P  i s  the d e r i v a t i v e  w i t h  respect t o  X along the c h a r a c t e r i s t i c s  
def i n e K y :  
(1s)  
The c h a r a c t e r i s t i c s  a re  1 ines o f  constant buoyancy. For simp1 i c i  t y  h and 
f ie are taken t o  be constant.  The C o r i o l i s  parameter v a r i e s  l i n e a r l y  
w i t h  l a t i t u d e :  
(16) 
The wind s t ress  i s  taken t o  be: 
(17)  
Also, f o r  s i m p l i c i t y  the l i n e s  o f  constant buoyancy are  taken t o  be 
s t r a i g h t  p a r a l l e l  l i n e s :  . . 
where C ,  i s pos i t i v e  so t h a t  1 lnes o f  eonsta;t buoyancy run from no r th-  
west t o  southeast and b ~ / ~  i s  posi f i v e  so tha t  the sur face water  gets c o l d -  
e r  toward the nor theast .  
The domain o f  i n t e r e s t  i s  O i ' X d L  and 04 PY& . The boundary 
cond i t ions  t h a t  w i l l  be s p e c i f l e d  are  the normal v e l o c i t i e s  a t  the eas te rn  
and southern boundaries, The l i n e  o f  constant buoyancy t h a t  passes through 
the southeastern corner o f  the domain I s  b b y .  The s o l u t i o n  t o  (14)  i s :  
For b > b, (- h-k). p (L . q(~aLj+(y+c,~x-~f l++(r+s(+.~~~& (20b) b 1 S X 4 I /A  
where and Ps are the pressures a t  the eastern and southern boundaries. 
Two choices o f  boundary candi t l o n s  are considered. F i  r s t  l e t  v s  0
a t  7 = O  and f u constant a t  Y = L .  The so lu t i ons  (shown i n  Fig.2) 9 = 3 
1 C x - L )  
Fig.2. I n t e r i o r  su r f ace  v e l o c i t i e s  (5  = 0 a t  2 = 0) 
-ii - riJ - 3 3  0 2 3  
F 4- 3 ? 
4 (x-1) 
Fig.3 .  I n t e r i o r  su r f ace  v e l o c i t i e s  ( U  0 a t  X = L )  9 = 
f o r  these boundary cond i t i ons  are:  
hu a X -  L For bcb , :  2'-- f.+f ly  (fe+P9PI)Be i [ M t Y -  om((?+ C R ( ~ - L ~ ]  + 
hu ab 
and f o r  b > b , : d ; i f . = l +  
The second cho ice  o f  boundary cond i t ions i s  lf cons tan t  a t  9 = and U g = O  a t  x = L .  The s o l u t i o n s  (shown i n  ~ i g . 3 )  f o r  these boun 
c o n d i t i o n s  a re :  
h*r ab 2q X- L  I + -  PC, t 4 b4~- $otpr ($04~ ) Do c4H ((y + c , l ( X -  L)) 
and f o r  b > b, : 
h q d b -  A b f / l  A kl - f 0 
e, 2 7 -  '+mom $ -  (to+p3p0 f.+by 
The advec t ion  o f  buoyancy by the Ekman v e l o c i t y  i s :  
The advec t ion  o f  buoyancy by the  v e l o c i t i e s  induced by t he  g r a d i e n t  o f  
buoyancy i n  t he  mixed l a y e r  ( i  .e. the  l a s t  term o f  (26 ) )  i s :  
F igures 2  and 3 a r e  based on the f o l l o w i n g  cho i ce  o f  parameters:  
h = 104 cm bl/a = 5x1 0-9 set-2 
2 = 9x10-9 cm-1 C, = i / 2  
L = 5x108 cm fo = 4x1 o - ~  sec- I  
A = 1 cm2/sec2 = 2x10-13 (cm set)-1 
0. = 2 x 1 0 ~ ~  cm2/sec3 
Two nondimensional parameters o f  i n t e r e s t  are: 
The f i r s t  parameter i s  the r a t i o  o f  the Ekman v e l o c i t y  and the i n t e r i o r  
sur face v e l o c i t y  needed t o  balance the surface buoyancy f l u x .  The second 
parameter i s  the r a t i o  o f  the v e l o c i t y  induced by the grad ien t  o f  buoyancy 
i n  the  mixed l aye r  and the i n t e r i o r  sur face v e l o c i t y  needed t o  balance 
the sur face buoyancy f l u x .  Because t h i s  second parameter i s  small the  i n -  
duced v e l o c i t y  i f  genera l l y  small compared t o  the Ekman v e l o c i t y  o r  the  
i n t e r i o r  sur face v e l o c i t y .  
I n  Fig.2 the l a rges t  v e l o c i t y  i s  13 cm/sec which i s  l a r g e r  than what 
i s  observed. The l a rges t  v e l o c i t y  i n  Fig.3 i s  6.5 cm/sec. I t  can be seen 
t h a t  the  s o l u t i o n  i s  very s e n s i t i v e  t o  the boundary cond i t i ons .  
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